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ABSTRACT 


Measurements of the rotational velocity in NGC 3115 show that the random stellar velocities in this 
elliptical galaxy are of the order of 200 km/sec; other elliptical systems with masses of-10'° M© will also 
contain stars with the same velocity dispersion. The random velocities of interstellar atoms and dust 
particles in equilibrium, however, are less than 20 km/sec. Analysis of electron captures and free-free 
transitions, taking into account the variation of the g-factors with energy, shows that atoms of appreciable 
abundance will, in fact, reach such a low-velocity equilibrium within 107—-10° years; collisions between 
dust particles will similarly reduce dust velocities within 10°-10° years. Unless interstellar particles are 
subject to unknown forces, the velocities of these particles in the more massive elliptical and spherical 
galaxies must be much less than those of the stars. 

It follows that any interstellar matter in such stellar systems must be highly concentrated to the center 
or to the equatorial plane. For a rigorously spherical system the total mass of such matter cannot exceed 
4X 10-4 times the mass of all the stars. In an elliptical system the mass is unrestricted, but if the mass of 
interstellar nratter exceeds that of the stars, then half of such matter must lie within 3 parsecs from the 
equatorial plane. In any case the light observed from spherical and elliptical systems of large mass must 
be direct starlight, not diffuse or scattered light. 

The equatorial layer of interstellar matter in an elliptical galaxy may in theory contain as much or 
more matter than the stars in the system. The determination by Oort of the stellar density distribution 
in the elliptical nebula NGC 3115, and in particular the high-luminosity gradient which he found close to 
the equatorial plane, suggest that a large fraction of the mass of this system may be in the form of dark 
matter in the equatorial plane. Matter in so dense a layer would presumably be quite different in its 
physical state from interstellar matter in our own Galaxy and would perhaps condense into faint stars of 
low random velocity. Further observations are necessary to decide whether a rotating massive disk of 
dark matter may play an important part in the structure of some elliptical systems. 


The presence of interstellar atoms and dust particles in spiral galaxies is known from 
direct observation. The question naturally arises as to whether interstellar particles 
may be present also in elliptical and globular galaxies. The diffuse, nonstellar appearance 
of most elliptical systems has frequently led to the suggestion that most of the light from 
such galaxies might consist of diffuse radiation, scattered by small particles. 

Direct observations on this point are difficult and by themselves not very conclusive. 
Fortunately, the equilibrium of interstellar particles in a galactic system is susceptible 
to rather simple theoretical analysis. Given the forces that act on the particles, it should 
be possible to demonstrate which equilibrium configurations are possible. It has been 
shown in the first two papers of this series! that the interstellar medium behaves as a 


'L. Spitzer, Jr., Ap. J., 93, 369, 1941;°94, 232, 1941. 
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perfect gas and that the direct effects of radiation pressure may be neglected for most 
aa The problem is therefore reduced to the equilibrium of a gas in a gravitational 
eld. 

The most important quantity in such a problem is the ratio of the random stellar 
velocities to the velocities of the interstellar particles. Stellar velocities in elliptical 
galaxies are unfortunately rather uncertain. For one system, NGC 3115, direct measure- 
ments of the rotational velocity by Humason? are available; the observed values range 
from 80 km/sec near the center to 450 km/sec farther out. It is clear that since this nebu- 
la has a considerable extension perpendicular to its galactic plane, the random stellar ve- 
locities must be an appreciable fraction of the rotational velocities and are probably in 
the neighborhood of 200 km/sec. 

For other systems the only relevant data are the random velocities of nebulae in 
clusters, which indicate a mass of roughly 10'° M© or more for an elliptical system.’ 
Since the radius‘ containing half the mass of an elliptical system is at most 1000 parsecs, 
the virial theorem gives a mean square stellar velocity of 200 km/sec. Nebular masses 
are so uncertain, however, that this value for the random stellar velocities cannot be as- 
sumed for all elliptical systems. 

Nevertheless, it is of considerable interest to investigate the effects associated with 
such high galactic masses. The following analysis will therefore be developed for galaxies 
in which the random stellar velocities are assumed to be of the order of 200 km/sec. The 
results of the analysis may be applied with some certainty to NGC 3115. It is highly 
probable that they are relevant to many other elliptical and globular galaxies as well. 
Whether or not most of the elliptical and globular galaxies have such high masses and 
such high random stellar velocities cannot be decided until more observational data are 
available. 

In contrast to the assumed velocities of 200 km/sec for stars, the equilibrium random 
velocities of interstellar particles are quite low, some 20 km/sec for protons and elec- 
trons at 10,000°, less for other atoms, and negligibly small for dust particles. Since equi- 
librium will be reached in much less than 10° years, we may infer that the root mean 
square velocity of interstellar particles does not exceed 20 km/sec. It follows that the 
root mean square stellar velocities in the elliptical galaxies considered here are some ten 
or more times as great as the velocities of interstellar particles. 

A necessary consequence of this large difference in velocities is that any interstellar 
matter in such a system must be almost entirely concentrated toward the equatorial 
plane or, in the case of a spherical system, toward the center. A factor of ten in velocities 
corresponds to a factor of one hundred in kinetic energy per unit mass. Hence a star in 
the equatorial plane of an elliptical galaxy will have at least one hundred times as much 
energy per unit mass as any atoms or dust particles in the vicinity and will clearly be able 
to rise much farther from the equatorial plane before the gravitational attraction of the 
galaxy pulls it back. 

The analysis proceeds in three separate parts in the following sections. First, the rate 
of dissipation of energy for atoms or dust particles at high velocities must be determined 
in order to exclude the possibility that the interstellar medium could have remained at a 
temperature of millions of degrees during 10° years. Second, the equilibrium of a gas 
within a spherical gravitational field is examined, and a maximum total mass is found for 
the interstellar matter in a spherical galaxy. In the case of a typical globular cluster the 
situation is quite different, since the mean square stellar velocities are comparable with 
the atomic ones. It is doubtful, however, whether some of the smaller clusters have a suf- 
ficient gravitational force to hold atoms at all. 


2 Report of the Director, Mt. W. Obs., 1936-37, p. 31. 
3S. Smith, Ap. J., 83, 23, 1936; F. Zwicky, Ap. J., 86, 217, 1937. 
4 E. Hubble, The Realm of the Nebulae, p. 178, Yale University Press, 1936. 
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In the third and last section the equilibrium of dust and atoms in systems possessing 
angular momentum is investigated. Here again the relative concentration of the inter- 
stellar medium may be evaluated, and as in a spherical system it may be shown that the 
amount of interstellar matter throughout most of a massive elliptical galaxy must be 
quite small. The effect which a thin, dense equatorial layer of dark matter can produce 
on the distribution of stars is also examined. A comparison of the predicted effects with 
observational data in NGC 3115 suggests that this galaxy may, in fact, possess a large 
amount of dark matter concentrated to its equatorial plane. 


1. DISSIPATION OF ENERGY 


In the general case of a gas at high temperature the dissipation of energy will proceed 
in many ways. To obtain an upper limit for the time required to dissipate large energies, 
we shall here consider the two types of interstellar media which are the most likely to 
remain at an initially high temperature—a medium consisting wholly of hydrogen atoms 
and one composed exclusively of dust particles. In each case the rate of loss of energy 
will be computed; possible mechanisms for an offsetting increase in energy will be con- 
sidered later. Since dust and atoms are considered wholly separately, the following re- 
sults are independent of the equipartition of kinetic energy between dust and atoms which 
appears when both types of particles are present and which was discussed quantitatively 
in paper I. It is clear that if both dust and atoms are present together the rate of energy 
dissipation will be increased from the values found below. This strengthens the conclu- 
sion that interstellar particles cannot long remain at high velocities. 

A medium composed wholly of hydrogen atoms will be considered first. If the average 
kinetic energy per atom exceeds the ionization energy Eo, the gas will be largely ionized, 
since the cross-section for ionization by electronic or atomic impact is much greater than 
that for electron capture. The resultant assembly of protons and free electrons will come 
to equipartition of kinetic energy fairly rapidly. It was shown in paper I that for protons 
and electrons with an assumed density of 1 atom per cm* and a kinetic temperature of 
10,000°, deviations from equipartition of energy fell to 1/e their initial value in 0.48 
years. Since this time varies as the cube of the velocity, it is evident that even for veloci- 
ties of 600 km/sec, corresponding to a temperature of 14,000,000°, the time of equipar- 
tition is only 2.7104 years. We may therefore use with confidence the appropriate 
Maxwellian velocity distributions for both protons and electrons. 

A gas of protons and electrons may lose energy by radiation in two ways—electron 
captures and free-free transitions. Probabilities for these processes are known from wave- 
mechanical theory. It is frequently assumed in astrophysical investigations that the 
Gaunt ‘‘g-factor” is equal to unity. This is a valid approximation for low energies but 
may be badly off when the energies are very high. Accurate values of g have been ex- 
haustively determined by Menzel and Pekeris.> The equations given by Bethe,° based 
on the analyses of Sommerfeld, Stobbe, and others, are less complete but are in a more 
convenient form for the present purpose. The rate of loss of energy will be computed 
from these equations for two processes—recapture of electrons directly in the ground 
state and radiation of energy in free-free transitions. If other processes are important, 
they will, of course, increase the rate of energy dissipation. 

Let E and v be the energy and velocity, respectively, of an electron, and let Ey be the 
ionization energy of hydrogen. The energy radiated in a single recombination into the 
ground state will be a function of the initial relative velocity V; if V were the same for 
all encounters, the number of such recombinations per second would be zo2n,n.V, where 
mo, a function of V, is the cross-section for the capture process, and m» and n, are the 
numbers of protons and electrons per cm’, respectively. Since the protons have a root 


M.N., 96, 77, 1935. 
6 Handb. d. Phys., 24, Part I, 488, 1933. 
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mean square velocity only 1/43 as great as the electrons, we may without serious error 
replace the relative velocity V by the electron velocity 2; with this approximation the 
energy radiated in a single encounter becomes E+ Eo. To find the rate of change of E, the 
mean energy of protons and electrons, the energy loss per unit time must be averaged over 
all values of v and divided by np + , or 2n,. This yields the equation 


1/2 
-3G ) E(E+E)) , (1) 


where m is the mass of the electron. 
The capture cross-section 70? for the lowest quantum state may be written as 


/2 
where 
4 1.44 X 1077'cm? . 
44> (3) 


If we let k? equal Ey/E, then 3,(Eo/£) in equation (2) may be written in the form 
2rk exp (—4kcot~'k) 


~ 1 +k? 1—exp(— (4) 
When £ is very large or very small we have the expansions 
0, (k?) =1—wk..... (6) 


Since the Gaunt g-factor is given by 
(7 


it is evident that when £)/E is large, g is equal to its familiar value, 873!e~4, or 0.797. 
When £>/E is small and 9, is unity, the value of g is very much less than unity. Values of 
0,(Eo/E) are given in Table 1. 


TABLE 1 
CORRECTION FACTOR 0); 

E/Eo E/Eo E/Eo v1 
0.01 0.012 1.0 0.14 100 0.74 
02 016 2.0 20 200 81 
04 023 4.0 29 400 86 
06 029 6.0 34 600 88 
08 034 | 8.0 39 800 89 
10 038 10.0 42 1,000 90 
20 054 20.0 52 4,000 95 
40 080 40.0 63 10,000 97 
60 102 | 60.0 68 40,000 98 
0.80 0.120 | 80.0 0.72 100 ,000 0.99 
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Equations (2) and (4) may be substituted into equation (1) to give an integral formula 
for dE/dt. Since this integral can apparently not be evaluated in a simple analytical 
form, we may approximate by taking #;(£o/£) outside the integral sign with its value 
for some appropriate value of E. This obviously gives asymptotically correct results as 
E approaches infinity and #;(k®) becomes equal to unity. If this procedure is also to give 
correct results when E/E is large, and #2(k?) is approximately given by equation (5), 
then it is readily shown that the appropriate value of E is 2E/32. This value is relatively 
small, since, when Eo/E£ is not large, most of the energy losses come from the recapture of 
low-velocity electrons. With this approximation, then, dE/dt becomes 


3A y (8) 


dt 


This method of procedure, although correct when £ is very large or very small, is nat 
very accurate when £)/E£ is near unity; the resultant error in equation (8) should be less 
than some 20 per cent at the most, however, which is as accurate as we shall need here. 
Since Eo varies as the square of the ionic charge, it is evident that a few highly ionized 
elements will very greatly increase the rate of radiation. 

To visualize conveniently the order of magnitude of the effects involved, one may de- 
fine a time of dissipation Ty by the relationship 


Ty =| dE |. (9) 


dt 


The quantity 74 so defined is the length of time required for the complete dissipation of 
energy by radiation if the rate of dissipation remained constant as E decreased. Since 
actually |d#/dt| increases as E decreases, the actual time required for the cooling of a 
gas at high temperature is somewhat less than 74. If we insert numerical values into 
equation (8) and substitute into equation (9), we have for the time of dissipation arising 
from recombinations in the ground state 


_ 6.610! 
(rec) = (4.7Ey/B) years . (10) 


Values of T4(rec) for n» equal to unity and for various root mean square proton velocities 
are given in Table 2. 


TABLE 2 
VALUES OF THE TIME OF DISSIPATION 
v Km/Sec 100 | 200 400 600 1000 
E/E, 3.82 | 15.3 61 137 382 
T (rec) 8.0X10® | 6.0107 5.3108 2.6109 1.4 10! 
Taff) 5.3xX108 | 1.1107 2.1107 3.2107 5.3107 
T (dust) 1.1108 | 5.5105 2.8105 1.8X 10 1.1105 
NOTE 


Values of Ty give the time in years required to dissipate the entire kinetic energy of the assembly if 
the rate of dissipation remained constant and if no other process were acting. 


The free-free transitions may be similarly treated, except that here we must integrate 
over all possible transitions as well as over all velocities. The exact equations become 
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very complicated, and it will suffice to take the asymptotic form for small Eo/E, which 


becomes 

dE_ 3 (3\"An,& f° 

where the various symbols have the same meanings as before. If we again let k? equal 
E,/E, we have 

1 u+1 du 
— 
ark 1 —exp (— 2ruk) uz (12) 


These results may be derived either from the formula given by Bethe, which is valid only 

for large electron energies, or from the asymptotic result given by Menzel and Pekeris,’ 
lo l+k 

1 — exp (— 


(13) 


where k? equals Eo/E as usual and / equals E)/E’; E and E£’ are the initial and final 
energies of the electron, respectively. The quantity u in equation (12) is the ratio of | 


to k. 
When £ is large, 27(E/£)! is small, and for most of the relevant range of integration 


in equation (12) the denominator may be replaced by 2xuk. The resultant integral may 
then be evaluated exactly, and we find that #, is unity. Equation (11) can then be inte- 


grated, and we have 
dE An, 


This is equivalent to a formula given by Menzel,’ provided that g is set equal to 2: 34/z, 
or 1.10. Thus we see that the average value of g is very nearly unity, despite the fact 
that g varies from a small quantity to infinity over the range of integration. When E£ is 
small, g may be set equal to unity, as may be seen from the series expansions given by 
Menzel and Pekeris.> We may therefore assume that equation (14) is valid for interme- 
diate velocities as well as for high velocities. 

If we define 74 as in equation (9), the time of dissipation arising from free-free transi- 


tions becomes 


1 
Ta (f-f) =2.7X 10%. (=) years . (15) 


Values of 74( f-f) are shown in Table 2 for various values of the root mean square proton 
velocity; the number of protons per cm® is again set equal to unity. It is evident from 
this table that, for most velocities, recaptures in the ground state are of negligible 
importance in the dissipation of energy. This is presumably true for recaptures in other 
lower states as well. The condition for continuity at the series limit indicates that re- 
captures in the higher quantum states will behave in the same way as the free-free transi- 
tions. Such recaptures will, of course, decrease the time of dissipation even further from 
the values given in Table 2. 

Lastly, the dissipation of energy by direct encounters between dust particles must be 
computed. Let us consider an encounter between two particles of equal mass, ma, such 
that the center of gravity of the two particles is at rest and their original relative velocity 
is V;. Let the perpendicular distance between the original paths be equal to p;. Then the 
total initial energy and angular momentum of the two particles is }maVj and }pimaV1. 


7 Ref. 5, eqs. (1.47) and (1.49). 
8 Ap. J., 85, 330, 1937, eq. (30); a factor K/h has been omitted from this equation. 
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If Vz is the relative velocity of separation and » the value of # after collision, the energy 
loss per particle becomes 


1 2 
AE = (Vi V2) (16) 

while the conservation of angular momentum yields 
(17) 

The elimination of V2 from equations (16) and (17) gives 

2 

2 


It is obvious that the total loss of energy must be the same if the center of gravity is not 
at rest, and we may therefore use equation (18) for the energy loss in every collision. 

The maximum loss of energy occurs when 2 is a maximum. Since p2 can scarcely ex- 
ceed 2c, the geometrical diameter of each particle, we may replace ps2 by 2¢ in equation 
(18) and multiply the resultant expression by ¢, the ratio of the actual energy loss to the 
maximum loss possible. To find the rate of decrease of the mean kinetic energy £, we 
must multiply AE by 2rpidpiV ina, where nq is the number of dust particles per cm’, and 
then integrate over p; from zero to 2c. This yields 


where a mean value of ¢ has been taken. 


Finally, we must determine the mean value of the factor V? in equation (19). If the 
distribution of dust-particle velocities is assumed to have spherical symmetry, then 


‘Vi = 293, (20) 


where 23 is the mean square velocity of the individual particles. If the distribution of 
dust velocities were Maxwellian, we should have 

(21) 
Although there is apparently no reason why the velocities of very rapidly moving dust 
particles should obey the Maxwellian distribution, equation (21) should provide an ade- 
quate approximation to the true state of affairs, particularly since the numerical factor in 
equation (21) should not differ much from unity in any case. If we let mg equal 410°d/3, 
where d is the density of matter within the particle, and let mg equal pa/ma, where pq is 
the density of dust in grams/cm*, we may combine equations (19), (20), and (21) to 


find 
1 dE 4 


where now ¢ denotes an average over V; as well as over fi. With the same definition of 
T, as before, we find that if ¢ equals 10~°cm, d equals 7.8, and pg is 1.7 10~*4, equation 


(22) gives 
T, (dust) = Li years . (23) 
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The quantity ¢ is not likely to be very small when 2; is large. For the rapid collisions 
we are concerned with here, the energy of impact is very much greater than the binding 
energy of the particles, which is normally the source of the elastic forces. Hence such 
rapid collisions will probably be completely inelastic, and two such particles will in al] 
likelihood vaporize when their velocity of impact is several hundred kilometers per sec- 
ond. To find a lower limit on 7, however, ¢ has been set equal to 0.1 in the computation 
of the values in Table 2. 

It is evident from Table 2 that interstellar matter of appreciable density will have 
lost its high energy in 10’ years or less. There is no evidence for any mechanism which 
can avert this loss of kinetic energy. Ionization by radiation provides at most an energy 
comparable to Eo for each such recombination; ionization by electron impact is likely to 
be more frequent, and this involves no net change in £. Interaction with stars will be 
small, particularly at such high velocities. For a particle to be deflected 90° by a star of 
solar mass, moving with a relative velocity of 200 km/sec, the undisturbed path of the 
particle must come within 4 solar radii of the sun’s surface. Even though this distance 
may be considerably increased by radiation pressure from the brighter stars, such close 
encounters are rare and may be neglected. 

The role of cosmic rays is somewhat more obscure, since little is known about the 
numbers of low-energy particles, which would be of importance in this connection. Par- 
ticles of the energy and abundance observed terrestrially may be shown to be unimpor- 
tant. The number of particles entering the earth’s atmosphere per cm? per sec is? 0,09, 
Since the cross-section of a light nucleus for cosmic-ray impact is roughly 10-*%cm?, the 
mean life between encounters is 10'* years. Since the mean energy acquired per encoun- 
ter is at most 10!° e.v., this corresponds to a gain of 1 e.v. per particle in 10° years, which 
is insufficient to offset a loss of several hundred e.v. per particle in 10’ years. 

If the mass of interstellar matter in a galaxy is comparable with that of the stars, it is 
difficult to find any mechanism which will maintain the particles of the medium in a 
state of high kinetic energy. An energy loss of 400 e.v. in 10’ years, corresponding to an 
initial proton velocity of roughly 300 km/sec, is a loss of 1 erg per gram per second; and 
to maintain this in a medium of appreciable mass requires an energy source comparable 
to that of all the stars. There is no evidence whatever for such an additional source of 
energy. We may conclude that, on the basis of present theory, the mean square velocity 
of interstellar particles cannot possibly be as high as 100 km/sec if the density of such 
matter is appreciable; in all probability interstellar matter is in kinetic equilibrium with 
a velocity temperature between 5,000° and 20,000°, and with velocities of not more than 
20 km/sec. 

This analysis refers, of course, to purely random velocities. These results, therefore, 
do not exclude the possibility that the interstellar medium could be supported by large- 
scale currents with velocities much greater than the microscopic random velocities of the 
individual particles. If such currents are assumed to be irregular, as in the case of tur- 
bulent stellar atmospheres, the energy of macroscopic motion would soon be dissipated 
in all probability. When two such currents, with velocities far exceeding the velocity of 
pressure waves in the medium, encountered each other, the directed macroscopic veloc- 
ities would tend to be converted into random microscopic motions. The only current sys- 
tem which could apparently be stable in 10° years or more would be a simple rotation of 
the medium about the center of the system—a case which is, of course, relevant in an 
elliptical galaxy. With this exception one may assume that large-scale currents play no 
direct part in the equilibrium of the interstellar medium. 


2. SPHERICAL SYSTEMS 


The equilibrium of interstellar matter in a spherical galaxy is simplified when the 
mean square velocity of the interstellar particles is much less than that of the stars. As 


91. S. Bowen, R. A. Millikan, and H. V. Neher, Phys. Rev., 53, 217, 1938. 
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we shall see below, the total mass of the interstellar medium in such a case must be much 
less than that of the stars and will therefore not affect appreciably the structure of the 
stellar system. The problem therefore reduces to the equilibrium of a gas in a potential 
field which arises partly from a known distribution of stars, partly from the gas itself. 
The specific analysis is complicated by two factors. In the first place, the structure of 
the spherical galaxies is not well known. Second, the mass of the medium complicates the 
uations. General limits will therefore be discussed for the most part. Where effects 
produced by the precise structure of a galaxy are of interest, the Emden polytrope for 
n = 5will be used. This is known to give a good approximation for globular clusters, and 
even for galaxies it should give some indication of the general effects to be expected 
when the mass of the system is highly concentrated toward the center. 
First, let us derive the form of the virial theorem which will be useful. The equation of 
motion in the x-direction for a particle of mass m, may be written 
d*x 
(24) 
A subscript p will be used throughout to denote interstellar particles, either dust or 
atoms. If we multiply equation (24) by x, we find 


1 a? 2 d 2 


If it is assumed that the system comprises a large number of identical particles in a steady 
state, we may average over all the particles, in which case the second derivative in equa- 
tion (25) vanishes. The contribution of the atomic interaction forces to xF, may be 
neglected, on the average, compared to the external and gravitational forces. If we as- 
sume also that both the distribution of velocities and the potential field possess spherical 
symmetry, then equation (25) becomes 

— rF,/m, , (26) 


2 
where F, is the radial force, and 2, is the mean square velocity of the particles in ques- 
tion. 

For a gas of small mass in a cluster of uniform stellar density p,9 the radial force is 
given by 


= (27) 


The assumption that ps0 is constant is legitimate when the medium is concentrated 
toward the core of the system. From equation (26) we have in this case 


(28) 


where a subscript p is used to indicate that r? as well as v? is averaged over all the parti- 
cles (atoms or dust) in the medium. 

For the stars the force per unit mass is less than that given by equation (27), since the 
density decreases outward. From equation (28) and the corresponding inequality for 


v, we have, therefore, the inequality 


(29) 
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When we come to extend this result to a specific stellar structure, such as the Emden 
polytrope m = 5, we find that 7? is infinite. The analysis is therefore best given in terms 
of rs and r>j, the radii containing half the stellar mass and half the mass of the medium, 
respectively. The analysis involves a determination of the mean potential energy of the 
polytrope.'® The final result is 

1/2 
v 


p1/2 
—= 0.414 | 
31/2 (30) 


We may infer that the ratio of the size of the interstellar system to that of the stellar one 
is in general somewhat less than the ratio of the root mean square velocities. 

The neglect of the total mass M, of the interstellar particles is valid, provided that the 
density of the medium is everywhere less than that of the stars. When this is not the 
case, when pp is greater than pyo, it is evident that the gravitational attraction of the me- 
dium on itself will be greater than that of the stars on the medium. We may replace equa- 
tion (28) by the more general formula 


P 3 


GM 
rt (31) 


where £ is a constant of unit order of magnitude. The second term in equation (31) is the 
one which usually appears in applications of the virial theorem and is equal but opposite 
in sign to the potential energy per unit mass of a sphere of gas in its own gravitational 
field. 

It is evident from equation (31) that if M, is fixed there is a value of r} such that v2 
is a minimum. Similarly, if 2 is fixed, there is a value of r? at which M, is a maximum. 
This maximum value of M, is given by 


M ( *) 
{ p(max) ~ peo G/” (32) 
which may be written as 
4 3M, (33) 
M, J 278°\G ps0 


It is clear that 3M,/47r*; is twice the mean stellar density interior to 7.3; this will be 
less, as a rule, than the central density ps0. Since GM,/r,4 is roughly equal to v7 and 8 is 
approximately unity, we have 


3/2 
v 
(34) 
8 


If we turn again to the polytrope n = 5, we find that in this special case 3M,/4ar}, 
is equal to 0.447 p,o, while GM, /r,, is equal to 2.60 v2. These two factors reduce the con- 
stant in equation (34) from 0.38 to 0.060. This indicates that equation (34) gives a gen- 
erous upper limit on M,. If, in accordance with the results of section 1, we assume that 
the ratio of root mean square velocities for stars and particles is roughly equal to ten, it 


10 It is sometimes stated that the potential energy of the polytrope n=S is infinite, since a factor n—5 
appears in the usual formula for the total potential energy. But the radius R of the system is also infinite 
in this case; the energy is, in fact, finite, and may be determined by a direct integration. 
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follows from equation (34) that the maximum possible mass of interstellar matter in a 
spherical galaxy is at most 4 X 10~‘ of the stellar mass and that any such matter must 
be highly concentrated toward the center of the galaxy. 

The existence of a maximum mass for the medium may be explained simply. Let us 
consider an assemblage of interstellar particles whose mean square velocity is fixed and 
whose distribution in the cluster satisfies the equations of equilibrium; let us examine 
the sequence of configurations which is obtained as the total mass M, is gradually in- 


creased. When M, is zero the value of rj will satisfy equation (28). As the mass of 
the medium is gradually increased, the self-attraction of the medium begins to be- 
come important. At first this may be offset by a contraction in the medium, reducing 
the attraction of the stars on the interstellar matter. Eventually, however, a point is 
reached at which a further contraction increases the self-attraction exactly as much as it 
decreases the attraction of the stars. At this point no increase in M, is possible without 


also increasing 12—this is the point of maximum mass for a fixed mean square velocity. 
When M, has a value less than this critical one, equation (31) will have two relevant 
roots for r2, one corresponding to a diffuse configuration in which the gravitational at- 
traction of the stars is predominant, the other, a dense system subject primarily to its 
own self-attraction. 

The relevance of this maximum mass is restricted by the fact that the analysis holds 
only for systems possessing no angular momentum whatever. Most spherical galaxies 
probably have some angular momentum, and in such a case interstellar matter could 
contract to the equatorial plane, forming a flattened, rapidly rotating disk of dark matter 
of the type discussed in the next section. The total mass of such matter could not be 
very great, however, since the gravitational attraction of a very massive layer of dark 
matter would impart some ellipticity to the observable stellar distribution. In any case 
we may conclude that interstellar dust and atoms play a wholly subordinate role in the 
constitution of spherical stellar systems of large mass and large random stellar velocity. 

In systems of small mass, such as globular clusters, the random stellar velocities are 
of the same order as the velocities of the particles. In such systems the total mass of dust 
particles present could in theory be very large, provided that not more than a small 
number of atoms was present. An appreciable number of atoms would slow down the 
dust particles as is shown in paper I and lead eventually to a collapse of the medium, 
unless the mass of atoms present exceeded sufficiently the mass of dust to support the 
dust particles. 

For a primarily gaseous medium, on the other hand, a new restriction appears. If the 
mean square atomic velocities were slightly greater than those of the stars and M, were 
assumed to be much greater than M,, the atoms would apparently leave the system 
entirely. According to equation (26), the average value of rF, must vary directly with 
the mean square velocity. While it is easy to find a distribution of matter for which this 
average will be very much decreased, given the gravitational field of a particular stellar 
system, there is a limit to the amount this quantity can be increased. Since most of the 
stars are near the region in which rF, is a maximum, the average value of this quantity 
for any distribution of matter will not much exceed its average value for the stars. For 
the polytrope n= 5, for instance, the maximum value of rF, is only 1.31 times its average 
value for the entire polytrope. It follows that interstellar particles with a mean square 
velocity some 20 or 30 per cent greater than the velocity of the stars and a total mass 
considerably less than that of the stars cannot possibly be in equilibrium within a 
cluster. 

A disequilibrium of this sort would not lead to an immediate escape of the medium, 
provided that the mean square particle velocities were less than the mean square 
velocity of escape. In fact, the medium would expand adiabatically to reach a new equi- 
librium with lower mean square velocities of the particles. But in the case of atoms the 
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kinetic temperature is presumably determined essentially by the color temperature of 
the ionizing radiation and other factors; if these various factors tended always to give 
the atoms a mean square velocity appreciably greater than that of the stars and if the 
gravitational attraction of the medium upon itself were unimportant, such an atomic 
medium would gradually expand and leave the cluster. If the mass of the interstellar 
atoms exceeded that of the stars, this difficulty would not arise. In such a case the me- 
dium would hold itself together under its own attraction, and the observed stellar system 
would be imbedded in a globular atomic cluster of much greater mass. 


3. ELLIPTICAL SYSTEMS 


The analysis of the preceding section must be modified for systems which possess 
angular momentum and axial symmetry. In such a case the interstellar medium will be 
confined to the equatorial plane, forming a highly flattened disk imbedded in the more 
extended elliptical aggregation of stars. If the initial distribution of the medium is as- 
sumed to be the same as that of the stars, then, as the random velocities of the interstel- 
lar particles decreased, there would be some contraction toward the galactic center as 
well as toward the equatorial plane. The constancy of angular momentum during sucha 
contraction would lead to an increase of the centrifugal force, which would remain pro- 
portional to the inverse cube of the distance from the axis of rotation. A new equi- 
librium would therefore be reached in which the increased centrifugal force just balanced 
the attraction toward the galactic center; the medium would, of course, be revolving 
about the galactic center more rapidly at any point than the stars in the immediate 
neighborhood. 

The relative contraction necessary to attain such an equilibrium may be computed on 
various assumptions; the ratio of the equilibrium and initial distances from the axis of 
rotation for a given element of matter is roughly equal to the ellipticity of the nebula or 
of the fourth root of the ellipticity, depending on whether the potential is that of a point 
mass or of a homogeneous spheroid. This subject is intimately connected with the un- 
certain problem of the origin of the galaxies. We shall therefore not consider the prob- 
lem of the density distribution of interstellar matter with increasing distance along the 
equatorial plane but rather the distribution in directions perpendicular to this plane. 
Such an analysis rests on firm ground, since it depends only on the conditions of equi- 
librium and not on any assumed initial properties. 

In the following analysis, distance from the equatorial plane will be denoted by :; 
the distance of a point from the axis of rotation will be denoted by R. As before, sub- 
scripts p and s will be used to distinguish quantities pertaining to the interstellar par- 
ticles—dust or atoms—from those pertaining to the stars. Regions near the center of 
elliptical systems will not be discussed here, since these will be closely analogous to 
spherical galaxies; we shall consider, rather, the structure of the galaxy when R is rela- 
tively large. 

The analysis depends on whether F., the gravitational force in the z-direction, arises 
primarily from the central mass of the system or from the neighboring matter in the 
equatorial plane. If the former is the case, then both particles and stars will move in 
the same external potential field, which for small values of z/R varies as 2”. It is clear 


that in such a case. 


==. (35) 


The total mass of the interstellar medium per unit area of the equatorial plane, as well as 
the total stellar mass per unit area, is quite unrestricted in such a case, provided only 
that the total density is always less than the central mass of the galaxy, M., divided by 
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4nR3; this is the usual condition that the attraction of the central mass be greater than 
the attraction of the local matter. 

When the total density of stars and medium is greater than M./42R*, however, we 
may neglect the rest of the galaxy and as a first approximation consider only the one- 
dimensional problem, in which the gravitational potential ® is determined by the equa- 


tion 


Pst pp), (36) 


while the condition of equilibrium gives 
dfi — 
(Gent?) = (37) 


together with an equation for the interstellar particles, identical with equation (37) 
except that a subscript p replaces the subscript s. One may assume that v2 and v2 are 
not functions of z. This neglects primarily the dispersion in stellar masses, since the chief 
effect of such a dispersion is to increase v; with z. 

The solution of these equations depends on pyo and pyo, the densities of particles and 
stars when z=0. Let us assume first that pzo is much less than po. Then we may neg- 
lect pp in equation (36); if we divide equation (37) by p,, then differentiate with respect 
to z, and use equation (36) to eliminate d*b/dz’, we have 


d (1 dp, 127G 
as\p. )= (38) 
If we make the substitutions 
Ps = poA(E), (39) 
( 
§ (40) 


the equation assumes a dimensionless form. With the boundary conditions that A(0)=1 
and that A’(0)=0, the solution of equation (38) becomes 


A(&) =sech?( 2-1/2) . (41) 


The mass M,(&) per unit area between —é and +¢ is 


2 ps0 


1/2 
M.(£) tanh(2-'?£) . (42) 


From equations (40) and (42) it follows that 2,4, the value of z such that half the stellar 
mass per unit area lies between 2,, and —2,4, is given by 


M, 
Ze1/2 = 0.274— (43) 
Ps0 
where M, equals M,( ©) and is simply the total stellar mass above and below a unit 


area of the equatorial plane. Since tanh (~)=1, equation (42) gives M, in terms of 2? 
and 
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For the interstellar particles, on the other hand, we may neglect the change in p, and 
set d&/dz equal to 4rGp,oz. The equation of hydrostatic equilibrium for the particles 
then yields 

log? = 22 | 
02 (44) 
The mass per unit area leads to the usual error function; if we determine the value of z,, 
by integrating equation (44) and if we take 2,, from equation (43), substituting from 


equation (42) for M,, we have 
=\ 1/2 
—=0.87 |= 
(: (45) 


Here, as in equation (35) and in the globular galaxies, the ratio of the dimensions of the 
two systems is roughly equal to the ratio of the root mean square velocities. 

The chief difference between the elliptical and the globular systems is the absence of 
any maximum mass for the interstellar medium. No matter how great the mass of 
interstellar matter, it is always possible to make z,, so small that the mean square 
velocity is arbitrarily small. If po should exceed p,.o, however, equation (44) is no longer 
applicable. To find the distribution of the medium in this case, a new solution of the 
equations of equilibrium must be found. If pyo is considerably greater than p,o, then p, 
will exceed p, in most of the region in which the density of interstellar matter is ap- 
preciable. One may in such a case assume that the distribution of the medium is inde- 
pendent of the presence of stars and set p, equal to zero in equation (36) for the gravita- 
tional potential @. The resultant equations for p, are identical with equations (38)-(43) 
—derived for p, on the assumption that pp could be neglected—provided that a subscript 
p is substituted for the subscript s throughout. 

When the equilibrium of the stars is considered in this case, however, the neglect of 
p, in the determination of ® will not yield an adequate approximation, if M, exceeds 
M,. In the general case a new solution of equation (38) must be found for p, such that 
A’(O) equals a finite value, determined by the gravitational attraction of the thin layer 
of interstellar dust and atoms. In the limiting case in which M, is greater than M,, we 
may, in fact, neglect p, in the determination of ®. For all values of z this gives d@/ds= 
27GM),. In such a case we have for the stars the usual isothermal distribution in a 
constant-force field, which gives 

log-?* 


(46) 


Ps0 Vs 


The value of z,, in this case may be found by a simple integration of equation (46). 

To compare the results for interstellar matter and for stars in the case when M, 
exceeds M,, we take the value of z,; found when equations (42) and (43) are applied to 
dust and atoms rather than to stars and divide this by the value of z,, found from equa- 
tion (46) above. The resultant ratio is 


—=1.57=. (47) 


We see that when the mass of interstellar matter exceeds that of the stars, the relative 
concentration varies as the energy rather than as the velocity. It is obvious that for 
intermediate cases, in which pyo exceeds p,o but M, is less than M,, the ratio of 2,4 to 2.4 
will follow a relationship intermediate between equations (45) and (47). 
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Numerical values for z,; may be computed from these results. If the ratio of root 
mean square velocities is set equal to ten as before and if z,, equals 200 parsecs, the val- 
ue of Zp; equals 18 parsecs when p,o is less than p,o, and 3.1 parsecs when the total mass 
of interstellar matter is greater than that of the stars. If the mass of interstellar matter is 
an appreciable fraction of the mass of the system, 2, will clearly not exceed a few parsecs. 

The density of the medium in this latter case would be at least 10-*° gm/cm', and 

ssibly very much greater. With so great a density it is doubtful whether the electron 
temperature could remain as high as 10,000°, and it is likely that the root mean square 
velocity would fall, increasing the density even further. Such a medium would probably 
be unstable and would perhaps condense into stars, meteorites, or large dark bodies. 
But these processes of condensation would not increase vj, and the thin massive layer 
of matter, surrounded by a vastly more extended stellar envelope, would still remain. 
The probable state of matter in the equatorial plane will not be discussed in detail here. 
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Fic. 1.—Stellar density distribution in NGC 3115. The logarithm of the observed luminosity density, 
p, is plotted against z, the perpendicular distance from the equatorial plane in seconds of arc. The two 
dashed curves are the theoretical results if p is a function of z only, for the two cases: A. A uniform 
isothermal gas under its own gravitational attraction. B. The same gas under the attraction of a mas- 
sive equatorial layer of dark matter. 


It should be pointed out that such a dark layer is equivalent in its effect to a distribu- 
tion of very faint dwarf stars with small peculiar motions. In fact, the hypothetical 
equatorial layer of interstellar matter discussed here might quite possibly condense into 
stars of absolute magnitude +15 or fainter. The random velocities of stars formed in this 
way would obviously be small. From an observational standpoint it would be very diffi- 
cult to distinguish a layer of such stars from a layer containing bodies roughly the size of 
meteorites; the phrase ‘‘dark matter’’ will be used to denote all such possibilities. 

If a massive equatorial layer of this type should exist within an elliptical galaxy, it 
would lead to directly observable results. The mass deduced from the rotational veloci- 
ties of the stars would be greater than the mass derived from the luminosity of the sys- 
tem. More important, the distribution of stars on each side of the equatorial plane 
would follow equation (46) rather than the quite different density function in equation 
(41). The former distribution is striking in its finite derivative at the equatorial plane. 
Unfortunately, this effect would be observable only if the plane of the galaxy were 
parallel to the line of sight from the earth. 

These characteristics are remarkably close to the description of NGC 3115, analyzed 
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in detail by Oort.'! The luminosity distribution in this elliptical system of class E7 js 
completely in disaccord with the mass distribution as deduced from the observed con- 
stant angular velocity.” Furthermore, the logarithmic gradients of luminosity density 
in the z-direction have a nearly constant slope very near to the equatorial plane. The 
values of log p as a function of z for various values of R are shown in Figure 1. These 
were taken from Figure 7 in Oort’s paper; R and s are expressed in seconds of arc. The 
curved dashed line A shows the distribution to be expected from equation (41), when 
the stars themselves are primarily responsible for the gravitational attraction. The 
straight dashed line B represents the distribution given by equation (46), when the equa- 
torial layer of dark matter is responsible for most of the gravitational force on the stars, 

It will be noted that the observed curves in Figure 1 correspond to case B more 
closely than to case A. The observed logarithmic gradients depart from linearity for very 
small values of z, but a slight inclination of the equatorial plane to the line of sight would 
account for this effect. The curvature evident for larger values of z could be explained 
partly by a dispersion in stellar velocities and partly by the deviation of the potential 
field from the one-dimensional case discussed here. It seems difficult to account for the 
observational values of log p when z is moderately small, if only luminous stars are as- 
sumed to be present. The evidence for an equatorial layer of dark matter in NGC 3115 is 
suggestive but not conclusive. Further examination of elliptical galaxies, and particu- 
larly of the density gradients near the equatorial plane, would be necessary to decide the 
issue. 

The central conclusion of the present paper, however, does not concern the possible 
existence of such a dark layer. The chief result is that, in NGC 3115 and probably in 
most of the elliptical and globular galaxies as well, the amount of interstellar matter 
throughout most of the volume of these systems—in the regions surrounding most of 
the stars—must be negligible. Unless there are unsuspected forces acting on interstellar 
particles, the light which comes from elliptical and globular systems of large mass must 
be almost entirely direct starlight, not diffuse or scattered light. 

This view is supported by the failure to find space reddening or interstellar absorption 
lines in these objects. The lack of interstellar emission lines in elliptical objects.” is also 
consistent with this view, although the absence of early-type stars provides an alterna- 
tive explanation for these observations. The chief support for these conclusions, how- 
ever, is the essentially theoretical argument presented here. Better determinations of 
nebular masses would decide to what extent these results may be applied to all elliptical 


and globular galaxies. 
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NOTES ON ECLIPSING VARIABLES 
HENRY Norris RUSSELL 


ABSTRACT 
Preliminary elements of an eclipsing variable should represent the whole light-curve and include 
ellipticity (with similar components), reflection, orbital eccentricity( if present), and limb darkening cor- 


responding to the spectral type. 
Corrections for difference in shape and gravity effect may then be made by tables in preparation by 


Kopal, resulting in improved elements. Only after this is a solution by least squares advisable. 

Kopal’s preliminary methods are laborious. That for partial eclipses is sometimes divergent, which 
can be avoided by a simple modification. For partial eclipses of uniform disks, the ratio of the radii is 
indeterminate for a certain value of the relative brightness. 

A nomogram for the solution of partial eclipses of uniform disks is given, which illustrates also the 


cause of indeterminacy. 

The tables for ‘‘completely darkened” circular disks are exactly applicable to eclipses of similar ellips- 
oids, upon which the coefficient of darkening is 1 and that of the gravity effect {. For actual ellipsoidal 
stars corrections for nonuniform distribution of brightness over the surface are necessary in accurate 


work. 


The problem of determining the elements of an eclipsing variable from photometric 
data falls in the same general class as that of finding the orbit of a visual or spectroscopic 
binary. The percentage precision of the observations is low; and to obtain satisfactory 
results their number must greatly exceed that of the unknowns—and they must be well 
distributed over the whole period.' The solution is made from a curve (light-curve, 
velocity-curve, etc.) drawn empirically to follow the course of the observations; but it 
should never be forgotten that the computer’s purpose is to represent the observations 
and not the curve. 

It is therefore highly desirable that the method of solution should lead initially to 
parameters defining the curve, from which a theoretical curve can at once be computed 
and compared with the observations. When a satisfactory curve has been obtained, the 
conventional elements may then be derived from its parameters. 

This primary solution is peculiar to the type of problem—visual, spectroscopic, and 
eclipsing binaries, being handled by radically different analytical methods. When a fairly 
good first solution has been obtained, it may be improved by general methods common 
to all the problems. Prerequisite to a second approximation is a precise method for cal- 
culating the curve from a given set of parameters. If these parameters have been found 
by the application of a definite, but in some respects approximate, method to the ob- 
served curve, the old ‘‘method of false position’? may be used. Let O be the observed 
curve, C that computed from the parameters. Construct a new curve N, which is at every 
point as far below O as C is above it. From this curve, with the same method of solu- 
tion, derive new parameters, and from these a new computed curve C’. The latter should 
be much closer to O than C was. Repetition of this process, if necessary, should result in 
a good fit—if one can be obtained at all. There is no general guaranty of the convergence 
of these approximations; but, if they fail, there is little or no hope that the far more 
laborious adjustment by least squares would give significant results. 

Only after a really good fit has thus been obtained is it justifiable to attempt the latter 
—remembering that the test of a good preliminary job is that the least-square correc- 
tions should be of the same order of magnitude as their probable errors. 

The principal differences between the eclipse problem and other binary star studies 
are: (1) The principles on which the theory is based are primarily geometrical, and not 


‘ Or most of it, in the case of a visual binary. 
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dynamical. (2) The relations between the light-curve and the parameters which define 
it are complicated. (3) The number of parameters necessary for a complete specification 
of the system is large. 

The principal complications are as follows: (a) The star disks appear darkened toward 
the limb. (6) The components will be distorted by tidal and centrifugal forces. (c) The 
intrinsic brightness of their surfaces will vary from point to point with the “local” gravity, 
(d) and also on account of the heating of each component by the radiation of the other, 
(e) The orbit may be eccentric. 

Clear evidence of each one of these influences has been found in well-observed light- 
curves, and all but the last are usually present, though sometimes insensible. 


I. DETERMINATION OF THE ELEMENTS 


A satisfactory first approximation should give a good representation of the whole 
course of the light-curve, in eclipse and outside. Hence ellipticity and ‘‘reflection”’ must 
be taken into account. Fortunately, this can be done with very little extra work. Orbi- 
tal eccentricity makes more trouble but must obviously also be included when sensible. 

The degree of limb darkening has important effects on the deduced elements; but the 
light-curves derived on different assumptions usually differ very little. In deriving inter- 
mediary elements it appears best to assume a value—preferably depending on the spec- 
tral class of the star.? Corrections to this assumption and allowance for difference in 
shapes of the components and for uneven distribution of brightness over their surfaces 
belong to the later adjustment. 

Tables for calculating the corrections just mentioned are being prepared by Dr. 
Kopal.’ If corrections are calculated from the intermediary elements, the resulting light- 
curve will agree worse with the observations than will the uncorrected curve, because 
the intermediary adjustment must take up a large part of the influence of the neglected 
factors. The corrections themselves should be well determined; and, if the observations 
are corrected for them and a new intermediary solution made, a good set of elements 
should result. 

It appears to the writer that it is only after such corrected elements are available that 
the application of least squares is justifiable. The intermediary elements must be good 
enough to permit the accurate calculation of the corrections; but they need not give the 
best possible fit that can be obtained if the corrections are ignored.4 

In the intermediary solutions freehand light-curves are very useful. The determina- 
tion of the elements is often rather a delicate matter, and no really good solution can 
be made unless the whole course of the variation—during eclipses and outside them—is 
closely fixed by a plot of the observations. Under these conditions the reading from a 
freehand light-curve at any phase should be more accurate than any individual observed 
point near by. By reading the curve for equidistant values of the light-loss (a or ), the 
calculations may be greatly simplified, with no loss of accuracy. 

The methods of solution developed thirty years ago by Shapley and the writers were 
based on this principle. The number of eclipsing variables was already great; hence 
numerous tables were prepared to save time for the computer. Increased precision in 
these tables is now important, and the fundamental tables have been recomputed by 
Zessewitsch.° A comprehensive set of tables, for several degrees of darkening, is in prep- 
aration by Dr. John E. Merrill. 


2 Kopal, Pub. A.A.S., 10, 134, 1941 (observed data); Pannekoek, M.N., 95, 733, 1935 (theory). 
3 Personal communication. 

4 Compare the correction of a comet’s orbit for perturbations. 

5 Russell, Ap. J., 35, 315, and 36, 54, 1912; Russell and Shapley, 4p. J., 36, 239 and 385, 1912. 
6 Bull. Inst. Astr. Leningrad, No. 45, 1939, and No. 50, 1940. 
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The methods recently suggested by Dr. Kopal’ appear to the writer to be needlessly 
laborious. For total eclipses his method is based on the same principle as the writer’s; 
but his function F must be calculated anew for each trial, while y in the older paper was 
tabulated to save the computer such labor. 

For partial eclipses both methods rest on the fundamental equations*® 


sin? 6(n) = Ci(p po) + Ci(p ps) ’ (1) 
(2) 
Here 
p p(k, Nao) ’ Po p(k, Qo) ’ 
C, = ry, i, C, = csc? = RC,. 


The older method combines equations (1) and (2) to get 


sin? 6(n) 
sin? x(k, Qo, n) (3) 

When x and Q have been tabulated—and also p(k, a)—the solution of equations (1) and 
(3) may be found without computation by the nomogram described in section II. Other- 
wise, values of either & or a, may be assumed, those of the other parameter determined 
from either equation (2) or equation (3) and the resulting pairs substituted in the other 
equation. 

_— for which the functions are tabulated may always be “‘assumed,”’ and only 
simple interpolation in the double-entry tables is required, so that the method is fairly 
rapid. It has the great advantage of showing the range of uncertainty of the solution, 
which is often great. 

Kopal starts also with an assumed value of k, and gets a, from equation (2). He then 
computes » for each observation, finds p(k, na.) from the table, sets up the system of 
equations (1) and solves for C, and C,. Then C./C; gives a new value of k, with which 
the process is repeated, until the initial and final values of & agree. 

This laborious iteration may be avoided. If an assumed value k, leads to C./C; = kj, 
and k, to kj, then k, + x(k, — k,) should lead to kj + x(k} — k{), if second-order varia- 
tions are negligible. Equating these, 


kik; kik, 


k=k, + xk, = 


Even so, the formation and solution of two sets of equations involves much more labor 
than the other method. 

The older paper gave values of x only for 7 = o, }, and }, which are hardly sufficient 
to define the light-curve. Dr. Merrill’s tables give x for nm = 0.0, 0.1, 0.2, 0.25, 0.4, 0.6, 
0.8, 0.9, and 0.95, which should suffice in any case. The final test of any solution is, of 
course, to compute the light-curve and plot it against the observations. With these 
tables this will be simple. Otherwise the light-curve may be computed accurately from 
the orbital elements and the y table.® 


J., 94, 145, 1041. 
* For the notation see the papers just cited. 
Russell, Ap. J., 35, 331-332, 1912. 
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To discuss the process of approximation by Kopal’s method, suppose that a set of points 
on an exact light-curve are to be represented. If the initially assumed value of k happens 
to be correct, equation (1) will give the true values of C;, C., at once. Otherwise they 
will not (as Dr. Kopal has stated), since the values of p and p, corresponding to the as- 
sumed and true values of & will differ. 

The exact equations of variation, to the first order, are easily found to be 


d(sin? 6) = P,dC, + P-dC., 


when 


d 
The analysis may be simplified by setting 


dC, = kdC, + Cidk . 
Then 
d(sin? 0) = P.dC, + P.Cidk, (5) 
when 


P. = 2(p — po) + R(p? — fi). (6) 

The same transformation reduces Kopal’s equation to 
d(sin? 6) = PodC, + (p? — po)Cidk . (7) 
It suffices to discuss the case of uniform disks (where the analysis is simpler). Here 


equation (2) becomes 
v2 


(a = nap). 
We have also" 
I 
p= cos — (1 — cos ¢:), 
Ta = — sing, cos + — Sin COS ¢;) , 
sing, = ksing,. 
It follows that 
it 
(1 — esc + mn(1 — Xz) csc 
If L, is the light of the larger star, 1 — A, = k?a,.L,, and 
(1 — csc ¢:) + wal, csc (8) 


dk 


x Russell, Ap. J., go, 665, 1939. 


nts 
ens 


ley 
as- 


ECLIPSING VARIABLES 349 


These equations must be discussed numerically (except for eclipses too shallow to be ob- 
servable). The case k = 0.8, p. = 0, has been computed, with the results shown in 
Table 1. For any given value of p, P, is a linear function of Z,. It suffices to compute it 
for L: = o and L, = 1. 


TABLE 1 
PARTIAL ECLIPSE (k=0.8, po=o) 


aes kesnwanss +0.000 | +0.151 | +0.310 | +0.476 | +0.646 | +0.821 | +0.911 | +1.000 
See +0.414 | +0.328 | +0.243 | + .163 | +c.o91 | +0.034 | +0.012 | +0.000 
pine csc ¢:).| —0.194 | —0.164 | —0.133 | — .100 | —0.067 | —0.034 | —0.018 | +0.000 
2 

OY: ee +1.771 | +1.489 | +1.194 .898 | +0.598 | +0.300 | +0.149 | +0.000 


P, if Ly=0.00. .| +0.000 | +0.043 | +0.152 | + .338 | +0.603 | +0.942 | +1.158 | +1.388 
P, if Lyx=1.00. .| +0.000 | —0.156 | —o.410 | —0.730 | —1.132 | —1.599 | —1.866 | —2.156 


It was found that in both cases (and hence in all intermediate ones), P, was repre- 
sentable by the expression a,(p — p.) + a.(p? — p2), with an average residual of +0.004 
—almost within the error of the slide-rule calculations. 


When 
When 


L,=0, a; = +0.008 , a, = +1.290. 
L,=1, ad; = —0.985, = —I.171. 
With sufficient accuracy, then, we may set (since p,. = o) 


P, = (0.098 — 1.083 Li)p + (1.290 — 2.461 Li) p’. 


Now 

P, = 2p + 0.8? ; 
hence 

P,= AP, + Bp’, 
where 


A = 0.049 — 0.542 Li, B = 1.251 — 2.027L,. 


If « and y are the values of dC,C,dk resulting from the application of Kopal’s equation 
(7) to the data, we have by equation (5) 


Pox + py = PoC, + = P(dC, + AC dk) + = d(sin? 6). (9) 


Hence 
x = dC, + ACdk, y = BCdk. (ga) 


The depths of minima are 1 — A, = 0.414(1 — L,) (occultation), and 1 — dz = 0.265 Ly 
(transit). We then have (Table 2). 


TABLE 2 
0.000 0.0gI 0.124 0.200 0.400 0.618 0.800 1.000 
0.386 0.362 0.331 0.248 0.154 0.083 ©.000 
| 0.024 0.033 0.053 0.106 0.164 ©.212 0.265 
0.049 0.000 —o.018 | —0.059 | —0.168 | —o.286 | —0.385 | —0.493 
__ ee 1.068 | +1.000 | +0.846 | +0.440 | +0.000 | —0.371 | —o.776 


(5) 
(6) 
(7) 
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When L, is small (large star faint), the first approximation by Kopal’s method is toler- 
ably good and becomes very close if Z is near 0.11. But when JL, is large, it gives the 
wrong sign for dk and diverges when iterated. 

The interpolation method still works. If &, is the true value, and k; = ki + 2,..., 
equation (ga) gives 


ki =k, — (1 — 
Hence 
kik; — kok, = Bki(2: — 22), 
ki —ki th, = Bl — 22). 


Hence k is given by equation (4) as the ratio of two quantities, each derived from the 
difference of much larger computed quantities, and of the order of B. When B is small, 
k is therefore badly determined, and when B = o it is indeterminate. 

A least-squares solution of equation (g) with weights, w, corresponding to mean error, 
€o, gives the normals 


Dz+ Ey=...., 
Fy 


where 
D = E = <wPp’, Fe = 


The values of D, E, F depend only on the distribution and weights of the observations. 
With equal weights and with p distributed uniformly between its limits o and 1, they 


are proportional to 0.661, 0.340, 0.200. 
If we substitute x’ = « + Ey/D in the equations of condition, the new normals are 


Hence x’ and y are independently determined, and the mean error of Gx’ + Hy is 
given by 

2 G? H? 2 

e= 


With the assumed typical distribution, D’ = 26 F’, and x’ is much more accurately de- 
termined than y; also 


’=x+o.51y =dC,+ (A +0.51B)C,dk = (1 — 0.804 — 0.41B)dC, + (A + 0.51 B)dC,. 


The quantity which may be most accurately determined from the light-curve thus 
ranges from 0.45dC, + 0.69dC, when L, = o to 1.71dC,; — 0.89dC, when L, = 1, and 
it equals dC, when x = 0.44 (in the example here discussed). When the minima are very 
unequal, the determinations of k, C,, and C, have considerable weight; but, when they 
are nearly equal, all these become very uncertain. This uncertainty is independent of, 
and supplementary to, the uncertainty which arises when both eclipses are shallow. 
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II. A NOMOGRAM FOR THE SOLUTION OF PARTIAL ECLIPSES 


The preliminary solution for partial eclipses may be made very simply with the aid 
of a nomogram. The equations to be solved are 


_ sin? 6(n) 
x(k, Qo, n) aa sin? 6(3) ’ (10) 
(11) 


Here the functions x depend on the degree of darkening of the eclipsed star, and Q 
upon that of the other component also. For specified values of the darkening they are 
fully defined numerically, though different for occultation and transit, except for uni- 


form disks. 
If we take as rectangular co-ordinates 


X=, 


ae)’ 


then equation (11) represents a straight line. The contours in this plane corresponding 
to x(k,ao,#:) = const may then be plotted for any value m, for which the function 
has been tabulated, first finding corresponding pairs of values , ao, from this table and 
then using the table of Q. The intersection of the straight line 


(12) 


and the contour x = const then determine directly the values of a, and 1/Q. The con- 
tours k = const may also be drawn in this plane, so that a, and k may be read directly. 

For uniform disks, Q = 1/k?, and the construction is simplified. In this case it is 
known that, if x(&, ao, m1) is constant, x(R, ao, #2) will be nearly so, for any other ,, and 
any one value of x practically fixes the whole curve. 

The value n = ¢ was used in 1912; but it now appears that one corresponding to the 
lower portion of the light-curve, which is more accurately observable, would be prefer- 
able, hence x(k, ao, 0.8) has been used in Figure 1 (prepared by Mr. Alfred K. Blackadar, 
of the class of 1942, and drawn by Miss D. N. Davis). The co-ordinates are x = ao, 
y = 1/k?. If a thread is stretched across it so as to pass over the points y = 1, x = 
+1— and y= a,x = 1— A, + a(t — its intersection with the curve 
x = sin? 6(0.8)/sin? 0(0.5) immediately gives the values of a, and k. 

With the aid of Merrill’s new tables an accurate light-curve for the whole eclipse can 
then be quickly plotted. Inspection of this curve will show what changes in sin? 6(0.5) 
and the x’s would improve the fit, while the more complicated changes resulting from 
an alteration of x(k, ao, 0.8) and, if necessary, of 1 — x, 1 — Az, can be found from 
the nomogram. 

The nomogram illustrates very clearly the degree of determinateness of the solution. 
The observational uncertainties of 1 — \,, 1 — Az, and x can be estimated directly from 
the light-curve, and their effects on the solution become apparent. 

Between y = 1 and y = 1.5, the x-contours are almost perfectly straight, and the 
solution (whether graphical or analytical) is indeterminate to a high degree, for a certain 
slope of the intersecting line. This happens when the minima are of equal depth. The 
function x has no singularity at k = 1. With the radius of the smaller star as unit, exact- 
ly the same geometrical figures and values of x are obtained for aj = ka, k’ = 1/k, as 


352 HENRY NORRIS RUSSELL 


ordinarily for a, and k. On our nomogram, x’ = xy, y’ = 1/y, (x — x’)/(y—y') = 
xy/(1 + y). If y — y’ goes to zero, y = 1, and dx/dy = $x. The line x = 1 — \, 4 
(1 — A.)y will touch the contour if 1 — \, = $x = 1 — A,. The appearance of the dij- 
agram suggests that the tangency is of a higher order. For any other values of a, and y, 


| | | | I 
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a, 
Fic. 1 
their solution will be indeterminate if the tangent to the curve cuts the line y = 1 ata 
positive value of ay. It is evident that, in all such cases, 1 — A, < 1 — X,; that is, the 


solution is always determinate when the hotter star is the smaller. Beyond the dashed 
curve on the nomogram, the solution is also determinate. 


III. ELLIPTICITY, DARKENING, AND GRAVITY EFFECT 


Let the equation of an ellipsoid E be 


+ B + (13) 


1€ 
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This is converted into the sphere S’, 


+ gz’? = R2 (14) 
by the transformation 
w= A's’, y= By, 2=C', (15) 
when 


A line with direction cosines /mn is transformed into one with direction cosines 
I'm'n', where 


L=hA'l’ m=hB'm', n=hC'n', (17) 
when 


The plane Lx + My + Nz = o transforms into 
L'x' + + =o 
when LMN and L’M’N’ are direction cosines and 


_ AL’ _ HM’ HN’ 


L M B’ N= ’ (19) 
I | M" N" 
The angle y between the line and the normal to the plane transforms into y’ where, 
cosy = /L+mM = Hhcos y’. (21) 


An element of surface do with direction cosines LM WN transforms into do’. The ratio 
of their projections on x’ = 0 is 


dydz 
Hence 
do  A'B'C' 
By equation (21) 
cos ydo 


These equations are exact. 


li- 
| 
cos y'do’ 3 | 
| 
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Now let 
3R=A+B+C, A’=1+a, B’=1+6, C’=1+6¢. 


Then 
at+b+c=o, A'B'C’ =1+ab+be+cat+...., 


and, to the first order in a, ), c, 
(al? + bm? + cn”) =1- q, (24) 
(25) 
do = (1 — Q)do’, cos ydo = (1 — g) cos y'do’, cos y = (1—qg+Q) cos y’. (26) 
Let P bea point on E, with direction cosines LM N of the normal, and let /mn be those 


of the observer, O. After transformation, the direction cosines of O’ are l’m’n’, and those 
of the normal to S’ at P’ are L’M’'N’. 

Let the surface brightness of E be J = J.(1 — g + yg/g.), where g is the local and 
g. the mean value of gravity. By Clairaut’s theorem," to the first order, g/g. — 1 = 
K(r/R — 1), where K = —4 for the Roche model and —1 for a homogeneous ellipsoid. 
(In general, K = (2k — 4)/(2k + 1), where & is the constant which appears in the for- 
mula for the dynamical ellipticity.) The co-ordinates of P’ are x’ = L’R, etc.; those 
of P, x = A’'L’R, etc. Hence 


r= + (aL? ++ 0M"? +cN”)+....J = 


and 


J =Jo(1 + KyQ) . (27) 


If limb darkening is present, the apparent surface brightness of E at P, as seen from 0, 
will be 


Jg=(1-—x+ x08 y)J =Jo{(1—x)(1+ KyQ)+ 20s y'(1-—g+ [1+ Ky]Q)}. (28) 
The surface brightness of S’ at P’, as seen from O’, will be 

Ji = Ja cos y'do’/cos ydo = (1 — q)Ja. 
The expression (28) becomes simple in two cases: 


(a) Jg=Jo, 


(6) x=1, y=-1/K; J, = (1—q)Jocos y’. 
The first gives uniform disks. For the second, the apparent brightness distribution 
on S’ corresponds to ‘‘complete darkening,’ and that on E may be derived from this by 
“stretching” all the contours so that circles are changed into ellipses similar to the limb 


1 T. E. Sterne, Proc. Nat. Acad. Sci., 27,99, 1941. 
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and concentric with it. This is exactly the distribution which was assumed in 1912” for 
“darkened” ellipsoids. It was then recognized that this hypothesis did not correspond 
to darkening with the factor cos y; but the conditions in which it is actually true have 
not apparently been previously specified. 

For the Roche model the ‘‘darkened”’ tables correspond to x = 1, y = }. It is this 
condition, and not limb darkening without gravity effect, which has tacitly been assumed 
in the application of the ordinary “darkened” tables to ellipsoidal stars; and this may be 
regarded as the standard ‘“‘darkened”’ state, upon which the remainder of the gravity 
effect, plus reflection, is to be superposed in the determination of a definitive light-curve. 

The only effect of this change on the solution is that the photometric ellipticity effect 
upon the light sent in different directions is 2g, while for x = 1, y = 0, itis $g. The values 
of the geometrical ellipticity derived in existing ‘‘darkened” solutions should therefore 
be multiplied by 0.8. New solutions are desirable in refined work. 

For ordinary light the theoretical values of x and y are o and } for infinitely hot 
stars and greater for all others. The new auxiliary tables will therefore be required for 
the precise calculation of any actual light-curve, superposing 


AJ = {(1 — x)Ky+ x cos y'(1 + Ky)}J.0 
upon the standard brightness assumed in calculating the tables for partial darkening. 


Hearty thanks are due to Mr. Blackadar and Miss Davis for the preparation of the 
nomogram. 


PRINCETON UNIVERSITY OBSERVATORY 
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Russell and Shapley, op. cit., p. 400. 
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THE SPECTRA OF TEN GASEOUS NEBULAE* 
A. B. 


ABSTRACT 


Observations of faint nebular lines, previously published in collaboration with Dr. I. S. Bowen, have 
been extended to include nine planetaries and the Orion nebula. Wave lengths, estimated intensities 
and probable identifications are tabulated. Aside from lines that are merely suspected in a single object, 
the table includes, in the region between 3700 and 6750 A, about 270 spectral lines, of which approxi- 


mately 60 per cent are identified. 
Additional evidence is found for the existence of metallic elements in the nebulae—{Fe 1] and [Fe m1], 


for instance, are well represented in the Orion nebula. All the objects observed appear to be very closely 
similar in chemical composition. The differences in spectral line intensities from one object to another 
are ascribable mainly, if not entirely, to differences in physical conditions. The present observations tend 
to confirm earlier conclusions by Bowen and the writer concerning the relative abundance of the chemical 


elements in the gaseous nebulae. 


The desirability of extending observations of gaseous nebulae to fainter spectral lines 
has been emphasized by two circumstances: first, recent laboratory analyses of the 
spectra of certain elements, particularly those of the first long period, have permitted the 
prediction of numerous forbidden lines, hitherto unobserved; and, second, the develop- 
ment, during the past few years, of more sensitive photographic emulsions has greatly 
extended the limit of what can be photographed, in this as in other fields of astronomical 
photography. With these considerations in view, an investigation of the spectra of three 
of the brightest planetaries—NGC 6572, 7027, and 7662—was undertaken in 1938 in 
collaboration with Dr. I. S. Bowen. A report of the observational data and a discussion of 
the relative abundance of the chemical elements in NGC 7027 were published the follow- 
ing year.! 

The principal result of the investigation was the demonstration that the “gaseous” 
nebulae consist not only of elements that assume the gaseous state under terrestrial con- 
ditions but also of ions of metallic elements, such as magnesium, potassium, calcium, and 
iron. In fact, the chemical composition of NGC 7027, according to the analysis which 
was necessarily only a first approximation, was found to be entirely similar to the chem- 
ical composition of the solar atmosphere, as determined by Russell.’ 

The present paper is a continuation of the earlier investigation. It attempts to an- 
swer such questions as the following: (a) Is NGC 7027 typical of the planetary nebulae 
in respect to chemical composition? (6) Are there two sequences of nebulae, carbon and 
nitrogen, as in the Wolf-Rayet stars? (c) Do important differences of chemical composi- 
tion exist between the planetaries and the diffuse nebulae? (d) What new lines, not ap- 
pearing in the three nebulae previously observed, can be found in other bright objects? 
Some of the data from the earlier investigation, though by no means all, are incorporated 
into the present paper. For a complete account of the study it would be necessary to 
consider the two papers together. 

All the spectrograms were made with instruments attached to the 36-inch refractor. 
For the nine planetaries the ordinary spectrograph slit was replaced by an image-slicer,’ 


* Contributions from the Lick Observatory, University of California, Ser. II, No. 4. 


11. S. Bowen and A. B. Wyse, Lick Obs. Bull., 19, 1, 1939. 

2 Russell, Dugan, and Stewart, Astronomy, p. 503; rev. ed., 1938. There is some evidence that the 
abundance ratio, metals to hydrogen, in the solar atmosphere, is somewhat smaller than Russell’s value 
(Pannekoek, Pub. Astron. Inst. Univ. Amsterdam, No. 4, p. 10, 1935; Menzel, P.A. 47, 136, 1939). 

3 Bowen, Ap. J., 88, 113, 1938. 
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which was specially constructed at the California Institute of Technology and which was 
lent to the Lick Observatory for the present investigation. The trapezium region of the 
Orion nebula is so large that a wide spectrum is obtained without the use of the image- 
icer. 
. The spectrograph employed for the visual and infrared‘ regions (A> 4800 A) consists 
of a visually corrected collimator of 37-mm aperture and 722-mm focal length; three 
633° prisms of Jena No. 102 glass; and a Dallmeyer motion-picture camera lens of focal 
length about 75 mm and of focal ratio {/1.9. The dispersion at the D lines is 200 A/mm. 

In the ordinary photographic region the 1938 plates taken with a two-prism spectro- 
graph demonstrated the desirability of increasing the resolving-power and suppressing 
the continuous spectrum by means of an additional prism. Consequently, the spectro- 
graph was rearranged to accommodate three prisms for the photographic region, and all 
ten nebulae were observed with the instrument in this form. The collimator, corrected 
for the photographic region, is of 37-mm aperture and 722-mm focal length; the three 
60° prisms are of light flint glass; and the camera is a Dallmeyer motion-picture lens of 
focal length about 90 mm and focal ratio f/1.9. The dispersion at Hy is 90 A/mm. 

In addition to the above, an exposure of the Orion nebula was made in the photograph- 
ic region with a camera of approximately 150-mm focus substituted for that of 90-mm 
focus; the resulting dispersion at Hy is53 A/mm. The use of a narrower slit for the latter 
spectrogram served to weaken the continuous spectrum with respect to the emission 
lines, so that several additional faint lines were recorded. 

Table 1 contains a list of the observed objects, arranged in order of increasing right 
ascension, together with certain details of the observations. The normal two-night ex- 
posures were generally supplemented by exposures of about one hour, and of five or ten 
minutes, in order to aid in the estimates of line intensities. All the photographs in the 
visual region were made on Agfa Superpan Press film, hypersensitized in ammonia. For 
the ordinary photographic region, Imperial (H & D 1200) plates were generally used; 
during the last months of observing, mercury-vapor hypersensitization of these plates 
was applied to advantage for the long exposures, at the suggestion of I. S. Bowen and 
L. T. Clark.® In this connection it may also be mentioned that the optical parts of the 
spectrograph employed for the photographic region were coated with nonreflecting films 
in November, 1940, by Dr. John Strong, of the California Institute of Technology. The 
consequent doubling in speed® was very beneficial in the case of the later plates. 

The spectrograms were measured in the ordinary way. Wave lengths were determined 
with the aid of a Hartmann interpolation formula, calculated separately for each plate. 
Empirical corrections to the interpolation formulae were derived from known wave 
lengths of nebular lines, which were satisfactory for the purpose. It is estimated that the 
mean error in wave length of a single line of average quality is about 0.3 A in the photo- 
graphic region, and 0.4 A in the visual region. Faint, doubtful, and overexposed lines, 
however, and lines of wave length greater than 6500 A are subject to considerably greater 
uncertainty. The above figures apply to a single nebula; and the wave lengths listed in 
Table 2, when they represent the average for several objects, should be more accurate. 

In general, lines that appeared to be of somewhat doubtful reality were measured along 
with the others. These have been included in the final table, with warning question 
marks. It is seen that a large percentage of the suspected lines either have convincing 
identifications or appear in more than one object and are therefore probably real. Of the 
remainder, it seems likely that, although many must be spurious, an appreciable number 
are real. It is therefore considered better to include these suspected lines, noting them as 


‘Infrared exposures were made on the brightest objects with hypersensitized Eastman I-N plates; 
they were made simultaneously with those of the visual region. No nebular lines were recorded. 

5 J. Opt. Soc. Amer., 30, 508, 1940. 

§N. U. Mayall and A. B. Wyse, Pub. A.S.P., 53, 120, 1941. 
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RECORD OF OBSERVATIONS OF GASEOUS NEBULAE 


TABLE 1 


Extent of 
Continuous 
Date Exposure Emulsion Spectrum Remarks 
(Angstrom 
Units) 
IC 418: 5522mg; —12°46’ 
4b Agfa Hyp. 4830-6730 | Effective exposure, + 
1940, Nov. 28, 30 5 10 1200 Hyp. 3830-5050 | Effective exposure, 45+ 
Orion Nebula: 530™4; —5°27’ 
| 
1939, Nov. 11, 14. 15.255 Agfa Hyp. | 4830-6730 
1940, Feb. 18................ 0 10 Agfa Hyp. |............. 
1940, Oct. 30, 31 927 | 1200 Hyp. | 3900-5000 
1941, Nov. 18, 19 16 13 | Ilford Hyp. | 3900-5000 = 3-prism, 6-inch camera 
IC 2165: 6617™1; —12°56’ 
1938, Dec. 22, 23 lO 3 Agfa Hyp. None Effective exposure, 1545+ 
1940, Dec. 1, 2.. 14 0 1200 Hyp. 4100-4800 
NGC 2440: 7537m™5; —17°58’ 
| | 
20121. 1618 | Agfa Hyp. 5700-6730 | Effective exposure, 16°0+ 
to | |......-. 
622 | 1200 Hyp. None 
1428 | 1200 Hyp. 4050-4800 | 
| 
NGC 6572: 18¢7m™2; +6°50’ 
13 30 Agfa Hyp. | 4830-6730 
13 45 1200 | 3870-5050 | 


| 

1! 
1! 
1¢ 
19 
19 
19 
19 
19 
19 
19. 
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TABLE 1—Continued 


Date 


1939, July 
1939, Aug. 
1940, July 
1940, Aug. 


1939, Aug. 
1939, Aug. 
1939, Aug. 
1940, July 
1940, Aug. 


1938, July 
1938, Aug. 
1938, Aug. 
1939, Aug. 
1939, Aug. 
1940, June 


1939, Aug. 
1939, Aug. 
1940, Sept. 
Oct. 1..... 
1940, Oct. 1 .. 


1938, Sept. 
1938, Sept. 21, 
1939, Aug. 
1939, Aug. 15....... 
1939, Aug. 

1939, Sept. 1( 
1939, Sept. 17 
1940, Aug. 28, 29.. 


Spcktralblan 


t Eastman Superpanchro Press, hypersensitized. 


| 
Exposure | Emulsion 


Extent of 
Continuous 
Spectrum 
(Angstrom 
Units) 


Remarks 


NGC 6741: 18557™5; —0°35’ 
| 
13656" Agfa Hyp None 
13 29 1200 None 
NGC 7009: 205587; —11°46’ 
15 33 Agfa Hyp 4830-6730 
0 10 
15 16 1200 3870-5000 
NGC 7027: 2143™3; +41°50’ 
11 58 Agfa Hyp. | 4830-6730 | t¢ 
16 37 Agfa Hyp. 4830-6730 
16 43 850 3900-5050 | 2-prism, 33-inch camera 
1 0 Agia Hyp. |... 
0 6 
13 22 1200 4100-5000 | Effective exposure, 1350+ 
IC 5217: 2219m9; 4+50°28’ 
@ 
18 40 | AgfaHyp. | None 
18 39 1200 Hyp. | 4100-4850 
0 10 Ly.) | 
NGC 7662: 23621™1; +41°59 
18 50 | Agfa Hyp. | 4830-6730 
1920 | 3870-5000 | 2-prism, 3}-inch camera 
0 | Agfa 
13:2 | 5000-6500 | Effective exposure, 115+ 
9 30 5000-6500 
15 20 1200" 3900-5000 | Effective exposure, 1540+ 


t The film was damaged in handling, in the green region of the spectrum. 
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merely suspected, than to omit them all or to tabulate them separately. One exception 
to the above treatment occurs in NGC 7662, where three spectrograms of about equal 
quality between 4850 and 6400 A are available. In this case only those lines which were 
measured on at least two of the three spectrograms were included in the final table. It 
should be emphasized that the measurements were made as objective as possible by 
avoiding reference to other plates and to expected lines, during measurement. While it is 
impossible to eliminate the subjective element in all cases, a definite effort has been 
made to minimize it. 

The accurate determination of the relative intensities of faint lines in the gaseous nebu- 
lae is exceedingly difficult. Several factors render the spectrograms unsuitable for making 
microphotometer tracings. Some of these factors are evident from Plates XII-XIII 
such as the narrowness of the individual strips of spectrum from the image-slicer and the 
effects of chromatic aberration in the telescope objective; and the others scarcely require 
to be enumerated. Alternative methods of observation, while they remove some of the 
difficulties of spectrophotometry of faint lines, introduce others; so that a thorough in- 
vestigation of the line intensities lies beyond the scope of this study. It was found that 
the best way to utilize the present spectrograms was to estimate the line intensities with 
the aid of specially prepared scale plates and to correct these observed intensities as well 


_ as practicable for such systematic errors as instrumental absorption, etc., in order to 


convert them into the true energies of the spectral lines. It is hoped that the results, 
which are given in Table 2, may be of some value, even though they must certainly not 
be considered to be very accurate. 

The scale plates were made by taking a series of photographs of the helium lines, 4471 
and 5875 A, with the spectrographs and emulsions employed for the nebular observa- 
tions. The illumination from the helium discharge tube was varied by known amounts 
between successive exposures by means of an iris diaphragm. Some of the scale plates 
were made with the helium spectrum superposed upon a faint continuous spectrum of 
fixed intensity, from a tungsten lamp, in order to simulate the appearance of the nebular 
lines when the nebular continuous spectrum was visible. The‘ contrast’’ of the emulsions 
for the nebular spectra was assumed to be equal to that for the scale plates in the visual 
and photographic regions, respectively, and was assumed to be independent of wave 
length throughout each region. (It is to be noted that the “‘contrast”’ for emission lines 
is not the ordinary relation between surface brightness of source and density of photo- 
graphic image.) The nebular line intensities were estimated on all spectrograms, ranging 
in exposure from five minutes to two or three nights, and the individual plates of each 
object were connected by means of lines that appeared in measurable strength on more 
than one plate. When the nebular continuous spectrum was not visible, the effect of its 
contribution to the strength of the emission lines was taken into account. 

The estimated intensities for NGC 7027 were compared with Plaskett’s values for the 
visual region’ and with Aller’s values for the photographic region,” in order to evaluate 
the systematic errors introduced by the variations with wave length of plate sensitivity, 
instrumental absorption, and atmospheric extinction. The systematic corrections so de- 
rived were then applied to all the nebulae observed: information as to the variation of 
atmospheric extinction from one object to another is so fragmentary that it is not con- 
sidered worth while to attempt further refinements of this kind, especially in view of the 
inexact nature of the results. 

The intensity unit for each nebula has been adjusted in Table 2 so as to make the in- 
tensity of HB equal to 100. It will be noted that, in consequence, the intensity of the 
faintest observable lines varies considerably from one object to another, for a given spec- 
tral region. This fact should be kept in mind in judging of the reality of faint lines or in 
comparing the existence of faint lines in various nebulae. For each object, in any spec- 


7 Pub. Dom. Ap. Obs., Victoria, 4, 187, 1928. 8 Ap. J., 93, 236, 1941. 
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tral region, the faintest lines visible on the plates can easily be recognized from Table 2, 
since the question marks are usually associated with lines just at the limit of visibility. 

Some idea of the distribution of line intensities throughout the nebulae can be gained 
from the spectrograms in favorable cases. In general, however, the present plates are not 
well suited to such studies, because of the small scale. Therefore all the lines observed, 
whether nebular or nuclear, have been grouped into the one table without differentiation. 
For information on the distribution of light in the monochromatic images, the reader 
should consult other sources.°® 

A few remarks on the possibility of future observations of still fainter lines in the ten 
nebulae studied may be of interest. In the fourth column of Table 1 are given the wave- 
length limits between which the continuous spectrum has an appreciable strength on the 
long exposures. In some objects this continuous spectrum originates primarily in the 
nucleus, while in others it comes principally from the nebula. In either case it is evident 
that, once the continuous spectrum is reached, one cannot hope to find much fainter 
lines with the present spectrographs—not, at least, unless fine-grain, contrasty plates of 
high speed should become available. A simple increase of speed of future emulsions, how- 
ever, without increased contrast or fineness of grain, would make it practicable to sup- 
press the continuous spectrum still further and therefore to extend the observations to 
fainter lines by either of two methods: (1) increasing the angular dispersion with the use 
of more prisms or with the use of a grating in the orange-red region, without changing the 
camera lens; (2) employing a longer-focus camera lens and a narrower slit. The first 
method would be the more efficient. It is evident that in the ultraviolet region, the limit 
of faintness of the present observations is set by instrumental absorption, especially in 


the telescope objective, and that a reflector would be more effective in that part of the 


spectrum. Otherwise the efficiency is more or less independent of the telescope character- 
istics, such as aperture and focal ratio, since the nebulae in question appear as extended 
objects in large or medium-sized telescopes. In fact, a larger telescope might work to a 
disadvantage on the nebular lines of such objects as IC 418, because it would strengthen 
the spectrum of the stellar nucleus relative to the nebular lines. 

The mean wave lengths of the spectral lines and the individual estimated intensities, 
reduced as nearly as possible to a true energy scale, are listed in Table 2 for the ten 
nebulae observed, together with the probable identifications. The nebulae are arranged 
in the order of decreasing excitation energy, according to Bowen’s"’ classification. Lines 
of doubtful reality have usually been given half-weight in forming mean wave lengths. 
The abbreviations are explained at the end of the table. The last three columns of the 
table contain the predicted or laboratory wave length, the ion, and the classification of 
the transition responsible for each emission line.'! The identifications are restricted, in 
general, to ions that are believed to be appreciable contributors to the observed lines. 
Dashes in the “‘identification’’ columns indicate that the major contributor to a blend is 
of unknown origin. In certain cases a line may be principally due to one element in ob- 
jects of high excitation and to a different element in those of low excitation. An attempt 
has been made to specify such details concisely. For example, in the line at 4026.1 A, 
“He” signifies that He 11 is the major contributor in objects of high excitation (gen- 
erally the first four nebulae of the table); whereas ‘He 1”’’ indicates that Het is the 
principal contributor in objects of low excitation (generally the last two or four nebulae). 


9 Especially Wright, Lick Obs. Pub., 13, 193, 1918. 
10 4p. J., 67, i, Table II, 1928. 


'! Most of the data in these last three columns have been taken either from Miss Moore’s Multiplet 
Table of Astrophysical Interest or from the paper by Bowen and Wyse (Joc. cit.). The classification of some 
lines, including those of O 11, is taken from Edlén (‘‘Wellenlangen und Termsysteme . . . . ,” Nova acta 
reg. Soc. scient. U psal., Ser. IV, Vol. 9, No. 6, 1934). I am indebted to Dr. P. Swings for unpublished 
data on the term values of Fe i and also for a list of predicted forbidden lines of Co vm and Ni vit 
based on term values of Anderson and Mack (Phys. Rev., 59, 717, 1941). 
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Aside from the lines that are only suspected in a single object, Table 2 contains ap- 
proximately two hundred and seventy nebular (or nuclear) lines. About one-third of 
these, including all the strong ones, were known prior to the beginning of this investiga- 
tion in 1938. While the unidentified lines contain less than 5 per cent of the energy of 
all the lines in question, they number about 40 per cent of the total, so that a good deal of 
work remains to be done on the identifications. In the earlier paper,! specific comments 
were made on the identification of certain elements in the nebulae. The few modifica- 
tions and additions resulting from the present study are now given. 

F 11.—The strongest forbidden line of F 11, \ 4789, is suspected in NGC 7027. While 
the evidence for F I1 is very meager and uncertain, its existence in the nebulae would not 
be surprising in view of the presence of F 1v in NGC 7662. 

Mg 11.—The line \ 4481 would be expected to be fainter than the limit of the present 
observations. A single suspected line in IC 2165 is the only evidence for Mg 11, and the 
identification must be considered extremely doubtful. 

Siu.—The coincidence of \ 3855.8 and \ 3862.4 in the Orion nebula with the two 
strong members of an important Si 11 multiplet is very probably significant, and it con- 
firms earlier, less conclusive, evidence for the existence of Si 11 in the nebulae. 

Fe, Fe 11, Fe v.—The occurrence of the dozen strongest lines of [Fe 11] in the Orion 
nebula, as well as all but the faintest |/e 111] lines, confirms the existence of iron in the 
gaseous nebulae. Some of these lines are also probably present in other nebulae of low 
excitation, but the evidence is not so convincing as in the Orion nebula. 

There are numerous additional predicted forbidden lines of Fe 111 arising from relative- 
ly high metastable levels. While these high-level lines show several coincidences with 
observed lines in the Orion Nebula, calculations indicate that the number of coincidences 
is no larger than would be expected from chance alone; whereas the coincidences with 
forbidden lines arising from low metastable levels and listed in Table 2 are much too 
frequent to be attributed to chance. 

Since the structures of Fe 111 and Fe v are similar, the observations of [Fe m1] in RY 
Scuti by Swings and Struve'’ provide an approximate prediction of the relative intensities 
to be expected in [Fe v]. The three strongest predicted lines of the latter are unfavorably 
located on the short-wave-length side of 3900 A, and, in addition, one of them would be 
masked by Hf. Even after making allowance for these facts, however, one finds that the 
coincidences between nebular lines and [Fe v| lines do not agree with the predicted in- 
tensities. Furthermore, one of these nebular lines, \ 4227.8, is also observed in the Wolf- 
Rayet star BD+30°3639 and therefore presumably traces its origin, at least in part, toa 
transition that is not forbidden. On the whole, the evidence is against the assignment of 
[Fe v| to lines thus far observed in the nebulae. 

Ni viu.—The structures of Co vit and Ni vutare similar to that of Fe v1, so that the 
theoretical'* and observational data for the latter are of some help in judging of the for- 
mer. The coincidences between predicted lines of Co vit and nebular lines appear defi- 
nitely to result from chance alone, since they occur primarily in objects of low excitation 
and since they do not agree with the expected relative intensities. There is fair, though 
not conclusive, evidence for Ni vu1 in NGC 7662: the three lines assigned in Table 2 to 
[Ni vim1}?, together with another predicted line at 4106 A, which would be masked by Hé, 
are expected to be the strongest lines of this ion; a few other lines, however, which should 
be only slightly fainter, are not observed. 


It is perhaps worthy of mention that the following unidentified lines in the spectra of 
the nebulae are also found, without satisfactory identifications, in BD+30°3639 and 


2 Cf. Russell and Bowen, Ap. J., 69, 201, 1929. 


134. J., 91, 581, 1940. 
4 Pasternack, Ap. J., 92, 129, 1940. 
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occasionally in other Wolf-Rayet stars. The wave lengths are taken from Table 2: 
4227.8, 4237.5, 4457, 5090, 5133, 5303.5, 5468, 6461 A. A more thorough comparison be- 
tween the spectra of the nebulae and those of novae and other peculiar stars would un- 
doubtedly disclose additional similarities, which might be of some aid in the eventual line 
identifications. 

When one combines the new classifications with those previously accepted, it appears 
that the following ions are represented in the spectra of one or more of the nebulae ob- 
served: H1, Het, Heu, Cu, Cm, Civ, N1, Nu, Niu, N ve, O1, Ou, OM, F uP, 
Fiv, New, Nev, Mgi?, Siu, Sim?, Su, Sin, Clin, Cliv, A mt, A tv, A v, Kw, 
K v?, K vi, Cav, Feu, Fe 11, Fe vi, Fe vit, Ni vur?. The more recent observations con- 
firm the principal conclusion of the earlier paper, as it was summarized in the following 
statement: ‘‘In finding definite evidence for the presence of several of the commoner 
metals in the nebulae, these observations remove the chief outstanding qualitative dif- 
ference in chemical composition between these objects and the stars.”’ 

The relative abundance of the chemical elements in NGC 7027 has been re-examined 
on the basis of the revised line intensities. Only minor changes are indicated in the rela- 
tive population among the various stages of ionization and in log (a/b) of Table 3 of the 
earlier paper and in the logarithm of the total abundance; the greatest change in the 
latter is 0.3, which is equivalent to the addition of a + or — sign in that table. In view of 
the approximate nature of the discussion, it is not considered worth while to publish the 
revised results for NGC 7027. 

In order to examine the possible variations in chemical composition among the nebu- 
lae, it is not necessary to repeat for each nebula the calculations already made for NGC 
7027, because the other objects can be compared with NGC 7027 differentially. It is 
necessary, however, to make allowance first for differences in physical conditions among 
the various objects. I shall outline the general procedure and the trend of the results, 
without going into details. The first step in the comparison is to tabulate, for each 
nebula, the line-intensity ratios, /nep//7027, for the strongest lines of all the ions observed 
and to take the mean for each ion; lines that are seriously affected by blending are not 
included. In order to estimate the relative population in the various stages of ionization 
(in terms of NGC 7027, for which this datum has already been estimated), the second 
step is to plot the mean intensity ratios, /nep/ 77027, for each nebula against the ionization 
potential of the ion responsible for the lines." 

The plots of intensity ratio against ionization potential give a fair indication of the 
degree of excitation in each nebula, as compared with NGC 7027, and make it possible to 
estimate the percentage of ions of a given element in a given stage of ionization. It is 
true that the individual points show considerable scattering. But this is no greater than 
would be expected when one considers not only the uncertainties of the intensity esti- 
mates but especially the neglect of differences in density among the nebulae, as well as 
the variations in density and temperature throughout a single nebula. The relative de- 
gree of excitation among the different objects, as indicated by these plots, is fairly con- 
sistent with that deduced by Bowen'® from the intensities of VN; and V2 as compared with 
HB. It was noted in the previous paper that NGC 7027 has a remarkable range in ex- 
citation energy, in that ions from the first to the seventh stage of ionization are represent- 
ed in considerable strength. NGC 2440 is a similar case, though somewhat less extreme. 


18 Tn making such a plot, one should remember that the intensity of the forbidden O 11 lines, for ex- 
ample, is a measure of the abundance of O 11; whereas the intensity of the permitted O 11 lines, since these 
are essentially recombination lines, isa measure of the abundance of O 111. Inasmuch as we are seeking to 
determine the distribution among the different stages of ionization, we must therefore plot the intensity 
ratios for permitted lines against the ionization potential of the next higher stage of ionization, if they are 
to be comparable with the intensity ratios for the forbidden lines. The abscissae for H 1 and He 11 are 
somewhat arbitrary, because the ionization potentials of 7 1 and He 11 have meaning only as a kind 
of average effect. 
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In NGC 7662, however, lines arising from ions in very low or very high stages of ioniza- 
tion are definitely suppressed relative to NGC 7027. NGC 6741 is rather similar to NGC 
7662 in excitation, although because of its faintness there are not many lines to judge by. 
The other six nebulae give a consistent picture of decreasing excitation, approximately in 
the order in which they are arranged in Table 2; and here the high stages of ionization 
are not found. These few remarks may be useful in the future assignment of line identifi- 
tions. 

"it is now possible, for each nebula, to estimate the relative abundance, in terms of 
NGC 7027,o0f any ion observed,and by summing over all stages of ionization to arrive at 
the total relative abundance for each element. The results disclose no significant dif- 
ferences in chemical composition among the ten nebulae observed. More definitely, it 
may be said that no variations by as much as a factor 5 were noted. 

Ina few of the nebulae the plots of line intensity against ionization potential show an 
unusually large amount of scattering of the individual points; and in NGC 2440, in par- 
ticular, the scatter is so large that one hesitates to proceed directly to a determination of 
the ionization distribution and thence to the chemical composition. For example, most 
ions with ionization potentials up to 35 e.v. have line-intensity ratios [2440/1727 ~~ 1; but 
in the 3727 A doublet of [O 11] the ratio is (50 + 30)/(8 + 4) = 6.7, and in the 5199A 
doublet of [.V 1] the ratio is 30/3 = 10. These lines are the most strongly forbidden, i.e., 
they have the lowest transition probabilities, of all the nebular lines observed. They 
would therefore be expected to be enhanced relative to the other forbidden lines, at ex- 
tremely low densities. These considerations suggest the plotting of the intensity ratios, 
To4s0/I 7097, for the forbidden lines, against the corresponding transition probabilities. I 
have made such a plot, using a logarithmic scale for both co-ordinates, having first al- 
lowed for the distribution among the various stages of ionization in each object. The 
plotted points indicate very nearly a straight-line relationship, in the sense that forbid- 
den lines of very low transition probability are stronger in NGC 2440 than in NGC 7027, 
whereas those of relatively high transition probability are weaker. The scatter of the in- 
dividual points is surprisingly small, in view of the several unknown variable factors that 
have been neglected. A more refined investigation would require detailed knowledge of 
the variation of electron temperature and density and of ionization temperature through- 
out the two nebulae. Altogether, the comparison bears out the conclusion previously 
stated, namely, that the variations in line intensities, among the nebulae observed, arise 
primarily from differences in physical conditions rather than from differences in chemical 
composition. 

The similarity in chemical composition between the Orion nebula and the planetaries 
is interesting. While little is known of the origin of the planetary nebulae, it seems likely 
that they consist of matter that has been thrown off from the central stars. The diffuse 
nebulae, on the other hand, as typified by the Great Nebula in Orion, have presumably 
never been in the form of stars. One might therefore expect to find significant differences 
in chemical composition between the two kinds of objects, especially so in the light of 
Bethe’s'® studies of the sources of energy in stellar interiors. If the foregoing assumptions 
are all taken at their face-value, the similarity in chemical composition indicated by the 
present investigation would appear to imply that the material constituting the planetary 
nebulae has been affected only slightly, if at all, by the transmutation of elements in the 
deep interior of the central stars. Such a conclusion is, of course, only tentative, and fur- 
ther study of the problem would be desirable. 

Menzel and Aller!’ have recently published some conclusions about the relative abun- 
dance of O m1 and H 11 in several planetary nebulae. They find, for NGC 7027, an abun- 


6 Phys. Rev., 55, 434, 1939. 
Ap. J., 94, 30, 1941. 
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dance ratio for O u1/H 11 which is smaller by a factor of 50 than the ratio found for the 
same object by Bowen and Wyse, using other methods. Hagihara has also made an 
analysis (unpublished) of Aller’s spectrophotometric observations of NGC 7027, by a 
method similar to that of Menzel and Aller. He, too, derives an abundance ratio that js 
smaller than ours by the order of 10~*. While it has already been emphasized that our de- 
termination may be affected by systematic errors incident to the comparison of very 
strong and very faint nebular lines and also that it involves several simplifying assump- 
tions, nevertheless, a discrepancy of the order of 100 is deserving of inquiry. 

It may be recalled that the determination by Bowen and Wyse of the relative abun- 
dance of O11 and H 11 in NGC 7027 hinged largely on a single line, 4379 A of N my, 
Naturally, if the line attributed to V mr were actually a blend with some unknown line 
and the effect of blending were not allowed for, the resulting relative abundance of H y 
and O 11 would be in error. It is therefore of importance that in one planetary nebula 
NGC 7009, more than twenty lines or blends of O 11 have been observed, free of blending 
with lines of other elements.'* There are good grounds for the assumption, previously 
made, that these lines originate in electron captures by O 111 ions, just as the Balmer 
lines originate in electron captures by H Ir ions, and that therefore the relative intensities 
of the oxygen and hydrogen lines give a measure of the rates of recombination, and there- 
fore of the relative abundance, of the two kinds of ions (the difference in electric charge 
must, of course, be taken intoaccount). The important thing is that for this nebulaa suffi- 
cient number of oxygen lines has been observed to eliminate all doubt of the correctness 
of their identification, even though they are very faint; and also that they permit the di- 
rect estimation of the relative abundance of 7 11 and O 111 ions, without resort to nitro- 
gen as a connecting link, by a method that is relatively independent of assumptions re- 
garding electron density and velocity distribution or their variations throughout the 
nebula. Thus it is found from the permitted lines of O rand H 1in NGC 7009 that A logiy 
abundance (O 11 — H 1m) = —2.1, averaged over the whole nebula, as compared with 
Menzel and Aller’s value of —4.7 for the same object. Parenthetically, it may be noted 
that when all stages of ionization are taken into account, I find A logy) abundance 
(O — H) = —1.8 for NGC 7009, which agrees closely with the value previously found 
for NGC 7027, namely, —1.7 (‘*2—”’). 

The discrepancy, then, between the relative abundance found by Menzel and Aller, on 
the one hand, and from the recombination spectra, on the other, is of the order of 50 for 
NGC 7027 and of 500 for NGC 7009. In view of the uncertainties of the two methods, 
it is perhaps gratifying that the difference is not even larger! It appears that the principal 
sources of error, aside from observational uncertainties, are likely to be (1) the assump- 
tion by Menzel and Aller that the electron density is constant throughout the nebula 
and (2) the assumption by Bowen and Wyse that O 1 is hydrogenic, as far as the ob- 
served lines are concerned, and the further assumption that the rate of electron capture is 
proportional to the square of the net electric charge of the ion. A further possible source 
of error has been privately suggested by Hagihara, namely, the neglect, in his analysis 
and in Menzel’s, ‘‘of other atomic mechanisms in which slow electrons are concerned 
(slower than those corresponding to xpp or xps of O u1).”’ 

It appears to the writer that the most accurate solution of the relative abundance of 
H 11 and Om would be one based upon the determination, by quantum-mechanical 
methods, of the oscillator strengths of the observed O 11 lines (since those of the H 1 lines 
are already known) and of the relative rates of electron capture by O 11 and H 11 ions. 
While such calculations would be laborious, they would not be prohibitive; and by lead- 
ing to greater accuracy in estimates of the relative abundance of these ions, they would 
aid toward a better understanding of the physical conditions in the nebulae. In order to 


18 The higher-dispersion plate of the Orion nebula, taken after this discussion was written, likewise 
shows a large number of O11 lines. The argument could therefore be applied also to the Orion nebula. 
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take full advantage of such calculations, a more accurate determination of the relative 
intensities of the H rand O 11 lines in NGC 7009 would be desirable. 

The principal conclusions of the present paper may be summarized as answers to the 
questions raised on page 356: (a) NGC 7027 is typical of the planetary nebulae in respect 
to chemical composition; the relative abundances previously published for NGC 7027 are 
representative of all the objects observed. (6) The nebulae are not divided into two se- 
quences, carbon and nitrogen, like the Wolf-Rayet stars, if the ten observed objects area 
fair sample (this remark is not intended to apply to the planetary nuclei, which are be- 
yond the scope of the investigation). (c) No important differences of chemical composi- 
tion are found between the planetaries and the diffuse nebulae, as typified by the trape- 
zium region of the Orion nebula. (d) Numerous new lines have been observed, including 
those of [Fe u] and [Fe 111] in the Orion nebula. About 40 per cent of the observed nebular 
lines remain unidentified. 

Lick OBSERVATORY 


Mount HAMILTON, CALIFORNIA 
January 23, 1942 


THE SPECTRUM OF BD+11°4673 DURING THE YEARS 1937-1941* 
W. MERRILL 


ABSTRACT 


This article is the fourth in a series giving detailed data concerning numerous lines in the complex 
spectrum of the peculiar emission-line star BD+11°4673. A résumé of changes since 1915 is included. 

The bright lines of H have been wider and more intense than formerly. The 800-day cycle in the dis- 
placements has continued with little change of phase, but the amplitude has diminished, and the mean 
velocity has become algebraically smaller. The amplitude apparently had reached a maximum in 1928, 
The chief lines of He 1 have remained prominent. Singlets and triplets behave differently. The negative 
displacements of the dark components are now greater than at any other time. A feature of special inter- 
est is the increasing intensity of the bright line \ 4686 He 1m. Other lines studied include those of Fe 11 
[Fem], Nu, Nut, Sit, Sin, Sim, Sitv, Mgt, and a few of unidentified origin. ; 

The dark bands of TiO have gradually grown stronger, until in 1940 and 1941 their intensities were 
approximately equal to those in class M1. Thus BD+11°4673 enters the group of stars with combination 
spectra and may assist in the interpretation of these anomalous objects. 

An intercomparison of lines shows many differences in behavior, summarized in Tables 10 and 11. 

Progressive changes since 1915, illustrated in Figures 1, 6, and 7 (see Tables 2, 4, 6, and 7), include 
strengthening and widening of bright lines of H and He 1; increasing negative displacements of dark lines; 
a general increase in the ionization of the atmosphere, evidenced by the behavior of lines of He, Fe, N, 


and Si. 
The hypothesis of an expanding atmos phere is briefly discussed. Certain facts suggest that the veloci- 
ties of atoms increase as they travel outward and that the degree of ionization also increases. 


Thisarticle is the fourth detailed report by the writer on the spectrum of BD+ 11°4673:! 
The first one? described the spectrum as it was in 1915. The second? reported the emer- 
gence of helium emission in 1919-1920 and gave an account of the remarkable periodic 
behavior of the lines of various elements during the years 1919-1928. The third article‘ 
recorded an intensive investigation of the cycle of the 800-day period which occurred in 
the years 1929-1931. The present contribution gives data for the interval 1937-1941 and 
includes a résumé of changes since 1915. A brief note calling attention to certain re- 
cent changes of special interest has already been printed.® 

A valuable description of the spectrum in 1939 has been published by Swings and 
Struve.® 

Spectrograms of the new series are listed in Table 1. The V plates were taken witha 
three-prism spectrograph, 10-inch camera, attached to the 60-inch telescope; the y plates 
with a one-prism instrument, 18-inch camera, attached to the 60-inch; and the C plates 
with another one-prism spectrograph, 18-inch camera, attached to the 100-inch. The 
dispersion of all plates is about 35 A/mm at Hy. The slit was usually narrow, the spec- 
trum widened. The emulsion regularly employed was Cramer Hi-speed Special. The 
portion of the spectrum below //4 is more satisfactorily shown on recent plates, especially 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 659. 
1 AG Pegasi, HD 207757; R.A., 21"46™2; Declination +12°9’; mag. about 7.6; spectrum Bep. 
2‘*4 Spectrum of the P Cygni Type,” Pub. Obs. Univ. Michigan, 2, 71, 1916. 

3“The Spectrum of BD+11°4673,” Mt. W. Contr., No. 381; Ap. J., 69, 330, 1929. 


4“The Spectrum of BD+11°4673 during the Years 1929-1931,” Mt. W. Contr., No. 450; Ap. J., 
75, 413, 1932. 


6 Pub. A.S.P., $3, 124, 1941. 
6 Ap. J., 91, 546, 1940. 
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those taken since 1938, than on those obtained in previous series. The tabulated data on 
wave lengths and displacements are the means of measurements by Miss Cora G. Bur- 
well and the writer. 

HYDROGEN LINES 


The bright hydrogen lines have been decidedly wider and more intense than formerly 
(see Fig. 1). If their intensity in the years 1915, 1919, and 1920 be arbitrarily called 1, 
it was about 2 from 1921 to 1931, and about 5 from 1937 to 1941. During the years 1937— 
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Fic. 2.—Velocities from emission lines of hydrogen and iron. Dotted symbols indicate low weight. 
The sine-curves (dashed lines) represent the variations about 1926. Note the changes indicated by the 
recent observations. 


1941, little variation in intensity could be detected. The 800-day cycle, which was so 
prominent from 1921 to 1930, although still exhibited by the displacements (see Fig. 2), 
was no longer evident in the intensities. 

The narrow absorption borders on the violet edges of the bright lines have been weak; 
in fact, on most of the plates they were not definitely present. When measured (1939), 
they yielded relatively large negative displacements. In Hy, for example, the distance 
between the effective centers of bright and dark components was about 2.8 A, compared 
with 1.0 A in 1919-1920, and 1.8 A in 1929-1930. Since the dark lines are narrow, these 
measured separations are but slightly greater than the apparent half-widths of the emis- 
sion lines. 

The measured displacements of the bright hydrogen lines in Table 1 depend on the 


| 
Fic. 1.—Tracings of the region near Hé. Above, September 5, 1919; below, November 19, 1940 
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lines HB, Hy, Hé, He, and Hn, the line Hf being omitted because of blending with He 
\ 3889. The velocities from individual lines, including those of shorter wave length than 
Hn, usually agree well, although on certain plates the lines from Hy to the ultraviolet 
yield positive residuals. On plate y 222997 the series was measured as far as 1/32, \ 3660, 

The plot of the velocities (Fig. 2) shows that the 800-day cycle has continued with 
little if any change of phase. The amplitude, however, has diminished, and the mean 
velocity has become algebraically smaller. The record® indicates that the amplitude in- 
creased from 1921 to 1929, but has since decreased. Data for certain years are in Table 2, 
The general course of the displacement-curve is indicated in Figure 6. The development 
and decline, within a few decades, of an 800-day pulsation in a stellar atmosphere is of 
considerable interest. 

The intensities of the bright lines have shown an inverse correlation with their dis- 
placements, and also with the intensities of the dark lines, both in the 800-day cycle? 
and in the general behavior over a term of years. That is to say, when the dark borders 
are weak, the bright lines are strong, and their centers have algebraically small displace- 
ments. Thus, when dark borders are strong, it might appear that they weaken the bright 
components and displace them slightly to the red by clipping off their violet edges. 


TABLE 
DATA CONCERNING HYDROGEN LINES 


INTENSITY VeLocity FROM Em. Lines (KM/SEc) 

— | Em.-Abs. | Max. | Min. | Semiamp. | Mean Velocity 
(Vo) 
| 6 | +23 0 2 | 4122 
30 | 1 | 2.8 +8 =16 1 | —4 

| 


Among bright lines of various elements, moreover, it is true in general that those with 
strong borders exhibit positive displacements with respect to lines without borders. The 
relationship is not a simple one, however, as certain data, notably for the helium lines, 
make it clear that intensity of the dark border is not the only factor which affects the 
position of a bright line. 


HELIUM LINES 


The chief lines of neutral helium have remained prominent features of the spectrum, 
Since the singlets and triplets behave differently, they must be discussed separately. 
Classifications are given in Table 3. 

The bright components of the triplet lines are now somewhat stronger than formerly, 
the dark borders much stronger (see Table 4). In 1937 the dark lines were about as 
strong as from 1921 to 1931, but in 1938 they became much stronger. The singlet series 
'P — '[P behaved differently; the emission was nearly constant in intensity from 1921 
to 1941 (no observations were obtained in the years 1932-1936), while the dark borders 
were strong from 1921 to 1937, then became decidedly weaker from 1938 to 1941. The 


7See illustration in Mt. W. Contr., No. 642; Ap. J., 93, 40, 1941. 

8 Mt. W. Contr., No. 381; Ap. J., 69, 330, 1929, Fig. 4; and Mt. W. Contr., No. 450; Ap. J., 75, 413, 
1932, Fig. 2. 

9 See Fig. 6, and Mt. W. Contr., No. 381; Ap. J., 69, 330, 1929, Fig. 1. 
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line \ 3965, 'S — 'P, on the other hand, has changed but little since 1921, the dark com- 
nent remaining conspicuous. 

The displacements of the bright helium lines (Table 1) exhibit the 800-day period with 
about the same amplitude as before (see Fig. 3). The maxima and minima, however, are 
now in phase with those of hydrogen, whereas they formerly preceded them by about 160 
days. 

TABLE 3 
CLASSIFICATION OF LINES OF He 1* 


Triplet System 


3S —*P 10830, 3889, 3188 
7065, 4713, 4120, 3867 
+> 5876, 4471, 4026, 3820, 3705 


Singlet System 


1S—!P 20582, 5016, 3965, 3614 
7281, 5048, 4438 
ip—'D 6678, 4922, 4388, 4143, 4009, 3926 


* Lines in boldface type are those best observed in BD +11°4673. 


TABLE 4 


INTENSITIES OF LINES OF HELIUM* 


| 1S iP—1D 
\ 4471 | \ 3965 d 4388 Hed 4686E 
| | 4712E 
E A | E | A E | A 
& 3 4 4 0 
"nea 10 | 4 4 4 4 | § 0.3 
10 | 4 4 3 13 
| RERIRERANEN.S 10 9 4 5 4 | 1 1.5 


*The dark border of \ 3888, 3S — 3P, was very strong from 1937 to 1941, and there is evidence that the 
bright component, blended with Hf, also was strong. 


The velocity-curve based on measurements of the singlets resembles that from the 
hydrogen lines, while that based on the triplets is displaced about 10 km/sec toward al- 
gebraically greater values. As far as the 'P — 'D series is concerned, this displacement 
might conceivably have some connection with the relative weakness of the dark borders, 
but the negative displacement of \ 3965, 'S — 'P, which has a conspicuous dark border, 
is as great as that of the lines of 'P — 'D, which have extremely weak dark borders. An 
idea of the relative displacements of lines in various series may be gained from Table 5. 
The displacements seem to be more closely dependent on the series classification than on 
the presence or absence of dark components. The lines \ 4026 and \ 3965, for example, 
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do not differ very greatly in structure or intensity; nevertheless, the average relative dis. 
placement is 10.8 km/sec. 

The negative displacements of the dark components of the helium lines have been 
greater from 1937 to 1941 than at any other time since 1915. This is true of the relative 
displacements, emission minus absorption (Table 6) as well as of the actual displacements 
(Table 7). In fact, since 1915 the dark lines have shown a remarkable progressive tend- 
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Fic. 3.—Velocities from helium lines. Dotted symbols indicate low weight. The sine-curve (dashed 
line) represents the variations of lines of neutral helium about 1926. 


TABLE 5 
RELATIVE DISPLACEMENTS OF BRIGHT LINES OF He | (1938-1941) 


{Singlets | dd 4388-4143 + 1.0+1.2 km/sec 

Lines in the same series... . | (Triplets | 44471-4026 +38 07 
| 

Singlets in different series. . AA 4388-3965 +08 14 

| 
| | (rn 4471-4388 | 413.7 1.0 


| 
| | 


ency toward increased displacements (see Fig. 7). The singlet lines exhibited their larg- 
est values in 1939, with little or no general increase from 1937 to 1941. In this connection 
their decrease in intensity should be considered. The triplet lines on the whole indicatea 
continued progression toward the violet. Although the scatter is considerable, the dis- 
placements of the dark lines (Fig. 3) appear to oscillate in phase with those of the bright 
lines, probably with a larger amplitude. 

A feature of special interest is the increasing intensity of the bright line \ 4686 of ion- 
ized helium. Prior to 1931 it had not been seen at all; in 1931 a barely visible trace was 
present; in 1937 it was considerably stronger, its intensity relative to \ 4712 He 1 being 
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0.3, which increased to 1.5 in 1941 (see Table 4). This is clear evidence of a recent in- 
crease in the ionization of the emitting atmosphere. The elements Fe, NV, and Si also in- 
dicate increased ionization. 

TABLE 6 


RELATIVE DISPLACEMENTS OF BRIGHT AND DARK COMPONENTS 
( Uaita) 


EMISSION minus ABSORPTION 


Het 
| 1S —1p ap —35 | 3p 
d 3965 | 4009 | d 4143 4388 | (4120 | 24713 4026 | 4471 | 4097 4088 | d 4116 
11/ 10) 14 14/09 16) 11) 16 
1.7/ 16] 1.8] 1.7] 2.2| 17) 21) 15] 13) 13 
1.9 2.0; 2.0 1.9 2.4| 2.1 2.4 1.6 1.3 | 1.4 
1940... 14 2.2) 19) 2.4 1.6 1.4 
1941. | 1.6 | 2.0 2:5 1.9 1:6} 2:8 
| | 
TABLE 7 
DISPLACEMENTS OF DARK LINES (KM/SEC)* 
| | 
Year Het Nu Nin Sim 
1919-1920...) — 45 | — 30 
1921-1928.....) — 85 | -66 |.......... | —69 — 40 
— 90 | —80 |.........- — 50 
1930... . —104_ —93 — 39 
— 79 | — 66 — 30 


* The lines upon which the above data are chiefly based are: Het, AX 3965, 4026, 4471; 
Nut, 3995; N ut, 44097; Siu, A 4552, 4567; Sitv, \ 4088, 4116. 


The displacements of \ 4686 are algebraically smaller than those of H or of He1. The 
mean velocity is about — 13 km/sec, nearly the same as that for other sets of lines with- 
out dark borders (see Table 10). 

IRON LINES 

The laboratory lines of singly ionized iron, Fe 11, present in emission only, showed 
marked variations in intensity; in 1937 and again in 1939 they were fairly strong, but in 
1938 they were absent or extremely weak. On the arbitrary scale previously used"® the 


10 Mt. W. Contr,. No. 381; Ap. J., 69, 330, 1929, Table III; Mt. W. Contr., No. 450; Ap. J., 75, 413, 
1932, Table I. 
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average intensities for the years 1937-1941 were, respectively, 6, 0, 6, 2,2. The lines are 
narrow and sharp without dark components, thus differing decidedly in appearance from 
most of the other emission lines. The measured displacements (Table 1) do not show a 
large range, although there may be a flat minimum (at about —19 km/sec) near JD 
2429800, nearly in phase with the displacement-curve for previous years. The mean 
value, —13.4 + 0.7 km/sec, is algebraically greater by 8 km/sec than that in previous 
years; in fact, it is about the same as the maximum, — 13.0 km/sec, of the sine-curve 
used to represent the earlier velocities. Thus the curve has apparently flattened and 
moved up to the previous position of the maxima. The forbidden lines, [Fe 11], have not 
been seen at all from 1937 to 1941. 

The line \ 4658 [Fe 11] recently identified by Edlén and Swings! with a forbidden 
transition of doubly ionized iron, has, on the other hand, been somewhat stronger than 
before. It remains, however, a relatively inconspicuous feature. The mean velocity, de- 
rived from fairly reliable measures on twenty-six plates, is —14.3 + 2.5 km/sec. 


NITROGEN LINES 


The intensities of various nitrogen lines have changed in an interesting way. Lines in 
the triplet system of V 11have become weaker than before. The bright components of the 


TABLE 8 
CHIEF LINES OF N III 
| Classifica- || Classifica- 
L.A. | Intensity L.A. Intensity 
3938.52....... | 4 | 
4003 .64.......| 4n 
10 2S—"P | 4640.64..... 10 
| | 
4195.70.......| 5 | 
4200.02....... 


singlet lines, \ 3995, \ 4447, have become stronger, the dark borders weaker; this be- 
havior resembles that of the singlet lines of He 1, e.g., \ 4388. The dark borders of the 
N 11 lines, in fact, have been scarcely visible during the interval 1937-1941. 

The measured displacements of the bright lines, \ 3995, \ 4447, are scattering, and 
evidence of periodicity is not now strong. The mean value, — 12.2 km/sec, is 18 km/sec 
below the earlier value of Vo, +6.0 km/sec. 

From 1915 to 1931, the lines of doubly ionized nitrogen, N 111, were absent or so weak 
that their presence was doubtful. In 1937, however, they were decidedly stronger, and 
their intensities continued gradually to increase during the next four years. Thus nitro- 
gen along with helium and iron affords evidence of increasing ionization. With the excep- 
tion of \ 4103, which is blended with the very strong //6 line, all the lines in Table 8 have 
been found in the star. The first four lines have very low intensities. The last two lines— 
d 4640.64 and \ 4641.90—were measured as a blend whose effective wave length in 1939 
was \ 4641.6, indicating that a third line, perhaps \ 4643.11 Nu, was involved. As the 


1 Observatory, 62, 234, 1939. 
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Nut lines became stronger, the measured wave length of this feature decreased, until in 
1941 it was A 4640.9, probably a reasonable value for the blend of the two N1m lines. 

The only line of N 11 to exhibit a well-marked dark border is \ 4097, whose general 
appearance resembles that of the helium lines \ 3965 and \ 4026. Dark borders to the 
other doublet lines are absent or extremely weak, while those to the quartet lines 4511, 
\ 4515 are narrow and inconspicuous. The relatively strong dark component of \ 4097 
may occur because the excitation potential of the lower term of this line is considerably 
less than the corresponding potentials of the other lines. 
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Fic. 4.—Velocities from nitrogen lines. Dotted symbols indicate low weight 


The radial velocities from the bright component of \ 4097 average 23 km/sec greater 
than those from other bright lines of V1. For both groups of lines there is evidence of 
the 800-day period (see Fig. 4). 


SILICON LINES 


Silicon is represented in the spectrum by lines of the neutral atom as well as those of 
the first three stages of ionization. Of the two chief neutral lines in the region observed— 
4 3905.53 and A 4101.95—only A 3905 is available for study because the other is hope- 
lessly blended with H6. It occurs as a sharp bright line of moderate intensity whose ap- 
pearance strongly resembles that of the lines of Fe 1. Moreover, it exhibits variations in 
intensity which parallel those of the iron lines. Since there happens to be a line of Fe 1 
with nearly the same wave length, the identification may be questioned. Regarded as a 
line of Sit A 3905.53, the mean displacement is — 14.3 + 1.3 km/sec (probable error com- 
puted on the assumption of constant velocity), which agrees with the displacement of 
other lines without dark borders, in particular with that of the certainly identified lines of 
Feu. For the line of Fe 11 \ 3906.04, however, the mean displacement would be —53.7 
km/sec, a value so different from that for any other group of bright lines that identifica- 
tion with Fe 11 must be rejected. The range of velocities yielded by \ 3905 is not large, 
but there is indication of a minimum near JD 2429850. The conclusion is that the line is 
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due to Si 1, although in its appearance and general behavior it strongly resembles lines of 
Fe tl. 

The bright lines of Si m1, \ 3855 and A 3862, are of low intensity but, like \ 3905 of 
Sit,aresharp. They have been measured on most of the spectrograms having reasonable 
density in their region. The mean displacement is —15.9 + 1.0 km/sec; the amplitude 
of the 800-day fluctuation is quite small, probably less than that for Si 1. The Si 1 lines 
d 4128, \ 4130 are absent or extremely weak. Their unexpectedly low intensities in sey- 
eral bright-line spectra have frequently been commented upon. 

From 1915 to 1931 the blue triplet of Si 11, AA 4552, 4567, 4574, was represented by 
dark lines with occasional bright fringes on their red sides. From 1937 to 1941, on the 
other hand, the bright lines were well developed, while the absorption was inconspicuous, 
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Fic. 5.—Velocities from silicon lines. Dotted symbols indicate low weight 


The bright lines are fairly narrow but not so sharp as the lines of Fe 11 or as X 3905 Sit. 
The displacements exhibit systematic fluctuations with a minimum near JD 2429420 and 
a maximum (poorly defined) hear JD 2429800 (see Fig. 5). The curve, although incom- 
plete, indicates that this maximum was lower than the preceding one. 

The lines of Si tv \ 4088, \ 4116 formerly observed in absorption (1915-1931) are now 
well-marked bright lines with weak dark borders on their violet edges. The fluctuations 
in velocity are well marked, resembling those of lines of Si 111, although the times of max- 
ima may be slightly later. The progression in the march of the dark lines toward the 
violet is shown by Tables 6 and 7 and Figure 7. 

The lines of Si 1 and Si 11 are sharp and narrow, while those of Si 111 and Si Iv are 
broadened and slightly diffuse, resembling lines of Heand N. The lines of Si utand Si iv 
exhibit decidedly greater fluctuations in velocity than do those of Sit and Sit. The 
curve for Si 1, although not well marked, appears to differ in phase by nearly half a cycle 
from the curves for Si 111 and Si tv (see Fig. 5). 
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MISCELLANEOUS LINES 


A faint, somewhat diffuse emission line, measured on fifteen plates, yielded a mean 
wave length reduced to sun” of 4227.23 A, which differs by more than ten times the prob- 
able error of measurement from the position of the line of Ca 1, \ 4226.73. The identifica- 
tion with the calcium line is therefore improbable. Another persistent, slightly widened 
bright line of low intensity has been measured at d 4503.7 (reduced to sun). A trace of 
emission is present near K of Ca 01, but lines of other elements are probably involved. A 
very narrow dark line at K, measured on six or eight plates, yields the velocity —5 
km/sec. Since this line appears to vary slightly in intensity, it may possibly be circum- 
stellar rather than interstellar. 

On most plates there is a sharp bright line near \ 3938.1 (reduced to sun). Like other 
sharp lines, it varies in intensity with the lines of Fe 11; but, although the normal wave 
length must be about 3938.3 A, identification with the faint Fe 11 line \ 3938.29 seems im- 
probable. Identification with the stronger Fe 11 line \ 3938.97 is ruled out by the differ- 
ence of wave length. The observed line is too sharp and of too short wave length to be 
Nut 4 3938.52. The nitrogen line, however, is believed to be present as a weak, slightly 
widened line, on which the sharp line is usually superposed. If the normal wave length 


TABLE 9 
ADDITIONAL BRIGHT LINES MEASURED ON PLATE vy 22299 


| | 
| 
| 


| Con? || | 
83.28... | Few? 33.26) | 

3000 48. | Cau 


of the sharp line is \ 3938.29 as measured on the early plates,’ the mean displacement in 
the present series is —13 + 1 km/sec. 

An unusual number of faint, sharp bright lines in the region \X 3700-4000 were meas- 
ured on plate y 22299,’ taken on December 3, 1939, not only because the density in this 
region was greater than on most plates, but also because the sharp lines were especially 
prominent at that time. Of considerable interest are three low-excitation lines of 
Mg 1, AX 3829, 3832, 3838 (observed also by Swings and Struve® in October, 1939), which 
yield the velocity — 14 km sec, in agreement with that from the sharp lines of Fe 11, Si 1, 
and Si 11 on the same plate. The Mg I triplet certainly varies in intensity, being much 
weaker on several other recent plates on which this spectral region is well shown. A few 
additional well-defined emission lines measured on this plate are listed in Table 9. 


TITANIUM OXIDE BANDS 


The presence of absorption bands of TiO in a high-excitation spectrum is a feature of 
special interest. These bands (notably \ 4955), absent in 1919, gradually grew stronger 
until they became unmistakable, their intensities in 1940 and 1941 being approximately 
equal to those in spectra of class M1. Although traces of the bands can be detected on 
most of the spectrograms taken since 1921, the development has been somewhat irregu- 
lar. The bands cannot be seen, for example, on plates taken in 1930, although they are 
present in low intensity on numerous plates taken in 1929 and 1931. 


Because no dark component was observed, the appropriate mean velocity of the bright line is 
ipod less than zero, perhaps —14 km/sec, for which value the corresponding wave length would 
27.42 A. 


* Wave lengths reduced for probable velocity. 
) 
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Thus, through the presence of the 7i0 bands, BD+-11°4673 takes its place in the group 
of stars with “combination” spectra, and the observed behavior of its spectral lines may 
have a useful bearing on the interpretation of these remarkable “‘symbiotic”’ objects. 

INTERCOMPARISON OF LINES 

Most of the bright lines, while fairly well defined, are appreciably widened, but those 

of Fe 11, Si1, Si 1, and Mg 1 appear narrow and sharp. These lines yield mean displace- 
TABLE 10 
DATA CONCERNING DISPLACEMENTS OF LINES,* 1937-1941 


(Km/Sec) 
Mean Mean 
| 0 
14 | — 12 || Sitvabs... (20) — 94 
* Emission unless noted. _ 
t Mean of AA 3965, 4026, 4471. 
30 


| 
| 
INTENSITY H ABSORPTION 


1920 1925 1930 1935 1990 


Fic. 6.—Behavior of hydrogen lines since 1915 


ments of —14km/sec. Other lines which yield about the same values are those of He I, 
[Fe m1], and NV u. It is significant that none of these lines have dark borders. The line 
\ 4097 N m1, in which the dark component is relatively strong, yields the mean displace- 
ment +15 km/sec, indicating that the effective center of the bright portion is shifted 
farther toward the red than that of any other line. The displacements of 7, He 1, Si 1, 
Si iv, and most of the lines of V 111 are intermediate (see Table 10). 

The semiamplitudes exhibited by the oscillations of the sharp lines are about 5 km/sec, 
while those of most other bright lines are about 14 km/sec. That from Si rv is probably 
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larger, +18 km/sec, while the apparent semiamplitudes from the dark lines are 20-23 
m/sec. 

, Previous observations brought out the fact that the 800-day velocity-oscillations of 

lines of various elements exhibited remarkable differences not only in amplitude and 

mean velocity but also in phase. In the present series of observations the hydrogen lines 

yield a minimum (Fig. 2) at JD 2429460, which agrees with the time computed from the 

sine formula previously derived. The time of minimum velocity yielded by the sharp 


TABLE 11 
GROUPING OF LINES ACCORDING TO STRUCTURE AND BEHAVIOR 


Semi- Mean 
Group amplitude Velocity 
(Km/Sec) (Km/Sec) 
I. Emission sharp; no dark borders...................- 5 —14 
Feu, Sit, Siu, (Mg 1) 
II. Emission broad; dark borders weak or absent........ 13 —14to — 4 
H, Het sing.,* He u, [Fem], Nu, N Sim 
III. Emission broad; strong dark borders................ 16 + 1to +15 
Het trip., NV m 4097, Si tv 
* Dark border of \ 3965 is strong. 
t Except 4097, 
i | 
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Fic. 7.—Mean velocities of absorption lines since 1915 


lines of Fe 11, Sit, and Si 11 is JD 2429830, but this is unreliable because of meager data 
and the small amplitude of the curve. The time derived from other groups of bright lines 
is JD 2429400, that from the absorption lines of He 1, V 11, and Si tv, JD 2429440; these 
times are not very accurate, and it is not quite certain that the relatively small depar- 
tures from the hydrogen minimum are significant. With the exception of the sharp lines, 
the phase differences between various curves appear smaller than in previous years. 
The relationship of the structure of the lines to their mean positions and to the ampli- 
tude of their oscillations is shown in Table 11. The sharp lines have the smallest ampli- 
tudes and large negative displacements. The broad lines exhibit larger amplitudes, while 
the mean velocity, on the whole, increases algebraically with intensity of the dark border. 
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The helium singlet line \ 3965 offers an exception to this rule; although it has a stron 
dark border, its displacement resembles that of other singlet lines of He 1 with on 


borders. 
PROGRESSIVE CHANGES 


Continual changes in the intensity, structure, and displacement of the lines make the 
spectrum of BD+11°4673 a fascinating one for investigation. Observed changes are 
both periodic and progressive. Minor unclassified modifications, possibly irregular, also 
occur. The periodic variations, in cycles of 800 days, have been extensively discussed in 
the present Contribution as well as in preceding ones.* 4 

Among the progressive changes since 1915, partially illustrated in Figures 1, 6, and 7 
(see also Tables 2, 4, 6, and 7), are the strengthening and widening of lines of H and Hey 
The dark borders accompanying these and other lines have shown increasing negative 
displacements. Should the widening of the bright lines and the trend of the dark lines 
toward the violet continue at the same average rate as in the last twenty years, it would 
not be many decades before the widths and displacements become comparable with those 
in certain novae. A cessation or reversal of the present trend may, of course, occur at any 
time. 

A noteworthy feature is a general increase in the ionization of the atmosphere evi- 
denced by the appearance or increased intensity of bright lines of He 11, [Fe 111], N 11, Si 


11, and Iv. 
HYPOTHESIS OF AN EXPANDING ATMOSPHERE 


The hypothesis of one or more expanding shells at some distance above the photo- 
sphere is now generally accepted as the explanation of many typical features in the spec- 
tra of novae and of stars like P Cygni. Of the two general forms which this hypothesis 
may take—(a) the nearly instantaneous expulsion from the body of the star of atoms 
which travel outward as a shell of ever increasing radius and (b) the continuous emission 
of atoms which produce a particular spectrum line only in a certain stratum at a nearly 
fixed distance above the photosphere—(a) is generally adopted for novae, (6) for stabi- 
lized stars with lines of the P Cygni type. 

Hypothesis () explains the general relationship of the bright and dark lines in the 
spectrum of BD+11°4673, as well as some of the details of the observed displacements. 
For example, the relative displacements of broad bright lines with and without dark 
borders (groups IIT and III, Table 11) can be accounted for fairly well by the geometrical 
consideration that absorption of the continuous spectrum takes place only in that por- 
tion of the shell seen by the observer to be projected against the photosphere, while the 
emission lines receive contributions from all portions of the shell except that directly be- 
hind the star. But certain details, particularly the negative displacements of the sharp 
lines, cannot readily be explained in this manner without assuming that atoms respon- 
sible for various lines have different outward velocities. While such an assumption im- 
pairs the attractive simplicity of the original shell hypothesis, it should probably cause 
the modification rather than the rejection of this hypothesis. 

Another possible complication is that ejected atoms may be appreciably accelerated 
before they pass through the zone of observation. A number of facts may, indeed, be 
explained on the assumption that the velocities increase from the photosphere outward. 
On this assumption the origin of lines in group I, Table 11, would be localized in the zone 
nearest the photosphere, where the velocities are relatively small and where the occulta- 
tion effect!* causes a small negative shift of the effective line centers. In and near this 
zone the effects of absorption are negligible, the permitted lines of He 1, Feu, N 0, 
Si 1, Siu (and Mg1?) yielding the same mean displacements as forbidden lines of [Fe mi]. 
In zones farther from the photosphere the outward velocities are greater and the effects 
of absorption more prominent (groups II and III, Table 11). Lines of V 11 and of Si Iv 


13] e., the hiding of the rear part of the shell by the body of the star. 
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would be assigned to an upper zone.'* Perhaps the effective zones for absorption lie 
artially outside those for emission. 

In the scheme outlined in the preceding paragraph the amplitudes of the 800-day 
velocity-oscillations appear to increase from the photosphere outward. The whole at- 
mosphere seems to be in a condition far removed from the normal thermodynamic equi- 
librium with the photosphere. 

Sharp lines, corresponding to low velocities, arise from fairly heavy atoms, which are 
either neutral or lack one electron, while broader lines arise either from light atoms or 
from heavier ones which lack two or three electrons. These circumstances suggest some 
atomic effect in which both mass and charge play a role. 

Recent changes in the spectrum hint that the future may supply data more valuable 
than any we now have for the detailed study of the hypothesis of an outflowing atmos- 
phere. At present the following conclusions appear to be justified. 


1. Observed outward velocities are not the same for all atoms. 
2. The velocities of many, but not of all, atoms have undergone a considerable general in- 


crease since 1915. 
3. Observed velocities and therefore probably the velocities of ejection fluctuate in a period 


of 800 days. 

4. Amplitudes in the 800-day cycle are not the same for all bright lines. Sharp lines have 
smaller amplitudes than broad ones. Dark lines have relatively large amplitudes. 

5. The amplitude of the hydrogen oscillations increased from 1919 to 1929 and has since 


decreased. 
6. Certain facts suggest that velocities of atoms increase as they travel outward from the 


photosphere and that the degree of ionization also increases. 


COMPARISON WITH OTHER OBJECTS 


The lines in the spectrum of BD+11°4673 in 1941 present a general correspondence 
to those of a nova during the intermediate period between the a Cygni stage and that 
characterized by nebular lines. A more profitable comparison, however, is perhaps that 
with the so-called combination or ‘‘symbiotic”’ spectra, such as those of the stars Z An- 
dromedae and RW Hydrae. The resemblance of BD+11°4673 to such objects has been 
gradually increasing since 1915. The parallel development of high-excitation lines—e.g., 
He 11 4686—and of 710 bands is a most remarkable circumstance which seems strongly 
to confirm the previous indication from other objects that these spectral features are 
related in some curious interdependent (symbiotic) manner. Here again the future prom- 
ises to bring forth important facts. The constancy of the magnitude of BD+11°4673 
within recent years" is not favorable to the hypothesis that the features arise in inde- 
pendent stars. 

It is too early to discuss in detail the correspondence between BD+ 11°4673 and other 
stars with combination spectra. It would be important to know whether these other 
stars undergo complicated changes in line-displacements something like those in 
BD+11°4673. Meager data for Z Andromedae,'® RW Hydrae,!’ and BF Cygni!’ sug- 
gest that they may. It will be a laborious task to gather extensive data for these and 
similar stars, but one which will obviously have to be accomplished before we can gain 
an adequate understanding of this mysterious group of objects. 

CARNEGIE INSTITUTION OF WASHINGTON 


Mount WILSON OBSERVATORY 
January 1942 


OQ. Struve concluded that in P Cygni the velocity increases with height above the photosphere while 
the ionization decreases (Ap. J., 81, 66, 1935). In an adequate comparison of various stars more than 
one parameter would doubtless be involved. 

‘°K. Himpel, A.N., 270, 184, 1940. 

Py... H. Plaskett, Pub. Dom. Ap. Obs., 4, 119, 1928: Swings and Struve, Ap. J., 91, 608, 1940; 93, 

, 1941. 


17 Unpublished measurements by the writer. 
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ABSOLUTE DIMENSIONS OF A WOLF-RAYET STAR AND THE 
EXPANDING-ENVELOPE HYPOTHESIS* 


O. C. WILSON 


ABSTRACT 


Measures of the equivalent width of the 7 absorption line of the B-type component of HD 193576 
have been made during and outside of eclipse. These data, combined with a preliminary unpublished 
light-curve by G. E. Kron and the spectrographic orbit by the writer, permit the derivation of the abso- 
lute dimensions of the system with fair accuracy. It is found that the Wolf-Rayet star is the larger and 
brighter of the pair, although it has the smaller mass, and Gaposchkin has shown it to have the smaller 
surface brightness. 

The hypothesis that the Wolf-Rayet emission bands are formed in an expanding envelope surrounding 
the star is discussed critically. Arguments based upon observations, although not decisive, tend to throw 
doubt on the validity of the hypothesis. 

The binary character of HD 193576 offers a means of deciding whether or not the emission bands of 
the Wolf-Rayet component are produced in an expanding envelope. In view of the facts that the band 
width corresponds to an ejection velocity of 2000 km/sec and that the character of the Wolf-Rayet 
spectrum is not seriously modified by the presence of the companion, it is assumed that the ejected 
particles follow linear trajectories. As a consequence of this assumption, the radial velocity measured by 
the displacement of the emission band must differ from the true radial velocity of the star. The chief 
consequence of this transit-time effect is a difference between the observed times of eclipse and the times 
predicted by the spectrographic orbit. Formulae are derived from the transit-time effect and computa- 
tions of its magnitude are made for three velocity distributions and for a variety of inner and outer radii 
of the envelope, with the aid of the absolute dimensions of the system derived in section I. Similar com- 
putations are made of the magnitude of the violet shift of the bands due to occultation. The existing 
observations limit the difference between the observed and the computed times of eclipse to 0.01 P, which 
requires that the supposed envelope be so small as to lead to violet shifts of some hundreds of km/sec. 
Since such shifts are not observed, it is concluded that the emission bands are probably not formed in 
an expanding envelope. 

The measured intensities of the \ 4686 band of He 11 are investigated as a function of phase. The 
intensity is very nearly the same at phases 0.25, 0.50, and 0.75, but the band is about 19 per cent weaker 
at primary minimum. Perhaps there is a ‘‘reflection effect,” which causes the Wolf-Rayet star to radiate 
more strongly in the \ 4686 band from the hemisphere facing the companion. 

A few tentative remarks are made concerning possible alternatives to the expanding-envelope hy- 
pothesis, although no satisfactory solution is found. A zone of turbulence might be invoked to account 
for the great widths of the emission bands. This explanation, however, leads to difficulties with the dis- 
placed absorption components sometimes observed in Wolf-Rayet spectra. Moreover, it leaves unex- 
plained the red shift of the bands in HD 193576 and their periodic changes in shape. 


I, ABSOLUTE DIMENSIONS OF THE SYSTEM HD 193576 


Since the publication! of the spectrographic orbit of HD 193576, S. Gaposchkin has 
shown that this binary star is also an eclipsing variable.? He has published his light- 
curve, together with several solutions for the absolute dimensions of the system. As he 
states in his paper, however, “‘the results which can be derived from a light curve with 
such shallow minima are rather indeterminate.”” The absolute dimensions derived by 
Gaposchkin cannot, therefore, be considered as definitive. Nevertheless, his work defi- 
nitely establishes two important points of permanent value. The first is that the radius 
of the Wolf-Rayet star is very much greater than that required to account for the ob- 
served red shift of the emission bands as a relativistic gravitational displacement. The 
second point is that the surface brightness of the Wolf-Rayet star is less than that of the 
B-type component and that it corresponds to a surface temperature of the order of 


13,000°. 
* Contributions from the Mount Wilson Observatory, C arnegie Institution of Washington, No. 660. 
1 Mt. W. Contr., No. 623; Ap. J., 91, 379, 1940. 2 Ap. J., 93, 202, 1941. 


402 


WOLF-RAYET STAR 403 


The present work has a dual purpose: first, to derive more accurate values of the ab- 

solute dimensions of the system by utilizing new observational data and, second, to em- 
loy these dimensions in an attempt to answer the question: Where do the emission 

bands of the Wolf-Rayet star originate? 

The system of HD 193576 is composed of a star of early type (spectrum about B1) and 
a Wolf-Rayet star of type WN5 revolving in circular orbits about their mutual center of 
gravity in a period of 4.212 days. Although the Hy absorption line of the B-type com- 
ponent is quite weak, both its displacement and its intensity are measurable with fair 
accuracy. Comparison of the equivalent width of this line near primary and secondary 
minimum with the width outside of eclipse should provide sufficient additional data to 
eliminate much of the indeterminacy in the solutions based solely on the light-curve. 
The method of combining the measures of equivalent width with the photometric material 
is as follows. 

Let Lw and Lz represent, respectively, the light of the Wolf-Rayet and the B-type 
component in the wave-length region covered by the photometric observations, and let 
q = Lw/Le. Then the amplitude of primary minimum is given by 


Lw+Le q+1 (1) 
qg+(1— ap)’ 


where ao is the fraction of the disk of the B-type star which is obscured at mid-eclipse. 
Similarly, the amplitude of secondary minimum is 


q+1 


where k = Rz/ Rw is the ratio of the radii of the two stars. 
At some point, A, within the Hy absorption line of the B-type star the intensity 
divided by that of the continuous spectrum is 


(3) 


Then, outside of eclipse, the corresponding ratio in the combined spectrum is 


_retq 


since, to a close approximation, Jy//z = Lw/Lz. In similar fashion, at the bottom of 
primary minimum we have 


(1 — ao) ra+q 
(5) 


while at the bottom of secondary minimum the ratio is 


= 


rp+(1—k®ao)q 


Since the equivalent width of a line, W, is defined as W = {(1—r)dn, equations (4), 
(5), and (6) reduce to 
W,= We 
0 1+ q ’ 
W _ (8) 


(7) 
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and 
Wes 


1+(1—kao)q’ 


respectively, the notation being obvious. The foregoing derivations are, of course, based 
upon the assumptions of circular disks and no limb darkening. 

Equations (2) and (9) are not independent, by virtue of equation (7), and there are 
thus four equations from which to solve for the four unknowns, q, a0, &, and Ws. From 
equations (1), (7), and (8) we find 


W,= 


(9) 


1 
(10) 
1 ag ye (11) 
W 


The value of k may be found from either equation (2) or equation (9). 
During the summer of 1941, 44 spectrograms of the star were obtained covering the 
phases near 0.0, 0.25, 0.50, and 0.75 as thoroughly as permitted by the available observ- 


W 


0.255 0.720 


Fic. 1.—Microphotometer tracings of the Hy region of the spectrum of HD 193576 


ing time. These spectrograms, unlike those used for the orbit determination, were in- 
tended primarily for spectrophotometry. The star was accordingly trailed along the 
slit during the exposures, to provide widened spectra, and efforts were made to adjust the 
exposure times to yield densities suitable for photometry both at Hy and over the He 1 
emission band at \ 4686. The latter was overexposed on a few of the plates, but on the 
whole the results were satisfactory. Only two spectrograms taken prior to last summer 
were included. 

Really accurate determinations of the equivalent width of Hy from single plates are 
impossible, owing to the weakness of the line itself, but results based upon a number of 
spectrograms should be fairly reliable. The measurement of Hy is rendered additionally 
difficult because the absorption line is accompanied by a very weak emission component, 
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not previously noted. The latter is not part of the normal Wolf-Rayet emission spec- 
trum, since it appears on opposite sides of the absorption line at phases 0.0 and 0.5. Per- 
haps it originates in or near the B-type star. The appearance of the Hy region is illus- 
trated by the microphotometer tracings in Figure 1; and the measured equivalent widths 
of Hy, in arbitrary units, are listed in Table 1, as a function of phase. The phases have 
been computed from the formula 


J D = 2428771.357 +4921238E, 


which resulted from the orbit determination.! 

In Figure 2 the values of W measured near primary and secondary minimum are 
plotted against phase. The results near phases 0.25 and 0.75 are not shown in detail, the 
mean value of Wo, 0.74, being indicated by the horizontal line. The curve in Figure 2 
will be referred to later. It is evident that the plotted points are too few and too scatter- 


TABLE 1 
MEASURED EQUIVALENT WIDTHS OF Hy (ARBITRARY UNITS) 


| | | | 
Phase | Ew. || Phase | Ew. | Phase EW. 
|| | 0.60 || 0.461......... 0.82 
955 | 56 0.63 0.94 
966.......... 52 0.75 
35 0.64 || .499......... 0.70 

0.75 080 | 


ing to justify an attempt at a solution of high accuracy. It is clear, however, that W, is 
considerably less than Wo, while W, definitely exceeds the latter. Thus, to obtain an 
approximate solution we simply estimate from Figure 2 that W, = 0.35 and W, = 0.89. 
These values, combined with the photometric data in the manner outlined above, should 
give results which are reasonably close to the truth. 

Gaposchkin’s determinations of A, and A, could be used in the solution. However, 
Dr. G. E. Kron has supplied me with a preliminary light-curve for \ 4500 based upon his 
observations with the photoelectric photometer of the Lick Observatory during the sum- 
mer of 1940 and has generously given me permission to make use of it. Kron’s curve, al- 
though preliminary and incomplete, is considerably more accurate than Gaposchkin’s 
and differs from the latter in several important details. The only difference that need be 
mentioned here is that the width of primary minimum appears definitely to be consider- 
ably greater than that of secondary minimum, and greater also than the width shown in 
Gaposchkin’s published light-curve. The depths of the two minima are nearly the same 
in both curves, but for consistency I shall adopt Kron’s values. From his curve I esti- 
mate the half-width of primary minimum, from first contact to minimum light, to be 
0.127P and the depths of the minima, measured from the mean light at phases 0.25 and 
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0.75, to be Am, = 0.345 and Am, = 0.145. From the latter quantities it follows that 


A, = 1.37 and A, = 1.14. 
With the preceding values of Wy, Wo, Ap, and A,, equations (10), (11), and (12) yield 


the results 


1 — ay = 0.346 ; ap = 0.654 ’ 
W pg =1.79. 
From equation (2), = 0.567, while from equation (9), k = 0.656. We adopt k = 0.6 in 
round numbers. With the half-width of primary minimum given above, the usual meth- 


ods lead toi = 67°6 and Rw = 0.477 (a; +<a2), and the introduction of the spectroscopic 
data gives the following absolute dimensions of the system: 


$= 67°6, 
bw = 12.40, 
Mes = 31.80 


ad: +a,.= 2.69 X 10’km = 38.7RO , 
Rw = 1.28X*10’km=18.5RO, 
Rg= 0.77 X 10'km=11.1RO, 


0.586 
4500. 


The system is drawn to scale in Figure 3. 
The present results differ essentially from Gaposchkin’s as to the relative luminosities 
and radii of the two stars. Whereas he preferred a solution which makes the Wolf-Rayet 
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Fic. 2.—Equivalent widths (in arbitrary units) of 
Hy as a function of phase. The mean equivalent 
width for phases near 0.25 and 0.75 is represented by 


I'ic. 3.—The system of HD 
193576. The Wolf-Rayet com- 
ponent is the larger. 


the horizontal line. 


star fainter than the B star by more than two magnitudes, we now find that the Wolf- 
Rayet is slightly the more luminous; and whereas he considered the radius of the Wolf- 
Rayet to be considerably smaller than that of the B, we now come to the opposite con- 
clusion. As to the relative luminosities, I believe that simple inspection of the spectro- 
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grams lends support to the present solution, for the emission bands do not have the ap- 
pearance of being overlaid by a continuous spectrum (from the B-type star) more than 
five times as intense as that with which they should normally be associated. Even the 
weak bands of N v are easily visible. If it be granted that the relative luminosities de- 
rived in this paper are essentially correct, the larger radius for the Wolf-Rayet follows at 
once, since Gaposchkin’s own work has shown the latter to possess the smaller surface 
brightness. Another fact which may point toward the incorrectness of Gaposchkin’s 
solution is that the absolute magnitude of HD 193576 derived from the strength of the 
interstellar Ca 11 lines in its spectrum is —1.7 compared to a mean of —2.1 for 12 WN 
stars.’ If the system were actually as he proposed, its absolute brightness would prob- 
ably be more than two magnitudes in excess of the mean for other WN stars. Such a 
magnitude is scarcely allowed by the interstellar-line intensities. However, since the 
star lies just on the edge of a heavily obscured region in Cygnus, it is perhaps unfair to 
lay much stress upon absolute-magnitude determinations, in which accurate account of 
the obscuration cannot be taken. Finally, the present solution gives values of the mass 
and radius of the B-type component, which are in excellent agreement with the mass- 
radius relationship based upon observationa! data collected by G. P. Kuiper;‘ but in this 
respect Gaposchkin’s results are equally acceptable. 

From equations (1), (7), and (8) it follows that the course of W through primary mini- 
mum is given as a function of phase by 


W=(1-—a) AW). (13) 


Taking A as a function of phase from Kron’s light-curve and computing corresponding 
values of a from the present solution, we find the predicted variation of W with phase 
shown by the curve in Figure 2. The agreement is perhaps as good as might be expected 
in view of the considerable scatter of the observations and the rather limited range of 
phase covered by them. Possibly a slightly larger value of W, would have yielded better 
general agreement. In any event, there seems no reason to suppose that the absolute di- 
mensions quoted above are not reasonably close approximations. 


II. FORMATION OF THE EMISSION BANDS 


In any study of the physical nature of Wolf-Rayet stars, it is of vital importance to 
know the correct answer to the question: Where are the emission bands formed? The 
current views on this subject are due chiefly to Beals,® who suggested that the emission 
bands are produced in an expanding envelope surrounding the star and that the band 
widths are, therefore, simply a manifestation of Doppler effect. An immediate explana- 
tion is thus provided for the observational fact that the widths of bands belonging to 
series of atomic transitions are found to vary according to the relationsip AX « X. More- 
over, the Wolf-Rayet emission bands are sometimes accompanied on their violet edges by 
absorption components similar in appearance and position to those which are observed 
on the violet edges of bands in the spectra of novae during the earlier stages. Since the 
matter ejected from certain novae has, in the course of time, become directly observable, 
the idea of ejection to account for the Wolf-Rayet bands thus received support. This 
general picture was, therefore, quite attractive and has justifiably gained wide ac- 
ceptance. 

Following the earlier work on the subject, B. P. Gerasimovié,® $. Chandrasekhar,’ 


3 Sanford and Wilson, Mt. W. Contr., No. 613; Ap. J., 90, 235, 1939, 

‘Ap. J., 88, 472, 1938; see Fig. 2. 

5 Pub. Dom. Ap. Obs., 4, 271, 1930, and several later papers. 

335, 1933 7M.N., 94, 522, 1934. 
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and the writer* approached the matter from somewhat different standpoints. Gerasimo- 
vié suggested that the rounded contours of the bands were due to radial-velocity gradi- 
ents within the envelopes, and the writer gave simplified methods of computation for this 
case. Chandrasekhar adopted the same idea and, in addition, called attention to the im- 
portant consequences of an occultation of a portion of the envelope by the opaque body 
of the star. Unless the radii of the regions effective in the production of the bands are 
fairly large compared to the radius of the star, the emission bands should be asym- 
metrical in the sense that their red halves would be weakened, and the center of gravity 
of the entire band accordingly displaced toward the violet. All the foregoing investiga- 
tions included the assumption that the envelope is transparent to its own radiation as 
well as to that of the central star. 

Since no very critical examination of the expanding-envelope hypothesis seems yet to 
have been made, the following considerations are necessary as a background to the re- 
mainder of the present work. As far as Iam aware, no published material has revealed 
evidence of either the asymmetrical contours or the violet displacements of the Wolf- 
Rayet bands to be anticipated as consequences of the occultation effect. In fact, the 
available data point rather toa shift of the bands toward the red.° It is legitimate, there- 
fore, to ask why there is no observable evidence for the occultation effect. 

The most obvious reply to this query is simply that the envelope is large with respect 
to the star. The actual relative dimensions of the envelope and star which are necessary 
to reduce the effects of occultation below the observable limit will depend, of course, upon 
the accuracy with which the observations can be made and upon the assumed mechanism 
of ejection and excitation of the emitting atoms. Under nearly any reasonable circum- 
stances, however, as will be shown later, the outer radius of the envelope must be at least 
three or four times that of the photosphere in order to reduce the predicted violet shift 
to a fairly small value. Taken by itself, this requirement as to the size of the envelope 
presents no difficulties, although some doubts are raised by the following observational 


considerations: 

1. The absorption components sometimes found on the violet edges of certain Wolf-Rayet 
emission bands have appreciable widths which can be directly measured with fair accuracy. If 
it be assumed that these widths are due entirely to the spread of the radial velocities of the 
outward-moving atoms projected upon the stellar disk, the radius of the latter relative to that 
of the envelope may be estimated by comparison of the widths of the absorption lines with those 
of the corresponding emission bands. Measures by the writer on several Wolf-Rayet spectra 
indicated that the radii of the envelopes were only about twice those of the central stars.!” Thus 
rather large occultation effects would be anticipated; but, since the widths of the absorption 
components might conceivably be due, at least in part, to turbulent motions or velocity gradients 
within the envelope, the results of the measures cannot be accepted as entirely conclusive. 

2. No evidence available from the spectra indicates any great dilution of radiation. For 
instance, although \ 3889 of Het is usually the strongest absorption line in the photographic 
region, it is generally, if not always, accompanied by other He 1 absorption lines such as \ 4471. 
Since \ 3889 arises from the metastable 2°S level, while most of the other lines originate in 
ordinary levels of short lifetime, it is clear that the prevailing physical conditions are much 
closer to those in ordinary stellar atmospheres than to those in the gaseous nebulae. Pending an 
investigation of the absorption lines in Wolf-Rayet spectra, which might be expected to yield 
valuable results concerning the actual dilution factors, it may simply be stated that the ob- 
served lines rule out the possibility of a large envelope surrounding a relatively small star. 

3. A third point, of less weight for present purposes than the other two, is that no emissions 
resulting from forbidden transitions have been found in Wolf-Rayet spectra. 


8 Mt. W. Contr., No. 500; Ap. J., 80, 259, 1934. 

9 Mt. W. Contr., No. 624; Ap. J., 91, 394, 1940. The data, except the writer’s measures of HD 193576, 
are due to Beals. 

10 Mt. W. Contr., No. 624; Ap. J., 91, 394, 1940. Using a similar method, P. Swings derived even 
smaller relative radii for Wolf-Rayet envelopes (4p. J., 95, 112, 1942). 
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The second possible way of accounting for the lack of observable occultation effects 
is to suppose that, although such effects do, in fact, exist, they are masked because ab- 
sorption within the envelope, either of its own radiation or that of the photosphere or 
both, acts to depress and modify the violet halves of the bands in just the right manner to 
compensate for the effects of occultation upon the red halves, the net result being sym- 
metrical undisplaced bands. Such absorption effects have been invoked by Struve and 
Sherman to explain the redward displacement of the emission lines in the spectrum of 
29 Canis Majoris" and are apparently favored by them for HD 193576, although the lat- 
ter shows no P Cygni type absorption lines. The application of this type of explanation 
to the Wolf-Rayet stars in general seems improbable because of the stringent conditions 
which must be imposed upon the hypothetical absorptions. Detailed objections follow. 


1. In spectra in which some of the bands show well-marked absorption components, other 
bands, some more intense and some less so, exhibit no trace of absorption. It seems reasonable 
to suppose that the ‘“‘compensation”’ of bands without accompanying absorptions should be 
much less complete than that of bands which have absorption. While it must be conceded that 
further data are required to settle this question, it is true that no gross effects have as yet been 
reported which would indicate systematic differences in displacement between bands with or 
without accompanying absorptions. 

2. The bands present in Wolf-Rayet spectra represent a rather large range in required excita- 
tion, and this fact is generally interpreted to mean that the envelope is so stratified that bands 
needing various amounts of excitation originate in shells of different radii. The occultation 
effect, however, varies quite rapidly with distance from the photosphere, until this distance be- 
comes three or four times the stellar radius. Hence, unless all the bands are formed at some 
distance from the star, the absorbing properties of the various shells would have to be so ar- 
ranged as to compensate for an occultation effect varying considerably from band to band. 
Moreover, consideration of the relative velocities of the particles within an envelope shows that 
the absorption of continuous radiation from the central star is much more likely than the absorp- 
tion by the envelope of its own radiation. Thus, consider the case of a strong band, a portion of 
which is removed by occultation at a wave length where, without occultation, the intensity of 
the band alone would exceed that of the underlying continuous spectrum. If, at the correspond- 
ing wave length on the violet side of the band, the compensating absorption is effective only upon 
the continuous stellar radiation, the latter can, at most, be removed entirely. In this case, how- 
ever, it is evident that the compensation of the occultation effect cannot be complete. The diffi- 
culty would be even greater if the supposed absorption were required not merely to compensate 
for the occultation but to overwhelm it and produce a net shift of the band toward the red. In 
connection with these arguments it may be recalled that in the star HD 193576, where the meas- 
ures are numerous enough to deserve considerable weight, the weak bands of N v, requiring a 
total excitation of about 221 volts, have the same red shift as the very strong A 4686 band of 
He ut, whose total required excitation is only 72 volts. 


Last, it is possible that no occultation effects are found simply because the bands are 
not produced in an expanding envelope. 


Ill. TEST OF THE EXPANDING-ENVELOPE HYPOTHESIS PROVIDED BY HD 193576 


In the case of a Wolf-Rayet star moving in a straight line through space, the particles 
ejected from its surface during the interval dé will, at any later time ¢, form a spherical 
shell concentric with the star. The Wolf-Rayet component of HD 193576 is, however, 
subject to a large acceleration which constrains it to move in a circular orbit, and the 
preceding statement cannot apply. Lacking any sound theoretical means of procedure, 
we appeal to two facts of observation. The first is that the half-width of the \ 4686 
band corresponds to an extreme ejection velocity of 2000 km/sec—fully three times the 
velocity of escape from the star. With such enormous velocities, however acquired, it 
seems reasonable to suppose that the great majority of the particles will move out, not 
only from the Wolf-Rayet star itself, but from the system of both stars, in essentially 


"Ap. J., 93, 84, 1941. 
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linear trajectories. Only the paths of those particles which are directed close to the com- 
panion would be expected to suffer very great distortion. Even these distortions could 
well be minimized or even nullified, since the companion is a hot star of early type whose 
gravitational attraction for the passing atoms might easily be overcome by the outward 
pressure of its intense radiation. 

The second observational fact is that the spectrum of the Wolf-Rayet star is modified 
to only a minor degree by the presence of the companion. Certain cyclical changes in 
the appearance of the bands are known to occur'® and will be referred to in more detail 
later. But, as far as first-order effects are concerned, the spectrum is quite normal. The 
conclusion is that the processes responsible for the formation of the Wolf-Rayet spectrum 
are largely unaffected by the presence of the B-type star. In the following investigation 
of the expanding-envelope hypothesis we shall, therefore, assume that the ejected par- 
ticles move linearly outward from the surface of the Wolf-Rayet star, and we shall neg- 
lect those which impinge directly upon the surface of the companion. Thus the matter 
leaving the surface between times ¢ and ¢ + dt will form, at any later time, a spherical 
distribution whose center moves with the orbital velocity along the tangent to the 
orbit at the point occupied by the star at time ¢. At any instant the radial velocity of 
such a spherical shell will not be equal to that of the star, owing to the change in phase 
angle of the latter during the time interval since the shell was ejected. We are thus led 
to the consideration of what may briefly be designated as ‘‘transit-time effects.” It is 
clear that these will be small for small envelopes, whereas the occultation effect will be 
minimized for large envelopes; and it must now be investigated whether, in the case of 
HD 193576, the expanding-shell hypothesis is capable of providing bands for which 
both effects are sufficiently small to be in agreement with the observations. 

Let us assume that we are dealing with a recombination spectrum; hence the emission 
per unit volume is proportional to p*, where p is the density of the matter. Then a thin 
spherical shell of radii R and R + dR, whose outward velocity is v, will produce an ele- 
mentary rectangular contour, the height of which is given by” 


dI(u) = (14) 
The total emission from the entire thin spherical shell is then 

dE = 2rkR* p?v—'dR(u, — ue) , (15) 
where m# and ware the radial velocities of the two extremities of the elementary contour. 
For no occultation, # = v and #2, = —v, and an envelope composed of a continuous 

series of such shells extending between the radii R; and R, will emit the energy 

R, 

E=4nk f, (16) 


This expression could have been written down at once by first principles. 
If the shell is concentric with an opaque spherical body of radius r, it follows by simple 


geometry that the elementary contour extends from —v on the violet to v1 — r/R? 
on the red. Hence in this case 


(17) 
and the total emission of the envelope is given by 


12 Mt. W. Contr., No. 500; Ap. J., 80, 425, 1934, equation (4) with B = 0. 
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The radial velocity of the shell, 7, is given simply by the mid-point of the elementary 
contour produced by it. Hence 


(19) 


The whole band may be thought of as the superposition of all the elementary con- 
tours formed by the successive thin shells into which the envelope may be divided. Let 
U be the displacement of effective center of the band which, by definition, corresponds 
to its radial velocity. Then clearly 


fudE 


=——_., 
fab 


(20) 


where the integrations are to be extended throughout the envelope. Thus, designating 
by U.the apparent radial velocity caused by the occultation effect, we have by equations 


(18), (19), and (20), 
R, 
p?vdR 


U.=--~ R (21) 
Regt (1$V1 )aR 
The equation of continuity requires that 
const. 
p (R) = (22) 


Some assumption regarding the velocity distribution being necessary at this stage, I have 
adopted the form ou 
v(R) =» (=) (23) 


where 2 may be positive, negative, or zero, as sufficiently general for all practical pur- 
poses. Inserting equations (22) and (23) into equation (21), we find 


Jf, aR 
Jf, Re (1 V1 


an expression which gives the radial velocity of the band in so far as the latter depends 
upon occultation. 

The calculation of the dependence of the radial velocity upon the transit-time must 
now be considered. If Vo is the orbital velocity of the Wolf-Rayet star, its radial velocity 


may be written as ; 

uw = Vosind, (25) 
where # is the phase angle in the orbit. At a time ¢ when the phase angle of the star is 0, 
a given elementary shell will have the radial velocity uy-(8 — Ad’), where Ad is the in- 


crement in phase angle of the star during the elapsed time A¢ since the ejection of the 
particular shell. Evidently 


uw (8 —Ad) = Vo sin — Ad) (26) 


(24) 
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For values of Ad which are not too large, we may approximate in equation (26) by 


writing 
uw (3 — Ad) = Vo (sin — Ad cos#) . (27) 
We have 2 
us 
where P is the period of orbital motion, and 
Hence, 
uy —Ad) = Vo sin — Vo co sof (30) 


The first term on the right-hand side of equation (30) is simply the radia] velocity of the 
star at phase angle # and is the same for all the elementary shells composing the en- 
velope. The second term is the transit-time correction for the shell of radius R and must 
be integrated through the envelope to obtain the correction for the band as a whole, 
Designating the latter by U3, we find, from equations (20), (23), and (30), 


Vo 


Thus, subject to the assumptions, the radial velocity given by the Wolf-Rayet emis- 
sion bands consists of the sum of three terms: 


U=U,+ (32) 


The first term is simply the radial velocity of the star itself, Vo sin 3, by equation (30); 
the second is a constant violet shift (equation |24]) due to the effects of occultation; the 
third is the result of the finite velocity of the ejected particles and is a periodic term out 
of phase with the orbital motion by a quarter-period. It should be noted that the deriva- 
tion of U, implies that the centers of the star and the envelope are coincident, while the 
existence of U3 depends upon the fact that they are not. Hence calculations based upon 
equation (24) cannot be strictly accurate. However, since the effects of occultation are 
greatest for those shells nearest the star, whose centers deviate least from that of the 
star, the error is probably of the second order and will be neglected. We are not striving 
for high accuracy but only for the correct order of magnitude. 

The influence of occultation upon the radial velocities diminishes as the size of the 
envelope is increased, while the opposite is true of the transit-time effect. The next step, 
therefore, is to make computations of the two effects, based upon the known dimensions 
and properties of HD 193576, and to find what conclusions may be drawn from a com- 
parison of the results with the existing radial-velocity and photometric data. Three dif- 
ferent velocity distributions in the envelope have been considered, as well as a number of 
effective inner and outer radii, in order to illustrate the consequences of varying these 
parameters. The velocity distributions investigated are those with n = 0, +2, and —2 
in equation (23), which correspond to constant outward velocity, accelerated motion, 
and decelerated motion, respectively. As will appear from the general similarity of the 
results in these three cases, it is not likely that other velocity distributions would essen- 
tially change the conclusions arrived at. All the computations have been made in sucha 
manner as to be readily comparable with the observations. Thus in every instance the 
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value of %, eq. (23), has been so chosen, in conjunction with R; and Rg, as to yield 
a band whose total width is equal to the 4000 km/sec observed for \ 4686. The detailed 
results follow. 

CASE I. CONSTANT OUTWARD VELOCITY; ” = 0 


The violet edges of all the elementary contours coincide, and the extension of the band 
toward the red is determined by the outermost shell. If vo is the constant outward veloc- 
ity, simple geometry shows that the band width, AU, is 


which determines v as a function of the outer radius, Ro, for a given AU. For the speci- 
fied band width, AU’ = 4000 km/sec, the corresponding values of v9 and R» are listed 
in Table 2. 

TABLE 2 


% AS FUNCTION OF R2 FOR AU =4000 KM/SEC AND n=0 


1.43.........| 2340km/sec || 5.00........ 2010km/sec 
3.00. 2060 

| 
TABLE 3 


CALCULATED VALUES OF — U2 AND (—U3/COS 8) SIN i FOR 
CONSTANT VELOCITY; n=0 


1.43 | 2.00 3.00 5.00 
571 388 292 | (241 188 
| 6 | 2B 
215 154 | 121 84 
22 34 
pres 97 | 68 44 
| 46 | 
| 


The numerical constants required for the computations are: orbital velocity, Vo = 
335 km/sec; period, P = 4.212 days = 3.64 X 10° sec.; radius of Wolf-Rayet star, r = 
1.28 X 107 km. The integrations in equations (24) and (31) have been performed (only 
simple trigonometrical transformations are required) and the numerical data have been 
used to determine the component of the radial velocity due to occultation, U2, and the 
amplitude of the transit-time effect, U;/cos 3, in km/sec. These amplitudes have been 
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multiplied by sin 7 to make them strictly comparable with the observations. The results 
are given in km/sec in Table 3, where the uppermost of each pair of entries is — U, and 
the lower one is (—U3/cos #) sin 7. 


CASE II. ACCELERATED MOTION; 2 = +2 


Both the violet and the red edges of the band are determined by the outer boundary, 
and the value of v required to yield a specified band width is given by 


Corresponding values of vp and R2 necessary to produce a band 4000 km wide are listed 
in Table 4. The results of the computations are in Table 5, which is arranged in the same 
manner as Table 3. 


TABLE 4 
% AS FUNCTION OF R, FOR AU= KM/SEC ANDn=+2 

| vo | vo 
1.43.........] 1142km/sec || 3.00........ | 228km/sec 
TABLE 5 


CALCULATED VALUES OF — U, AND (—U3/COS #) SIN i FOR 
ACCELERATED MOTION; n= +2 


R,/r 
1.43 2.00 3.00 5.00 ioe) 
1.00 400 181 77 27 0 
7 22 52 

47 127 | 352 

| 156 445 

| 
CASE III. DECELERATED MOTION; #7 = —2 


The matter at the inner boundary of the envelope, R;, is moving most rapidly and thus 
determines the position of the violet edge of the band. Investigation shows that the 


position of the red edge of the band is set by whichever boundary is closest to rV3/2= 


| 

| 
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1.225r. For all the pairs of radii in which we are interested, therefore, the value of v9 is a 
function of R; only, and the relationship between the two quantities is shown in Table 6. 
The results for decelerated motion are shown in Table 7 in km/sec as before. 
Inspection of Tables 3, 5, and 7 shows that some of the entries for the traasit-time 
effect exceed the orbital velocity. These large values are, of course, meaningless except 
in so far as they indicate the circumstances under which the effects of finite velocity of 


TABLE 6 


AS FUNCTION OF R; FOR AU =4000 KM/SEC AND n= —2 


Ri/r vo R\/r vo 
1.00............| 2800km/see |i 3.00... ........- 18900 km/sec 

TABLE 7 


CALCULATED VALUES OF — U2 AND (— U;/COS #8) SIN i FOR 
DECELERATED MOTION; n= —2 


| 


Ri/r 

143 | 200 | 3.00 5.00 

8 | 29 | 

152 | 57 14 0 
| 22 68 

45 


ejection become great and the assumption of small Ad’ in equation (27) becomes invalid. 
For given pairs of radii the smaller values of the effect all agree in general order of mag- 
nitude, regardless of the value of , and all occur in conjunction with values of the occul- 
tation effect which are far from negligible. Thus, although it appears unlikely that the 
expanding-envelope hypothesis is capable of meeting the requirements of observation in 
the case of HD 193576, we turn to a closer investigation of the consequences of a finite 
velocity of ejection. 

In equation (32) neglect the constant term U», and consider the periodic terms U; 
and U;. Apart from the common factor sin i, we have 


U,=Vosind and U; = V3; cos 8 
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where Vis used to designate the factor of cos # in equation (31). The sum of the period- 

ic terms is 

U,+ U;= Vosin = Vo(sind +72 cos). (33) 
0 


If it is permissible to represent the net result of the transit-time effect as a simple phase 
shift, we should have 


U,+ U;= V’ sin(&+Ad) = V’ (sin 8+ Ad cosB) . (34) 
Comparison of the coefficients of equations (33) and (34) gives 
V’= Vo 
(35) 
Ad = 


Thus to a first approximation the introduction of a transit-time effect of relatively small 
amplitude leaves the form and amplitude of the radial-velocity-curve essentially un- 


Fic. 4.—Radial-velocity-curves illustrating the phase shift produced by the finite velocity of the 
ejected matter. 


changed and causes only a phase shift of amount Ad = V3/Vo. The observational con- 
sequence of the latter should evidently be a constant difference between the observed 
times of eclipse and the predicted times based upon the spectrographic orbit. Figure 4 
illustrates the transit-time effect. Curve A has the amplitude of the observed radial- 
velocity-curve of the Wolf-Rayet component of HD 193576. Curve B represents a tran- 
sit-time effect with an amplitude of 50 km/sec. Curve C is the resultant of A and B, and 
it is evident that the only change of observational importance is the phase shift, which 
amounts, in the case illustrated, to 0.027 P. Figure 4 shows also in which sense the ob- 
served times of eclipse would be expected to differ from the calculated times. Curve A is 
the‘‘true”’ radial-velocity-curve of the opaque body of the star, while C is the‘‘ observed” 
curve. Evidently the eclipses should occur earlier than predicted by the amount 


2a 


The phases used by Kron for his light-curve were computed from the formula derived 
from the spectrographic observations by the writer; and, although his curve is incom- 
plete, the portions near both minima are covered fairly well. It is difficult to be precise 
in such a case, but I believe that Kron’s results definitely rule out the possibility of any 
phase differences between the observed and the computed times of minimum light 
amounting to as much as 0.01 period. The amplitude of the transit-time effect must, 
therefore, be less than 20 km/sec, and inspection of Tables 3, 5, and 7 shows that the 
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simple expanding-envelope hypothesis would require a corresponding violet shift of 
some hundreds of km/sec due to occultation. No such displacement is observed; in 
fact, there is almost certainly a red shift of about 90 km/sec. Apparently the only way 
of preserving the expanding-envelope idea is to postulate very great absorption effects 
acting upon the violet portions of the bands. However, in view of the objections to this 
procedure pointed out in section II above, the present investigation raises grave doubts 
concerning the current hypothesis that the emission bands of Wolf-Rayet stars are actu- 
ally formed in expanding envelopes. 


IV. INTENSITIES AND CONTOURS OF THE A 4686 He II BAND 


Inspection of Figure 1 of Gaposchkin’s paper? shows that, according to his solution, a 
considerable portion of any envelope surrounding the Wolf-Rayet star should be eclipsed 
at secondary minimum, unless the envelopes were quite large compared to the star itself. 
If such an eclipse effect were detectable by measurement of the total intensity of the 
\ 4686 band, it is possible that the relative dimensions of the star and envelope could be 
determined. This was one of the original aims of the present work. Although we have 
now seen that Gaposchkin’s solution is probably incorrect and have been unable to pro- 
duce any evidence to support the expanding-envelope hypothesis, the measures of shape 
and intensity of the band remain of interest in themselves and will be of value in future 
discussions of the structure of the Wolf-Rayet star. 

The total energy, E, emitted in the band is given by 


(36) 


where /, is the intensity of the continuous spectrum under the band and 1’ is the ratio 
of the intensity at any point in the band to that of the continuous background. In the 
case of HD 193576, the intensity of the continuous spectrum varies with phase in a 
known manner and equation (36) may be used to investigate variations in the emission 
of the band by writing 


Ey 


where Eo, 7,9, and Ao are the values of the quantities at some phase chosen as standard. 
The contours of \ 4686 were measured in the usual way. One source of error which 


(37) 


TABLE 8 
PHASE INTERVALS AND NUMBERS OF PLATES 


Ab | No. Ab No. 


0.930-0.975.......... || 0.224-0.277) 43 


| 3 || 0.461-0.549......... | 12 


has doubtless contributed to the scatter of the results is the fact that the apparent maxi- 
mum intensity in the continuous spectrum fell very close to the center of the band, thus 
producing a rather sharply curved background beneath it. To eliminate some of the re- 
sulting purely accidental error, the mean central intensities were formed for certain 
groups of plates, and the ordinates of each band were multiplied by the factor required 
to make its central intensity equal to the mean for its group. The phase intervals cov- 
ered by these groups and the numbers of plates they contain are shown in Table 8. 


The reduced contours were then plotted, and the area A = f (r’ — 1)dX under 
each was measured with a planimeter. The values of A are given in Table 9. 
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Running means of A were formed for the phases near the minima, with groups of five 
values and overlaps of two. These mean values (Table 10) are plotted in Figure 5. The 
plotted points clearly show the influence of primary eclipse by rising to a maximum 


TABLE 9 
MEASURES OF A 4686, He If: ARBITRARY UNITS 


Phase | A || Phase A || Phase A 
| 106 || 0.026.......... 104 
988. 107 || .492......... 134 
| 116 || 0.549.......... 118 
TABLE 10 
RUNNING MEAN VALUES OF 4; d 4686 
| 
Phase A | Phase A 
0.955. 115 
1 
/\ | | 
- / | / \ 
100+ | 4, \ 


Fic. 6.—Typical contours of \ 4686, He 1. Ordi- 
nates and abscissae are r’ — 1 and wave lengths, re- 
spectively. 


Fic. 5.—Running mean values 
of A for \ 4686 plotted against 
phase. 


as the continuous spectrum falls to its minimum, but no effect of secondary eclipse is 
visible. The mean value of A for phases near.0.25 and 0.75 is 112, and we estimate from 
Figure 5 that A is approximately equal to 125 and 126 at phases 0.0 and 0.5, respectively. 
In equation (37) let Ey = 1, and J, = 1 when A = 112. Then at phase 0.0, /, = 0.73 
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from the amplitude of primary minimum, and equation (37) gives Eo.o = 0.81 Eo. Simi- 
larly, at secondary minimum, /, = 0.88 and equation (37) gives Eo.5 = 0.99E. Thus 
the emission in the band appears to be essentially constant at phases 0.25, 0.50, and 0.75, 
but is diminished by about 19 per cent at primary minimum. There is no measurable 
eclipse effect when the Wolf-Rayet star lies behind its companion. There must, of course, 
be such an effect, but it is either too small to be observable with the available accuracy, 
or it is compensated by another effect which causes the Wolf-Rayet star to radiate most 
strongly in \ 4686 from the hemisphere facing the companion. The latter explanation 
would imply a kind of ‘reflection effect” and is not unreasonable in view of the fact that 
the emission in the band is observed to be reduced when the hemisphere of the Wolf- 
Rayet star facing the companion is turned away from the observer. A more detailed 
and complete coverage of all phases will be of interest in deriving the “‘light-curve”’ for 
the band. 

The appearance of the \ 4686 band at various phases is illustrated by the typical 
contours reproduced in Figure 6. 


V. SUMMARY AND CONCLUSIONS 


The absolute dimensions of the stars which form the system of HD 193576 have 
been determined by combining Kron’s photometric data with measures of the equivalent 
width of the Hy absorption line of the B-type star inside and outside of eclipse. The 
results are that the Wolf-Rayet component is the larger and brighter, although it has 
the smaller surface brightness. Arguments for and against the hypothesis that the emis- 
sion bands of the Wolf-Rayet stars are formed in expanding envelopes are presented in 
section II, and it is found that certain important, though not decisive, observational ob- 
jections may be raised against it. 

A more conclusive test of the expanding-envelope hypothesis is provided by 
HD 193576, on the fundamental assumption that the trajectories of the ejected particles 
are essentially unaffected by the presence of the B-type component. This assumption is 
rendered reasonable by the large velocities of the particles (2000 km/sec) and by the ob- 
servational fact that only minor modifications of the spectrum of the Wolf-Rayet star 
result from its membership in a binary system. The assumption of linear trajectories 
leads to the conclusion that the radial velocity shown by the bands will differ from the 
true radial velocity of the star owing to the finite velocities of the ejected particles. For- 
mulae are derived for the transit-time effect as well as for the displacement of the bands 
due to occultation and are applied to HD 193576. The transit-time effect is shown to 
consist chiefly of a shift in phase between the times of eclipse as observed photometrically 
and as predicted from the spectrographic orbit. The maximum amount of such a shift 
estimated as permissible from the existing data is so small as to require an envelope 
which is quite close to the photosphere. This requirement leads in turn to the prediction 
that the occultation effect should displace the center of gravity of the band toward the 
violet by some hundreds of km,/sec—a prediction which is, of course, entirely unfulfilled 
by the observations. 

Thus, unless some very serious error has crept into the derivation of the absolute di- 
mensions of the stars or unless the assumption of linear trajectories of the ejected par- 
ticles is completely wrong, one seems forced to doubt that the emission bands are formed 
in an expanding envelope surrounding the star. In fact, the very close agreement be- 
tween the predicted and observed times of eclipse suggests strongly that the portion of 
the Wolf-Rayet star wherein the bands originate is very intimately connected with the 
opaque body of the star responsible for the periodic eclipses of the other component. In 
ordinary eclipsing binaries the photometric phases agree perfectly with those computed 
from the radial velocities. The same statement applies to HD 193576, where the radial 
velocities depend on the emission bands. It is possible that the postulation of appropriate 
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absorption effects on the violet portions of the bands might save the situation for the 
expanding-envelope hypothesis. In view of the discussion in section II, however, it seems 
fair to require that this question be given a more thorough physical treatment than 
heretofore. 

In conclusion, a few remarks looking toward possible alternatives to expanding en- 
velopes may not be amiss. For a variety of reasons the interpretation of the large band 
widths in terms of Doppler effect will probably be retained. If this be so and if the ob- 
servable hemisphere of the star be required to provide the velocities of both signs neces- 
sary for the production of symmetrical bands, some form of large-scale turbulence must 
probably be demanded. In principle, very rapid rotation of the star might suffice, but 
the necessary rotational velocities seem too large to permit the existence of the star. More- 
over, the lines of sight to various stars should make different angles with the axes of rota- 
tion and thus produce a greater range in band width among the Wolf-Rayet stars than 
is observed. 

The exact location of the supposed zone of turbulence is uncertain. If it is on the out- 
side of the star, in a position analogous to that of the reversing layers or chromospheres 
of ordinary stars, matter must be continually ejected, since the turbulent velocities ex- 
ceed the velocity of escape. It must be supposed, in this case, that the ejected material 
very quickly becomes inactive in contributing to the emission bands, for otherwise the 
model would soon approximate to an expanding envelope. It is questionable, also, 
whether matter at the surface could acquire the large downward velocities needed to ac- 
count for the red halves of the bands. Perhaps the zone of turbulence lies somewhat 
beneath the outermost regions at an optical depth which is not too great to prevent the 
visibility of the bands. If so, only a few of the most rapidly moving atoms might escape 
to form the absorption components sometimes observed on the violet edges of the bands. 
If the conditions of escape were critical, they might afford a means of explaining why 
some Wolf-Rayet stars possess absorption components, while others whose emission 
spectra are very similar, if not identical, do not. The shapes of the Wolf-Rayet emission 
bands are not too discouraging to the turbulence explanation. The majority of the bands 
seem to have a peaked or rounded form such as might result from random velocities, 
bands with flat-topped contours being rather rare. It must be admitted that the pre- 
ceding discussion appears to be barren of any suggestion to account for the fact that the 
Wolf-Rayet bands are displaced to the red. 


It is a pleasure to express my gratitude to Dr. Kron for permission to use his photo- 
metric results and to thank Miss L. Ware for making the necessary microphotometer 
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THE SPECTROGRAPHIC ORBIT OF THE COMPANION TO RIGEL* 
RoscoE F. SANFORD 


ABSTRACT 


The orbit of the companion of Rigel has been determined from eighteen spectrograms with a 
dispersion of 10 A/mm. This orbit differs little from a circle. The period is 9.860 days; the ratio of the 
masses of the two components, m2/m, = 0.767; (a; + a2) sini = 7.771 & 10° km; and the center of mass 


velocity, y = +19.1 km/sec. 
No satisfactory reconciliation of the double-star observations with the spectrographic orbit seems 


possible at present. 
The difference between the systemic velocity of the companion and the velocity of Rigel itself cannot 


be precisely stated but probably does not exceed 4 km/sec. 


The system of Rigel is composed of star A and a companion (here called B) distant 
9”5, in position angle 201°. Their visual magnitudes are 0.34 and 6.67, respectively. No 
certain change in relative position has been observed in one hundred years. This fact, 
together with the appreciable proper motion of Rigel, is considered by S. W. Burnham! 
as evidence that Rigel and companion form a physical system. 

Spectrograms of B taken in 1912, 1913, and 1934-1936 at Mount Wilson (dispersion 
35 A/mm at Hy) indicated a variable radial velocity, but no satisfactory period could 
be obtained. 

The reason for this became apparent when, in 1937, spectrograms were obtained with 
the coudé grating-spectrograph (second order) and 32-inch Schmidt camera. The higher 
dispersion—10 A/mm—clearly showed that lines from the spectra of two components 
are present. The difficulty with the low-dispersion plates had, therefore, been that the 
component lines were almost always blended. Altogether, eighteen coudé spectrograms 
(Table 1) have been obtained, eleven of which show satisfactory lines of the components, 
both of which are of spectral class B9. Although fast and relatively coarse-grained plates 
had to be used, numerous lines of H, He 1, Mg 1, Siu, C 11, and Ca 11 were measurable 
in the primary spectrum. The secondary spectrum, although only slightly fainter than 
the primary, showed fewer lines, \ 4481 being by far the best for measurement. 

These velocities, when brought to one epoch with a period of 9.860 days, are about 
equally divided between the two phase-intervals during which component velocities can 
be measured and are fairly well distributed over these intervals. More velocities would, 
of course, be desirable, but another observing season, at least, would be required to add 
a significant number. It has therefore been decided to publish an orbit based on the data 
in Table 1. 

The period of 9.860 days is considered to be substantially correct, since it satisfactorily 
assembles the velocities over an interval of four years or during more than one hundred 
and fifty orbital revolutions. The other elements of the primary have been obtained by 
comparing the plotted observations with typical velocity-curves. The elements e, w, and 
T are not well determined because there are too few velocities, the probable errors are 
fairly large, and, when the velocities are near the y-axis, the lines of the component stars 
blend and do not furnish separate velocities. A circular orbit may perhaps serve as well 
as the orbit whose elements appear in Table 2. 

The velocities of Table 1 are plotted in Figure 1 together with the velocity-curve of 
the primary. The velocities of the two components, measured upon eleven of the spectro- 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 661. 
' General Catalogue of Double Stars, 2, 411, 1906. 


421 


he | 
ns 
in 
n- 
id 
st 
it 
= 
n 
K- 
), 
it 
e 
e 
y 
n 
n 
Is 
e 
|_| 


422 ROSCOE F. SANFORD 


grams, yield another determination of the systemic velocity and also the ratio of the 
masses of the two components. The graphical method suggested by Olin C. Wilson? gives 
TABLE 1 
VELOCITIES OF RIGEL B 


VELocITY 
(K/SeEc) 
PLATE JD* PHASE 
| Prim. | Sec. 
Gowdé W535) 2428829 994 | +04 | +56.2 
ee 81.942 | 2.306 | +23.2 
9626 .733 3.397 + 2.2 +44 3 
| 27.814 4.478 — 2.5 +48 .3 
28.756 5.420 — 1.1 +51.3 
48 635 5.579 — 2.4 +55.5 
48 844 5.788 — 1.8 +44.1 
57.694 4.778 — 2.5 | +55.0 
9713 .642 1.566 +28.7 
9916 O11 6.735 +16.9 
17.012 7 +27.0 
| 18.986 9.710 +52.9 | -—16.9 
20.008 0.872 | — 3.7 
| 274.992 | 0.806 | +378 —53 
| 333.823 | 0.567 +40.9 — 8.2 
* The decimal is reckoned from noon G.M.T. a 
TABLE 2 | 
ELEMENTS OF RIGEL B 
Periastron passage.............. ts | | JD 2429633 196 G.M.T. 
Angle of periastron.............. w | 10° 
of velocity varia- {Ky | 
Systemic velocity. +19 1 km/sec 
a, sin i 3.373108 km 
4.398 X km 
my sin’ 0.11340 
my sin? 0.08370 
mM | 
0.767 ( 
m, 
y = +20.5 km/sec and m2/m, = 0.767. This value of y is 1.4 km/sec larger than that 
in Table 2. K2 = 32.6 km/sec follows from the above mass ratio and K, of Table 2. t 
The mean distance and mass functions are in Table 2. The smallest value of the dis- I 
tance of the centers, a, + a2 (fori = 90°) is 7.771 K 10®°km. There seems to be no evi- t 


2 Mt. W. Contr., No. 640; Ap. J., 93, 29, 1941. 
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dence of variability in the light of B, and hence it may be concluded that 7 is not close 
to 90°. Although the mass-luminosity relation might be assumed and 7 derived thereby, 
this is mere speculation; it would be much more to the point to be able to derive inde- 
pendently a value for 7 and thus contribute new evidence on the mass-luminosity rela- 


tion. 
Burnham! has made the following interesting comments about the companion of Rigel, 


which he calls BC: 


In 1889 and 1890 it [the companion of Rigel] was certainly single with the 36-inch, with the 
highest powers under the very best conditions. If the distance had been as much as 0°05, it 
would have been noticed on some of these occasions with the large refractor. At this time it 
seemed at least possible that the observed elongation was not real and that it was not double 
after all. Later the duplicity was fully confirmed by Aitken and Hussey with the 36-inch re- 
fractor at Mount Hamilton. Since that time these observers, at my special request, have 
examined this star at frequent intervals. The distance is probably always under 072 and ap- 
parently this lasts but a short time. The components are so nearly equal that the quadrants 


+30 


VELOCITY KM/SEC 


' 2 3 4 5 6 7 8 9 10 DAYS 
PHASE 


Fic. 1.—Radial velocities of the companion to Rigel (Table 1). Circles indicate the primary; dots, the 
secondary. The velocity-curve of the primary is that given by the elements of Table 2. The velocity of 
the system is shown by the broken horizontal line. Phases are reckoned from periastron. 


given by the different observers have no significance and all are subject to a correction of 180°. 
That this pair is in very rapid motion cannot be doubted and the period may be shorter than 
that of any known pair. 


To this statement may be added these remarks by R. G. Aitken: ‘I have no hesita- 
tion in stating that the star was certainly double in 1898-99 and in 1911. The measures 
in January, 1903, I think are also reliable.”’* His measures range from a separation of 
0718-0712 in 1898-1899 to 0709-0705 in 1903. 

These observations naturally raise the question whether the visual pair and the spec- 
troscopic binary are identical. This seems quite untenable, for a separation of the two 
components of the visual double even as large as 0"1 and a reasonable parallax of Rigel 
cannot be reconciled with the values of a; sin 7 and a2 sini without making 7 exceedingly 
small and, therefore, m, and m, far larger than can possibly be admitted. 

Of course, it is possible to assume that Rigel’s companion is triple, composed of the 
spectroscopic binary and another star. This, however, would require that the third star 
be considerably fainter than either component of the spectroscopic binary. This is con- 
trary to the evidence of the double-star observers who have found the two visual com- 
ponents to be equal. Furthermore, the value of y for the spectroscopic binary would 
then be expected to undergo changes as the binary and the third star revolved around 


3 Pub. Lick Obs., 12, 39, 1914. 
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their common center of mass. If Burnham’s conclusion concerning a very short period 
is correct, this change in y should manifest itself in the time covered by our observations, 
But neither the coudé velocities nor the earlier low-dispersion velocities show any cer- 
tain variation in y. The double-star and spectroscopic observations of Rigel’s companion 
are still to be reconciled. 

As has been stated, Burnham considered the relative fixity of A and B, together with 
the proper motion of A, as evidence that the stars form a physical system. It would be 
of interest to know how the systemic velocity of B and the velocity of A compare. 

The velocity of Rigel according to the catalogue of radial velocities by J. H. Moore! 
is +23.6 km/sec—a value 4.5 km/sec larger than the systemic velocity of the compan- 
ion, B. Other comparisons are afforded by twenty-two spectrograms photographed at 
Mount Wilson with a dispersion of 2.9 A/mm on Cramer Contrast plates. The following 
mean velocities have been obtained: 


Lines Km/Sec 


The mean for H is in good agreement with the catalogue value. But O. Struve® found 
the absorption Ha line to be accompanied by emission and shifted about an angstrom to 
the violet. Mount Wilson observations show that the emission varies and that the ab- 
sorption line Ha is displaced through a considerable range on various plates. Although 
emission has not been detected with other H lines, it is conceivable that their positions 
may be affected. Hence these lines may not furnish the true radial velocity of Rigel. 

The mean for He rests upon measures of the wide and shallow He lines, which, how- 
ever, are measurable with fair precision on these high-dispersion plates. 

Since the lines of the ionized elements are relatively sharp, they probably yield the 
most reliable value for the radial velocity. 

The systemic velocity of B is within 2 km/sec of the mean velocity of Rigel, whether 
derived from the lines of He or from those of the ionized elements. Thus Burnham’s con- 
clusion that A and B form a physical pair is confirmed. 

CARNEGIE INSTITUTION OF WASHINGTON 
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4 Pub. Lick Obs., 18, 41, 1932. 
5 Ap. J., 77, 67, 226, 1933. 


THE SPECTROGRAPHIC ORBIT OF 42 CAPRICORNI* 
Roscoe F. SANFORD 


ABSTRACT 


Twenty-nine additional velocities, together with fifty-nine already published, furnish a new set of 
mean elements of 42 Capricorni. Fourteen of the velocities were obtained from thirteen to eighteen years 
later than the velocities upon which previous sets of elements have been based. 

The new elements are in good agreement with those of H. Spencer Jones. The mean residuals seem to 
bear out his conclusion that the velocity of the system varies, perhaps in a period as long as thirty years. 


Joseph Lunt! has published two papers on the orbit of the spectroscopic binary 42 
Capricorni (HD 206301; a 21" 36™1,6 —14° 29’, Sp. G5, Mag. 5.3). In addition, H. Spen- 
cer Jones® has based a paper upon fifty-four observations from 1917 to 1923, sufficient 


TABLE 1 
RADIAL VELOCITIES OF 42 CAPRICORNI 

Plate* JDt Velocity Plate* JDt Velocity 
km/sec km/sec 
2421475.812 —26.0 2427970 .985 —25.1 
2150.985 5.3 71.994 —15.8 
2524.94 +18.7 8028 . 827 +12.7 
2618.69 +10.2 30.803 +16.6 
21.637 —24.3 62.802 —30.1 
2889 933 + 5.9 63.732 —30.8 
91.922 +13.2 64.684 —23.7 
2961.72 + 43 9182 .742 —31.3 
98 +18.4 83.791 —29.4 
08.56 + 3.8 21508........| 2429205.634 | + 9.0 
3664 .826 —17.5 | 23471........| 2430157.985 —30.8 
12174 96.683 +18.2 | 58.988 —25.2 

—24.1 


3715. 684 | | 
* Plate numbers refer to Mount Wilson observations. These have not been previously published. The five observations 
without plate number are taken from Pub. Lick Obs., 16, 316, 1928. 

t The decimals are reckoned from noon G.M.T. 


for an independent determination of the elements for each of the years 1917, 1920, and 
1923. He concluded that there is a progressive change in the value of the systemic veloc- 
ity, y, but found no certain changes in other elements, such as were earlier suspected by 
Lunt. W. J. Luyten’ rediscussed the orbit on the basis of the data in Lunt’s papers and 
concluded that they did not prove that even the systemic velocity varies. All the 
observations seemed to him to be well satisfied by one set of elements. 

Twenty-four velocities obtained at the Mount Wilson Observatory and five obtained 
at the Lick Observatory have not as yet been used in a discussion of the orbit of this 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 662. 
1Ap. J., 47, 134, 1918; Cape Ann., 10, Part 6, 3F, 1921. 
*Cape Ann., 10, Part 8, 1928. 3 Pub. Obs. Univ. Minnesota, 2, 17, 1934. 
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star (see Table 1). The Lick plates were obtained in 1920-1921. Of the Mount Wilson 
plates, ten were obtained in 1917-1922, fourteen in 1935-1941. 

The earliest and latest observations of 42 Capricorni are separated by so many orbital 
revolutions that the period derived from them may safely be assumed as definitive. The 


TABLE 2 
ELEMENTS FOR 42 CAPRICORNI 


SANFORD, 1917-1941 Jones, 1917-1923 
ELEMENT 
| 
Preliminary | Corrections | Final Mean Elements 
JD 2422069107 | +04148 | 2069.255+0 244 | 2069.176+0 085 
12075 | +4°92 | 175°42 +5272 172°48 +2°65 
0.17 —0.0125 0.158+0.016 | 0.195+0.008 
Peete Doc 24.0 —1.0 23.0 +0.4 23.32 +0.21 km/sec 
—1.5 —0.3 —1.8 —1.45 km/sec 
my sin? i 


J0 2422068 70 72 74 76 78 80 


Fic. 1.—Radial velocities of 42 Capricorni. Dots, circles, and crosses represent observations from the 
Cape, Mount Wilson, and Lick Observatory, respectively. The curve is derived from the elements of 
column 4, Table 2. The broken horizontal line represents the velocity of the system. Phases are reckoned 
from periastron. 


TABLE 3 
MEAN RESIDUALS 


Interval | No. | Mean Residual | Interval No. | Mean Residual 
1917-1918.......| 23 | —2.3km/sec || 1935............ 8 +0 4 km/sec 
1919-1921....... 26 +0.4 1} 1938-1941....... 6 —1.3 
1922-1923... 25 | 41.7 


other five elements were approximated by Russell’s method, using thirteen normal places 
based upon all eighty-eight velocities. Corrections were then obtained by a least-squares 
solution. Table 2 contains these preliminary elements, the corrections, the final elements, 
and Jones’s mean elements. 
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Individual velocities are plotted in Figure 1, where the velocity-curve is defined by 
the elements of the fourth column in Table 2. Residuals were scaled from the figure, and 
these furnish the probable errors accompanying the elements. The probable error of a 
single velocity is + 3.2 km/sec. The mean values of these residuals are given in Table 3 
for time intervals in which the number of velocities is large enough to make such means 
fairly reliable. 

Although the eighty-eight velocities are well distributed about the velocity-curve in 
Figure 1, there are several reasons for suspecting that the systemic velocity varies. First 
of all, the probable error obtained for a velocity of unit weight, + 3.2 km/sec, is too high 
for the G5 spectrum of 42 Capricorni. In the second place, the probable errors of the 
elements do not seem to become less when the number of velocities and the observed 
interval increase. In the third place, the mean residuals in Table 3 show a progression 
consistent with a variation of the systemic velocity in a period of thirty years or more. 
Unfortunately, no observations were obtained during 1923-1935, a critical interval for a 
determination of the maximum positive mean residual. Observations during. the next 
few years will be needed to confirm and evaluate the maximum negative mean residual. 
Nevertheless, Jones’s conclusion that the systemic velocity varies is probably correct. 
The new elements (Table 2) are in good agreement with those of Jones, except that the 
eccentricity is somewhat smaller. 
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SPECTRAL STAGES OF NOVAE 
DEAN B. McLAUGHLIN 


ABSTRACT 


Systems of absorption and emission lines in the spectrum of a typical nova are briefly enumerated 
and described. Criteria for assignment of a nova spectrum to stages of development are defined in terms 
of (1) emergence, maximum strength, and disappearance of each absorption system and (2) intensity 


ratios of certain pairs of emission bands. 
Spectra of seven bright novae have been examined in detail. Dates and differences of magnitude from 


maximum light are tabulated for each of twenty-six spectral stages, and these are combined into a table 
of chronology of a typical nova spectrum. ‘Some deviations of individual objects from the average and 
some differences between rapid and slow novae are discussed briefly. 


INTRODUCTION 


A few years ago the writer! published dates and magnitudes at which six bright novae 
passed certain stages of spectral development. That work was based mainly upon Ann 
Arbor spectrograms of five stars and upon what could be gleaned from the literature on 
Nova Pictoris. Since then, through the courtesy of the directors of several observatories, 
it has been the writer’s privilege to examine a great number of additional spectrograms 
and to fill in the gaps which existed in the Ann Arbor series. In particular, a study of 
Lick and Yerkes plates of Nova Persei and of published reproductions of its spectrum 
has made it possible to add that star to the list of those which furnish a detailed record. 


In the course of this work it has also been possible to define several spectroscopic stages 


in addition to those which were listed in the earlier paper. 

It is expected that a more detailed discussion of the typical nova spectrum will be 
published at a later date. In the following sections we give a brief summary of the 
absorption and emission systems and definitions of the spectroscopic stages. 


ABSORPTION SYSTEMS 


1. The pre-maximum absorption lasts from the earliest date at which any nova has 
been observed on the rise until at least a day or two after maximum light (longer in a 


few cases). 

2. The principal absorption spectrum becomes dominant within the first few days after 
maximum. Its displacement is greater than that of the pre-maximum spectrum.’ It 
usually resembles the spectrum of a class A or F supergiant. 

3. The diffuse enhanced absorption is a set of very strong and diffuse lines of hydrogen 
and ionized metals, with a displacement roughly double that of the principal spectrum. 
Its lines tend to sharpen and become multiple in its later stages. 

4. The Orion absorption, a set of strong diffuse lines of He 1,O 1, and N 11 (sometimes 
with and sometimes without hydrogen), emerges later, with a velocity sometimes nearly 
equal to that of the diffuse enhanced spectrum but in some cases very different from the 
‘latter. 

5. The strong absorption lines NV 111 4097, 4103 belong to the Orion spectrum, but 
they persist after the remainder of that system has disappeared. 

The sequence of events will be evident from a study of the tables of dates of appear- 
ance and disappearance of these groups of lines (Tables 2, 3, and 4). 


1 Ap. J., 85, 362, 1937. 
2 The principal and pre-maximum absorptions coexist for a time shortly after maximum. 
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EMISSION SYSTEMS 


1. In Nova Herculis an emission spectrum was associated with the pre-maximum 
absorption, and in some other novae there has been evidence of a faint pre-maximum 
emission. 

2. The principal emission spectrum appears after maximum light and is clearly as- 
sociated with the principal absorption. The redward edges of its bands have displace- 
ments roughly equal and opposite to those of the lines of the principal absorption. 

3. A diffuse enhanced emission spectrum is associated with the corresponding absorp- 
tion, but it is commonly seen only in the lines of hydrogen and the strongest lines of 
Feu, and at H and K of Cal. Its redward edges have displacements about equal and 
opposite to those of the diffuse enhanced absorption lines. 

4. Orion emission is associated with the Orion absorption. The bands are for the most 
part very vague and wide, and their centers are undisplaced.* 

5. The diffuse ‘‘4640” emission and that at N mt 4097, 4103 are part of the Orion 
emission spectrum, but they persist after that group as a whole has disappeared. It is 
especially emphasized that these lines also have members in the principal emission 
spectrum after the diffuse bands have disappeared. 

6. The‘‘ nebular” emission spectrum is simply a continuation of the principal emission 
spectrum under altered physical conditions. The velocities and band structures leave no 
doubt on this point. The body of gas which gives rise to this set of bands eventually 
appears as a visible nebula expanding about the nova. 

7. After the expanding nebulosity has faded, a post-nova stellar emission spectrum is 
visible on the continuous spectrum of the nuclear star. Its bright lines are much nar- 
rower than were the bands which constituted the spectrum of the expanding shell. 


CRITERIA OF SPECTROSCOPIC STAGES 


The first emergence, maximum strength, and disappearance of each absorption and 
emission system should obviously furnish a recognizable stage of development. In prac- 
tice it is not possible to use the pre-maximum spectrum in this manner, but one stage is 
marked by its change from class B to class A. The maximum strength of N m1 absorption 
is poorly defined and not usable. The greatest intensity of the principal absorption fol- 
lows so closely after its emergence that it is not sufficiently independent. With these ex- 
ceptions, however, the absorption spectra define a number of stages. 

The emergence and disappearance of the principal, diffuse enhanced, and Orion emis- 
sions are so closely bound up with the absorptions that they contribute no additional 
information. However, the emergence and disappearance of the “4640” band (its diffuse 
member in the Orion spectrum) are two usable stages. 

Other criteria depend on relative intensities of lines in the principal emission spectrum. 
Changing conditions of excitation and density are reflected in the alteration from a set of 
bright lines of hydrogen, Fe 11, and a few other elements, to a typically nebular spectrum. 
The following stages appear very well marked in those novae for which the record is suf- 
ficiently detailed. 

1. The‘‘|O 1] flash.”—A quick passage of the [O 1] emissions from less conspicuous to 
more conspicuous than neighboring lines of Fe 11 is fairly well defined. The criteria are 
approximately 


[O1] 5577 | 


(01) 8577 [01] 6300 _ 
Feu 5534 


Feu 6248 


[O1] 6363 _ 


Fem6248 


* The term ‘Orion emission”’ is strictly limited to these diffuse bands. Well-defined bands of He 1, 
Ou, N 0, etc., with the same widths and structures as those of hydrogen, are referred to the principal 
spectrum. 
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2. The‘‘|N 11] flash.”’—A rapid increase of [N 11] 5755 relatively to the permitted line 
N 11 5680 and to the auroral [O 1| line occurs shortly after the [O 1] flash. The criteria are 


approximatel 
5377 


3. The ‘‘helium flash.’’—A rather quick replacement of the D emission lines of Na 1 
by the Ds line of He 1 is well marked. As the He 1 line increases, the Na I emission fades 
rapidly. The criterion is 

He 5876 


Vat 5890-5896 


30. 


4. In the ordinary photographic region, shortly after the helium flash, the line 
C 11 4267 becomes stronger than Fe 11 4233, and almost simultaneously He 1 4472 sur- 
passes Fe 114515. A recognizable stage is given by the criteria 


Cu4267 He t4472 _ 
Fem 4233" Feu 4515 
5. Additional stages.—These are determined by the intensities of the nebular lines of 


[O 111] relative to the emissions of hydrogen and Fe 11. Thus, each of the following criteria 
defines a point in the normal development: 


1.0. 


ut] 5007 


First trace of [O m1] 5007 ; ao 1.0 ; 
[Om] 4959 _ [Om] 4363 9. 
Fett 4924 Hy 
[Om] 5007 4959 
=1.0; = 1.0; 

[Om] 4959 _ [Om] 4959 
HB =1.5; Hp = 2.0. 


6. Departures from uniformity.—In the further history of the spectrum there are large 
departures from uniformity. Although some novae have shown the ratio {O 111] 4959/Hg 
as great as 5 or even 10, others for which the record is clear do not show it exceeding 2. 
Indeed, Nova Pictoris never had [O 111] lines as strong as those of hydrogen, and in its 
record the corresponding stages were nonexistent. The maximum relative strength and 
the disappearance of the {O 111] emissions likewise occur at very different parts of the 
decline in different novae, though there is rough agreement for Nova Aquilae, Nova 
Persei, and Nova Cygni. 

It is important that in every case the determination of a stage from the criteria should 
be based on interpolation from several observations rather than upon a single datum. 
Allowance must be made for oscillatory changes in the line ratios which accompany 
fluctuations of light. 


SPECTROSCOPIC STAGES OF SEVEN BRIGHT NOVAE 


Most of the stages which have been mentioned can be recognized in the spectra of the 
seven bright novae of this century. The writer has made a detailed examination of most 
of the available spectrograms of these stars, with the exception of pure duplications. 
Curves have been drawn for each line ratio, and the stages have been interpolated from 
them. For each stage two quantities may be tabulated: (1) the time interval from 
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TABLE 1 
DIFFERENCES BETWEEN TRUE AND 
Licht MAxIMuM 
SMOOTHED LiGHT-CURVES 
Nova 
| 
Date | Magnitude Early Decline Transition 
Lac 1936....| June 20.4* +2.1 0™=0 +0"5 
Aql 1918....; June 10.0 | —1.1 0.0 +0.7 to —0.4 
Per 1901....| Feb. 23.5t | +0.2 0.0 +0.8 to —0.8 
Cyg 1920....| Aug. 24.0t | +2.0 0.0 +1.4 
Gem 1912....) Mar. 14.5 +3.5 —1.0to +0.5 +0.4 to —0.5 
Her 1934....| Dec. 22.5* | +1.4 —0.9 to +0.9 +7:(min.) 
Pic 1925....| June 8* | +1.2 —1.3to+1.1 +0.5 
t G.M.T. (old style). 
TABLE 2 
DIFFERENCE OF MAGNITUDE FROM LIGHT-MAXIMUM TO EACH 
SPECTROSCOPIC STAGE FOR SEVEN NOVAE 
| | 
Nova | Nova Nova | Nova Nova! Nova | Nova 
Spectroscopic Stage Lac | Aql Per | Cyg | Gem Her Pic Mean 
| Am 
Change from B to A (pre-maximum absorp- | | | 
Emergence of principal absorption spec- | 
6.2; @2 | 1.4; 08] 0.2; 0.6 
Emergence of diffuse enhanced absorption. 0.8 13 06 14 #16; 1.3} 1.8) 1.2 
Maximum of diffuse enhanced absorption.. 1.6 1.7. 2 0:| 2.5| 2.1 1.0) 2 28 
Emergence of Orion absorption.......... 2.2) Lal 
Multiple hydrogen absorption. .......... 19) 3.$| 24] 234 
Maximum of Orion absorption. ..... 2.4) 2:9 | 2.3:| 2.7 | 24) 
Disappearance of diffuse enhanced absorp- | 
Appearance of diffuse “4640” emission... 3.2) 3.4 3.2 2.2} 2.4] 3.3) 3.0 
{O 11] emission first traced.............. 4.01 3.7 | 4:5) 2:7) 
\ 4267 4233; 4472=d 4515 (principal | | 
Disappearance of principal absorption.... 3.9 5.0 41) 48 3.2) 3.2:| 3.7) 41 
4.3) 5.0: 43) 3:5) 44 
Disappearance of N m1 absorption....... 4.1 50 ....... 3.6| 4.4: 
Disappearance of diffuse ‘4640’ emission 46 56 48:) 54, 5.5} 3.2) 3.8) 4.7 
5.3) 51 5.1} 6.2) [3.9]} [4.0]| never} 4.9 
60) 5.9| 6.4| 4.4] [4.3]| never} 5.4 
Disappearance of 11.3:| 11.1:| 13: (ii: 


| 
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maximum of light to the stage concerned and (2) the difference between the magnitudes 
at maximum and at the stage in question. In what follows we shall refer to these as 
At and Am, respectively. 

The determination of A¢ would require no comment, were it not for the oscillatory 
changes of spectrum which accompany fluctuations of light. Where line ratios are con- 
cerned, smoothing of the curves has been resorted to as the only possible expedient, 4 
joint study of the light and spectral variations has been made in each individual case, 

The measurement of Am also is rendered difficult by the irregular variations of light, 
Smoothed light-curves have been adopted for this purpose. Points which departed far 
from the smoothed curves were regarded as abnormal, and the spectrum was likewise 
considered abnormal at such times. By interpolation, however, it is believed that cor- 
related smoothed spectral stages and smoothed magnitudes have been obtained. The 
adopted form of curve was one with continuous upward concavity, so drawn as to aver- 
age the secondary fluctuations. In the transition stages, however, large deviations oc- 
curred in the direction of relative faintness of the true magnitude. Nova Herculis fur- 
nishes the most conspicuous example of such departure. 

Table 1 gives dates and magnitudes of maxima and minima of the seven novae and 
shows the amount of deviation of the true light-curve from the smoothed one for two 
divisions of the decline—the ‘‘early decline’ and the ‘‘transition.’’ 

In Table 2 the first column contains the designation of each spectroscopic stage, and 
the next seven give the values of Am for each of the seven novae. The figures in brackets 
are ‘‘hypothetical” values, which depend on the use of the normal sequence of stages as a 
function of Am for interpolating the positions of unobserved stages between well- 
observed ones. In the formation of the bracketed values, at least two stages preceding 
and two following the stage were used wherever possible. A couple of short-range ex- 
trapolations have been made, but no fictitious stages have been introduced; for example, 
the last few stages which involve strong nebular lines were never reached by Nova 
Pictoris and hence the corresponding spaces in the table are blank. 

The last column of Table 2 contains the ‘‘adjusted mean”’ value of Am for each stage, 
based on all seven novae. In its formation the bracketed values have been included with 
full weight. In only one case does this differ from the mean of the observed values 
(bracketed figures omitted) by more than 0™2. 

The last three lines of the table, which are set apart from the rest, give data for the 
discordant late stages of the spectrum. They are included for completeness of the record 
and have not been used in any way which would influence the other results. 

Table 3 gives in similar form the values of A¢ in days after maximum light for all the 
stages of the seven novae. The figures in brackets are the intervals corresponding to the 
bracketed values of Am in Table 2. At the foot of each column is given the time required 
to decline through 3.0 mag. from maximum, as measured on the smoothed light-curve. 
This interval is adopted as a unit for the time scale of each nova. 

The last column of Table 3 contains the ‘‘ mean relative A?’’ based on all seven novae. 
It is the logarithmic mean of the seven values of At when expressed in terms of the unit 
just defined, the time required to decline through 3.0 mag. 


CHRONOLOGY OF A TYPICAL NOVA 


When the logarithm of “mean relative At’’ from Table.3 is plotted against the mean 
Am from Table 2, all the points after light-maximum, with the exception of the first two, 
lie very close to a straight line. This line was used to form smoothed values of Af, simply 
by reading off the logarithm corresponding to the mean Am. Table 4 is the resulting 
chronology of a typical nova. The spectroscopic stage is named in the first column, 
Am is given in the second, and the smoothed relative A¢ (in units of the interval for a 


4 These terms are defined in the writer’s study of light-curves of novae (Pop. Astr., 47, 418, 1939). 
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3.0-mag. decline) in the third. Considering the very large amount of observational ma- 
terial that has been incorporated in this study, it seems unlikely that any appreciable 
revision of this table will be possible until additional data are supplied by future novae. 

Table 4 gives not only the spectroscopic history but the typical light-curve as well]. 
A plot of Am against A? gives a smooth curve which may be regarded as the typical form 
for a nonfluctuating nova. The individual characteristics of the seven light-curves have 
been averaged out.° 

TABLE 4 

CHRONOLOGY OF A TYPICAL NOVA 


| Smoothed 


Spectroscopic Stage | —— Relative 
At 
Change from B to A (pre-maximum absorption)... . . . | ( 1™5) (- 0.1) 
Emergence of principal absorption spectrum.......... 0.04 
Emergence of diffuse enhanced absorption........... 0.16 
Maximum of diffuse enhanced absorption............ 0.42 


Emergence of Orion absorption..................... 
Multiple hydrogen absorption...................... 
Appearance of N absorption. 
Maximum of Orion absorption...................... | 
Disappearance of diffuse enhanced absorption........ 
Appearance of diffuse ‘‘4640”’ emission............... 


0. 
0.8 
0.8 
0.8 
1.0 
1.0 
Disappearance of Orion absorption.................. 125 
Disappearance of principal absorption.............. 1 Ye 
Disappearance of N 111 absorption................... 4: Bot 
Disappearance of diffuse ‘‘4640”’ emission............ 7 3.5 
Disappearance of [O m1] emission................. AGS: +(200:)* 


* The last three entries are merely intended to give a rough indication of the difference of magnitude 
and the time interval from maximum for these stages. Individual novae are extremely discordant in 
these final stages. 


DISCUSSION 


Inspection of Tables 2 and 3 will show that no individual nova conforms precisely to 
the average pattern. We therefore investigate briefly the deviations of individuals from 
the average. In Figure 1 the data are plotted for the four most rapid of the seven stars: 
Nova Lacertae, Nova Aquilae, Nova Persei, and Nova Cygni. The four plots in the 
upper half of the figure have the mean log Af as abscissa and log A¢ of the individual nova 


5 Tn an earlier tabulation (McLaughlin, of. cit., p. 367) the values of At were expressed in days, corre- 
sponding to Am on the light-curve of Nova Lacertae 1936. The present tabulation is free from the ob- 
jection of dependence upon the light-curve of a single object. 
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Log At 5 
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Fic. 1.—Individual comparisons of four rapid novae with the average spectroscopic behavior of seven 
novae. L’pper row: Logarithms of relative time intervals from maximum to each spectral stage (unit is 
time required to decline 3.0 mag. from maximum). Lower row: Differences of magnitude from maximum 
at each stage. In each plot, the abscissa refers to the mean of seven novae; the ordinate refers to 
the individual object. 
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Fic. 2.—Individual comparisons of Nova Geminorum and two slow novae with the average spectro- 
scopic behavior of seven objects. Arrangement of plots is similar to that of Fig. 1. 
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as ordinate. The four lower diagrams show the relations of Am in the same form. Figure 
2 is arranged in the same way for the other three novae, which declined more slowly, 

Although some of the deviations are conspicuous, they are mainly systematic, and 
actual scatter is not great. The largest systematic differences in Am are just 1™0 in 
opposite directions for Nova Cygni and Nova Geminorum. The former would have de- 
parted even farther if the observed light-curve, instead of a smoothed one, had been 
used. 

The departures of log A¢ for the most part exhibit the same general form as those of 
Am. Nova Cygni is an exception; in spite of the large deviation of Am for the later 
stages, the values of log Af lie almost on the 45° line. This is true also of Nova Gemi- 
norum. The differences in log At show that Nova Aquilae took 2.5 times as long to reach 
the later stages as one might have expected from the rapidity of its decline through the 
first 3 mag., while Nova Herculis took only one-fourth as long as expected. These are 
extreme cases; in general the accordance is much closer. 

Another relation that can be seen in these diagrams is the relative rapidity of develop- 
ment in the later stages of the two slowly changing stars, Nova Herculis and Nova Pic- 
toris. Both reached their later stages at a brighter magnitude than the average, and 
Nova Geminorum showed similar behavior. Likewise, the spectra of the two slow novae 
changed more rapidly in their later stages, as compared with their earlier ones.® 

Finally, we mention another marked difference between rapid and slow novae. The 
two slow ones had strong forbidden lines of Fe 11 in the ‘‘transition” stage. These have 
never been found in rapid novae. The [Fe 11] emissions also appeared in great strength in 
the slowly changing star DO Aquilae, in the still slower RT Serpentis, and in the very 
slow nova-like object » Carinae, in whose spectrum they are still strong. Apparently 
they are typical of the spectra of slow novae but are somehow inhibited by the physical 
conditions in the rapidly changing objects. On the other hand, a common feature of the 
spectra of rapid novae is poorly developed in the slow ones. The well-known absorption 
lines N 111 4097, 4103 were not recorded at all in Nova Herculis and were very weak in 
Nova Pictoris. They were occasionally present in Nova Geminorum, but they had no 
continuous existence in great strength. 

From the foregoing remarks it will be evident that Nova Geminorum had some of the 
characteristics of a slow nova, although its rate of decline was within the range of the 
rapid ones. Another point of difference between Nova Geminorum and other fast novae 
was the irregular nature of its early decline, which is strongly suggestive of the secondary 
maxima of Nova Pictoris. 


The author is greatly indebted to the directors of several observatories for placing 
spectrograms at his disposal. Dr. Walter S. Adams, director of the Mount Wilson Ob- 
servatory, and Dr. W. H. Wright, director of the Lick Observatory, made available a 
large number of spectrograms of many novae, both bright and faint. Dr. Otto Struve, 
director of the Yerkes Observatory, kindly loaned series of spectrograms of Nova Gem- 
inorum and Nova Persei. Other excellent series of Nova Geminorum were loaned by 
Dr. V. M. Slipher, director of the Lowell Observatory, and by the late Dr. F. C. Jordan, 
director of the Allegheny Observatory. To all of these the writer records his sincere 
thanks. The investigation was materially aided by a grant from the research funds of 
the Horace H. Rackham School of Graduate Studies of the University of Michigan, 
which is gratefully acknowledged. 
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6 In this respect Nova Geminorum appears to differ from the two slow novae, but this may arise from 
the fact that the later criteria depend on [O 111], which was weaker in Nova Geminorum than in Nova 
Herculis. It was still weaker in Nova Pictoris, so that no corresponding points appear in Fig. 2. 


A REMARK ON METEORS 
THEODORE E. STERNE! 


ABSTRACT 


Shock waves must play an important physical part when meteors traverse the earth’s atmosphere. 
Preliminary estimates of 2,000,000° for the highest temperature reached in a meteor moving at 60 
km/sec through air initially at 180° absolute and of 70,000° after the air’s subsequent expansion are ex- 
cessive bécause of the lowering by dissociation and ionization of the effective ratio of specific heats. The 
actual temperatures, however, that arise from the shock wave must be very high. 


A projectile moving through air is accompanied by a ‘“‘shock wave’’ whenever the 
velocity of the projectile exceeds the speed of sound. Such shock waves have been photo- 
graphed many times? under experimental conditions and must accompany all meteors 
with their much higher velocities. 

Shock waves, associated with projectiles, have the following characteristics. They 
move through the undisturbed air with velocities in excess of the speed of sound; they 
involve discontinuities (or near-discontinuities) in the pressure, density, and tempera- 
ture; and they are associated with a degradation of energy such that if, after their pas- 
sage, the air is allowed to expand adiabatically to its undisturbed pressure, then the re- 
sulting density will be lower and the resulting temperature higher than the undisturbed 
density and temperature. The velocity of the shock wave, measured in the direction of 
motion of the projectile, is, in general, equal to that of the projectile. The air behind the 
shock wave has a component of velocity normal to the wave surface and relative to the 
undisturbed air in front of it, whose amount can be computed from the conservation of 
mass. The changes in density, pressure, and temperature, while not strictly discontinu- 
ous, occur in so short a distance (probably some microns at most) that for practical 
purposes they can be regarded as discontinuous; and the change in the state of the air 
upon passage of the shock wave is not adiabatic and involves a greater rise in tempera- 
ture than would occur for an adiabatic transition from the initial to the subsequent 
pressure. The maintenance of the shock wave requires the projectile to lose kinetic 
energy, which accounts for much of the resistance to its motion; and the details of the 
loss of kinetic energy involve the high pressure between the shock wave and the projec- 
tile. 

Such are some of the main features of shock waves of the type which accompany pro- 
jectiles with supersonic velocities. For the modern hydrodynamical theory, and for 
further details, the reader is referred to Lord Rayleigh,’ who gave approximate formu- 
lae for a flat-headed projectile accompanied by a plane shock wave, and to Taylor and 
Maccoll4 and Maccoll,’ who solved exactly the equations applicable to a moving cone— 
the first three-dimensional problem to yield a rigorous solution. The experiments which 
the latter authors performed were in good agreement with their theory. Both the Ray- 
leigh and the Taylor-Maccoll treatments lead to pressures and temperatures of the same 


order of magnitude. 


‘ Captain, Ordnance Department, U.S.A. 

? See, for instance, n. 5. 

3 Scientific Papers, 5, § 346, p. 573, Cambridge University Press, rg12. 
4 Proc. R. Soc., 139, 278, 1932. 

5 Proc. R. Soc., 159, 459, 1937- 
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The shock wave accompanying a meteor need not touch the meteorite itself, for the 
meteorite is probably surrounded by an envelope of liberated gas. Presumably, the effect 
of this gas is to increase the size of the “‘projectile,’’ and the latter, consisting of the 
meteorite with its surrounding layer of liberated gas, is probably very nearly touched by 
the shock wave at its most forward point. The behavior’ of experimental projectiles 
suggests that behind the meteor, sufficiently far away, the shock wave must approximate 
to a cone. 

One can estimate the pressure and temperature reached by the compressed air, be- 
hind the shock wave, at the air’s stagnation point just in front of a flat-headed projectile, 
from the equations given by Rayleigh.’ Denote by P., po, 7, and U the pressure, den- 
sity, and absolute temperature in front of the shock wave and the velocity of the shock 
wave in the direction of motion. Denote by P,, p;, 7:, the pressure, density, and tem- 
perature just behind the shock wave and by y the ratio of specific heats of the air. De- 
note by Ps, ps, 7's, the pressure, density, and temperature at the stagnation point; and by 
a the velocity of sound in the undisturbed air. Then, from Rayleigh’s equations,® it 
follows that, when U > a, 


px (1) 
while 


since the further compression between the shock wave and the stagnation point is adia- 


batic. Hence 


(y-)/7 P, Po 
Po pi 
4y Pro 4y 
from Rayleigh’s formulae. Using the equation 
2y yr-1 
(4) 
Po yti1a y¥+1 
(Rayleigh’s equation 135) and equations (1) and (3), one finds finally that 
Ty 


T, is the highest temperature reached in front of the meteor. After the meteor’s pas- 
sage, the air expands adiabatically to the undisturbed pressure P, and cools to the tem- 
perature 7 at density p. Hence 


Op. cit., p. 608. 
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Po Po P, 


T _ Po (3 
= 


(9) 


or 


and hence 


by (1) and (4). 
The speed of sound, a, depends only on the undisturbed temperature of the air and 


upon y: a? = yPo/po, or a? = const. X yTo. Taking y = 1.405, T. = 180° K, and’ 
a = 2.7 X 104cm/sec, one finds the following values from equations (5) and (6): 


U T, 
(km/sec) (°K) (°K) 
I 680 290 
20 2 1.5 X 104 
60 1.8X 108 7.4X 108 


I have computed from the exact theory of Taylor and Maccoll what 7, (the temperature 
at the cone’s surface) would be for a conical projectile of semi-apical angle 55° moving 
at 60 km/sec through air at 7, = 180° K with y = 1.405. I have obtained the tem- 
perature 1.5 X 10° degrees K, in substantial agreement with the corresponding tempera- 
ture yielded by Rayleigh’s approximate theory. 

Mention should be made here of the work of Epstein,’ who generalized an exact re- 
sult obtained by Meyer? for the two-dimensional problem of a long wedge moving at 
right angles to its axis, so as to render it applicable to a long prism moving perpendicu- 
larly to its axis. Epstein’s formulae yield pressures and temperatures’? of the same orders 
of magnitude as those yielded by the Rayleigh and Taylor-Maccoll treatments. Using 
Epstein’s formula (16), for a wedge of semi-angle 45°, with 7, equal to 180° K as before 
and with U = 20 km/sec, I find for the temperature just behind the shock wave the 
value 1.6 X 105 degrees K—again in substantial agreement with the value 2 X 105 
yielded by the simple Rayleigh treatment. 

The preceding estimates of 7, and 7 cannot be taken at their face values as the tem- 
peratures at the stagnation point and in the train after the meteor’s passage, respective- 
ly. Ionization and dissociation must lower the value of y and therefore the values of the 


? This value of 7, corresponds to a height of 80 km (see F. W. Whipple, Proc. Amer. Acad. Sci., 79, 
499, 1938). 

8 Proc. Nat. Acad Sci., 17, 532, 1931. 

9 Mitt. Forscharb. Ingenieurw. V.D.I, No. 62, 1908. 


© The temperatures are computed by me from Epstein’s formula (16). Epstein himself gives very 
much lower values for the temperatures computed, according to his own statement on page 544, from the 
same formula. For example, for a velocity of 19 km/sec Epstein gives a temperature of but 15,600° C; 
whereas I find from his formula (16), which I have verified, the value 150,000° K when I use his y and the 
values T> = 300° K, w = 45°. Unable to duplicate his small values, I am forced to conclude that Epstein 
must have made a numerical mistake. Epstein does not appear to have been aware of the work of Rankine, 
Hugoniot, and Rayleigh. The ‘‘law” expressed by Epstein’s equation (15) was obtained long before by 
Rankine (Phil. Trans., 160, 277, 1870. See n. 1, p. 590, eq. 69), was rediscovered by Hugoniot (Ec. Polyt., 
Paris, 57-59, 1, 1887-1889), and does not express a law so much as a shock-wave condition. 
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temperature that will actually be reached. Nevertheless, these crude estimates are so 
enormous as strongly to indicate that the actual temperatures, during and after the 
meteor’s passage, must still be very high. 

It is believed that shock waves accompany meteors, that they must play essential 
physical parts in the associated phenomena, and that any correct treatment of the pas- 
sage of meteors through the atmosphere must take shock waves into consideration. Here 
I have merely sketched one particular aspect of the whole problem in a very preliminary 
way. The problem deserves more extensive and more detailed analysis, which I regret 
that circumstances prevent me from carrying out. I hope that others may develop the 
physical consequences further. 


It is a pleasure to express my indebtedness to Mr. R. H. Kent, Aberdeen Proving 
Ground, who pointed out to me that shock waves must be considered in the treatment 
of meteors, who supplied me with references, and who persuaded me to carry out this 
preliminary study. 


BALLISTIC RESEARCH LABORATORY 
ABERDEEN PROVING GROUND, MARYLAND 
January 12, 1942 


NOTE ADDED IN PROOF 


I have just received from Dr. Struve a copy of the Journal des observateurs, Vol. 24, No. 10, 
October, 1941, containing a very interesting paper by Henri Muraour on the role of shock waves 
in meteors and other natural phenomena. Muraour computes the temperature just behind the 
shock wave, ignoring the further compression between the shock wave and the projectile. Despite 
this cruder treatment, his 7, agrees as to order of magnitude with the author’s 7, under similar 
conditions. Muraour’s Table A is based on an undisturbed temperature of 273° K. He further 
suggests that there may be shock waves in the sun. 


April 12, 1942 


ON STELLAR ROTATION 
MARTIN SCHWARZSCHILD 


ABSTRACT 


In section I the general problem of stellar rotation is discussed, and a special formulation, taking ac- 
count of the viscous forces in a restricted form, is given. The corresponding equations are set down in 
section II, and the first-order perturbation method for their solution is discussed in section III. For the 
special case of the standard model in slow rotation the equations are given in section IV and solved in 
sections V and VI. The solution is found to be unique and to correspond to a solid-body rotation. 


I. INTRODUCTION 


The problem of stellar rotation might be formulated as follows: To find the equilib- 
rium state of a star which possesses a nonvanishing total angular momentum. Asa first 
trial for the solution of this problem one might assume that because of the viscosity of 
the material in the star no differential motion exists and, therefore, that the star rotates 
like a solid body. Von Zeipel' has shown that the equilibrium state of a rotating star in 
radiative equilibrium can correspond to a strict solid-body rotation only in the case 
where the energy sources of the star fulfil a certain condition. Since the actual energy 
sources of stars are not likely to fulfil this special condition, one cannot expect stars to 
rotate strictly like solid bodies. 

As a second trial for the solution of the problem of stellar rotation one might neglect 
the viscous forces altogether and correspondingly permit differential rotational motion. 
The angular velocity W at a given point in the star may then be taken to be a function 
W(s, s) depending both on the distance from the equatorial plane z and on the distance 
from the axis s. Rosseland? has shown that the equilibrium equations for a star do not 
determine W(z, s) uniquely but that one may choose, for example, the angular velocity 
in the equatorial plane W(0, s) as a function of s at will; the equilibrium equations can 
then be fulfilled by choosing W(z, s) appropriate for the rest of the star. 

As a third trial to find a unique solution of the problem of stellar rotation one might 
consider the viscous forces arising from differential rotational motion throughout the 
star. These forces produce large-scale meridional convection currents. Assuming that 
large-scale convection currents can exist in a permanent state of a star only if they are 
stationary, the problem would be to find a dependence of the rotational velocity W(z, s) 
on z and s which not only satisfies the normal equilibrium equations but in addition 
gives rise to such viscous forces as to produce convection currents which are stationary. 
Randers’ has shown that a W(z, s) satisfying these conditions does not exist, except per- 
haps under special circumstances not likely to prevail for stars in general. 

As a fourth trial to find a unique solution of the problem of stellar rotation one might 
consider the viscous forces in a restricted form. A star like the sun may be taken as con- 
sisting of three zones: the convective core, the main part of the star in radiative equilib- 
rium, and the hydrogen convection zone. In the core the turbulence produces adiabatic 
equilibrium for which von Zeipel’s theorem does not hold; indeed, a solid-body rotation 
isa possible and (because of the high turbulent viscosity) the most likely solution for the 


! Festschrift fiir H. von Seeliger, p. 144, 1924. 
2 Astroph. Norvegica, 2, 173, 1936, and 249, 1937. 
3 Ap. J., 94, 122, 1941. 
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convection core. In the nonturbulent main part of the star the viscous forces are so small 
that it seems justifiable to neglect them altogether.‘ In the hydrogen convection zone 
(because of the low temperature) the turbulence is not sufficiently effective to disturb the 
radiative equilibrium; hence von Zeipel’s theorem applies and strict solid-body rotation 
is not a possible solution for this zone. On the other hand, if differential rotational mo- 
tions exist, the turbulence will produce appreciable viscous forces; these forces will ap- 
pear in two forms: (1) forces at the surfaces of the star and (2) differential stresses 
throughout the hydrogen convection zone. It is possible to eliminate the viscous surface 
forces by introducing a special surface condition for W(z, s)(the introduction of this sur- 
face condition should have the consequence of removing the indeterminateness in the 
solution for W|z, s], which is encountered if the viscous forces are neglected altogether). 
It does not seem possible in general to eliminate the differential stresses throughout the 
hydrogen convection zone; but even if these stresses should produce nonstationary cur- 
rents, one might expect the consequent disturbances not to be too serious, because of the 
shallowness of the hydrogen convection zone. 

The fourth trial to find a unique solution of the problem of stellar rotation, therefore, 
consists of the derivation of a dependence of the rotational velocity W(z, s) on z and s, 
which, on the one hand, is a solution of the equilibrium equations for a rotating star, 
neglecting the viscous forces, and which, on the other hand, takes account of the viscous 
forces in a restricted form in that it gives a solid-body rotation to the convective core 
and that it fulfils the surface condition corresponding to a vanishing viscous surface 
force. It is the aim of this paper to set down the equations for this fourth trial and to de- 
rive the solution for the special case of the standard model. 

The above formulation of the fourth trial for the solution of the problem of stellar 
rotation was instigated by most clarifying discussions with Randers at the Yerkes Ob- 


servatory. 


II, FUNDAMENTAL EQUATIONS 


The symbols used will be P for the pressure, 7 the temperature, p the density, & the 
gravitational potential, F the radiation flux per unit area, W the angular velocity, s the 
distance from the axis of rotation, G the constant of gravitation, k Boltzmann’s con- 
stant, m the mean molecular weight, x the absorption coefficient per gram, and e the 


energy production per gram. 
The equilibrium equations for a rotating star, neglecting viscous forces, are as fol- 


lows: 


Law of motion wes grad P+grad , (1) 
Poisson equation Vb =4nGp, (2) 
Radiation transfer rad T = — ote F (3) 
4acT® ’ 
. ~ 
Conservation of energy div F=ep. (4) 
k 
Equation of state P= om pl. (5) 


4 Tbid., p. 119. 


( 
i 
t 


| | 
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In the last equation the radiation pressure has been neglected. In the convective core, 
equations (3) and (4) have to be replaced by the adiabatic relation. In addition to the 
above equations the usual surface condition has to be fulfilled: 


T=0 at the surface (p=0). (6) 


To take account of the viscous forces in the restricted form discussed in the introduc- 
tion, two further conditions have to be fulfilled by the solution. First, the rotation in the 
convective core should correspond to a solid-body rotation. Hence, 


W =constant in the convective core . (7) 


Second, the viscous surface force should vanish. This can be secured by letting the 
normal component of the gradient of the angular velocity vanish at the surface.® Hence, 


(grad W) normai = 0 the surface . (8) 


Equations (1)-(8) represent the mathematical formulation of the problem stated at 
the end of the introduction. 

In preparation for the solution of the above equations, a co-ordinate system has to be 
chosen, and the equations have to be transformed to these co-ordinates. Introducing as 
independent variables the distance from the center r and the sin of the latitude u (the 
longitude as the third independent variable does not appear explicitly because of the ro- 
tational symmetry of the problem), one obtains for the differential equations (1)—(4): 


+W?r(1— = +2 (9) 
(18) 


Here, F, and F, are the radial and the latitudinal components of the radiation flux. 
Another form of the law of motion is obtained by introducing the distance from the 
center r and the distance from the axis s as independent variables: 


iad por Or’ (15) 

10P , db 

+W?s re (16) 


Equations (15) and (16) may be used instead of equations (9) and (10). 
Ibid., p. 115. 
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III. APPROXIMATION FOR SLOW ROTATION 


A strict solution of the problem set down in the previous paragraph seems mathe- 
matically difficult. An appreciable simplification is obtained by using the first-order per- 
turbation method, previously applied to rotating polytropes by Chandrasekhar.* The 
method consists of comparing a rotating star with a nonrotating star by setting 


+49, , 
p=putpa, F,=FutFa, W?=Va,} (17) 
T =T7,+T, F,= ‘ud 


where the quantities without indices refer to the rotating star, the quantities with the 
index u refer to the nonrotating star, and the quantities with the index d are the perturba- 
tions. The mathematical simplification is obtained by considering the rotation to be so 
slow as to produce only small perturbations, so that terms of second or higher order in 
these perturbations may be neglected. 

A discussion justifying the neglect of the terms of second and higher order even at the 
surface is given in appendix A. 

To derive an estimate of the maximum velocity of rotation for which the first-order 
perturbation method may still yield results of sufficient accuracy, one might compare the 
centripetal acceleration produced by the rotation at the equator with the gravitational 
acceleration. If at the equator the angular velocity is W, and the linear velocity of rota- 
tion is v, and if the mass of the star is M and its radius is R, one gets for the ratio of 
centripetal acceleration to gravitational acceleration 
_WiR_W2R®’ 3 W? _ 

GM GM GM’ 

R? 


For the sun with v, = 2km/sec one finds w = 2-10~; for an early-type, main-sequence 
star (like u, Scorpii) with zy, = 100km sec, one would find w = 2+10~*. Hence, one should 
expect the results obtained with the first-order perturbation method to be exceedingly 
accurate for the sun and to be sufficiently accurate even for moderately fast rotating B 
stars, as long as the equatorial velocity of rotation does not exceed 100 km/sec. 


w 


IV. THE PERTURBATION EQUATIONS FOR THE STANDARD MODEL 


Even though the standard model does not represent actual stars too closely, it seems 
worth while to integrate the slow-rotation equations first for the standard model before 
the corresponding much more laborious integration for a more precise model is under- 
taken, especially since the integration for the standard model should give an insight into 
the consequences of the viscosity surface condition (8). 

The standard model does not contain a convective core. Hence condition (7) is not 
applicable, and equations (12), (13), and (14) have to be fulfilled throughout the star. The 
standard model is obtained by assuming the energy generation and the conductivity to 
be constant. Hence, 


. 
= constant , K = ———- = constant. (19) 
K 


Here, it will be assumed not only that both eand K are constant throughout the rotating 
star but also that their respective values are identical with their values in the nonrotating 
star used as unperturbed standard in the first-order perturbation method. To make the 


6 M.N., 93, 390, 1933. 
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latter assumption physically reasonable, the nonrotating star should be chosen so as to 
have the same central temperature and central density as the rotating star. Hence, cor- 
responding to equation (17), 


T,=0, pa=0, at the center . (20) 


Having introduced the assumptions (19) and the developments (17) into the funda- 
mental equations of section II, one may (neglecting all terms of second or higher order in 
the perturbations) split each equation into two, the unperturbed equation containing all 
zero-order terms and the perturbation equation containing all first-order terms. 

The unperturbed equations one finds to be identical with the normal equations for the 
standard model. Hence the solution is given by 


T, =T.-6, Pu = , P, =P. 


(21) 


where 6 as function of & is the Lane-Emden function of index 3. Between the constants 
the following relations exist: 


_ _k& = ER 


The perturbation equations (corresponding to the fundamental equations [15] and 
(16], {11]-[14], and finally [5]) are found to be 


1 OP, 1 dP, Pa OP, 


as as (24) 

- OT, 
Fa =—K - ar (26) 
(27) 
Ou r 
Fa to (V1 — = (28) 
or r rou 
Py Pa 


In the first two of these seven equations 7 and s are used as independent variables, where- 
as in the last five rand uw are the independent variables. 

The above perturbation equations may be simplified by using equation (29) to elimi- 
nate Pa from equations (23) and (24), by using equations (26) and (27) to eliminate F,a 
and Fa from equation (28), and, finally, by using a new quantity Ag, defined by 
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to eliminate &z from equations (23), (24), and (25). Thus one gets 


0=+T7, (#- (31) 


The first-order perturbation method has, further, to be applied to simplify the two 
surface conditions. Equation (6) may be brought into an appropriate form in the follow- 
ing way: If in the nonrotating reference star the density reaches a certain value at a 
distance from the center r, and if in the rotating star at a certain latitude the density 
reaches the same value at a distance from the center r = r, + A,, one obtains the re- 
lation 


p(r, = pul tu) = pul r — Ap) = 


or, with p = pu + pa, 
(35) 


If, correspondingly, for the temperature, Az is defined so that 7(r, 4) = T(r — Ar), one 
obtains: 
Ar =-—. (36) 


Since in the nonrotating star the surface with py, = 0 coincides with the surface with 

= (0 and since in the rotating star corresponding to equation (6) the surface with 
p = Ocoincides with the surface with 7 = 0, the two displacements A, and Ar must be 
equal at the surface of the star. Hence, equation (6) becomes 


A,=Ar at the surface (r=R). (37) 


The second surface condition (8) may be brought into an appropriate form in the 
following way: Assuming that W does not vanish at the surface, a condition equivalent 
to equation (8) is d(W?)/dn = 0, where d/dn is the derivative in the direction normal to 
the surface of the star. Since W? = Vis of the first order, the operator d/dn is needed 
here only in the zero-order approximation and can therefore be replaced by 0/ dr | ,-const « 
Hence, equation (8) becomes 


7,| 
oes = (0 at the surface (r =R). (38) 


or | ~=const 


The problem of the standard model in slow rotation consists in its present form of the 
four differential equations (31)—(34), the surface conditions (37) and (38), and the center 
conditions (20). The solution of this problem will be derived in sections V and VI. 


( 
t 
I 
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V. THE ROTATIONAL VELOCITIES IN THE STANDARD MODEL 


The solving of the problem stated in the previous section may be started most easily 
with equation (33), since this equation contains only one unknown function. Equation 
(33) is Laplace’s equation in polar co-ordinates for the case of axial symmetry. The most 
general solution (regular throughout the star) is 


Aa= , (39) 


0 


where the P,, are Legendre’s polynomials. Because of the symmetry of a rotating star 
with respect to its equatorial plane all odd a, have to vanish. 

To determine the values of the even a,, a relation between A, and V, has to be de- 
rived so that eventually the surface condition (38) may be applied. Such a relation can 
be obtained from equations (31) and (32) in the following way: Differentiating equation 
(31) with respect to s and equation (32) with respect to r and taking the difference gives 

m 0 Va = 


dT, 0 Pd Ta 
as 


Further, differentiating equation (31) with respect to s, dividing by 7,, and integrating 
over r, along a line of constant s, gives 


Pd Ta = 07 Ag 
=+ fo tals), 


where o(s) is an arbitrary function of s only. Substituting the left side of the last equa- 
tion into the right side of the equation just above, one gets 


dr+o(s)|. 


rw... O° Ag 
k or dr 
On approaching the surface, d7’,/dr does not vanish, whereas 7, becomes zero. Hence, 
if d°A4/ drds does not vanish at the surface, the above equation (because of Vg = W?) 
gives an infinite gradient of the angular velocity at the surface. Introducing the condi- 
tion that the gradient of the angular velocity should not be infinite at the surface—a 
much milder condition than the strict viscous surface condition (38)—gives, therefore, 


fests -=0 at the surface (r =R). (40) 


In appendix B it is shown that the condition (40) can be fulfilled by the general solution 
(39) only if a, = Oforn > 2. The remaining terms of equation (39) are 


Ag = ay tagr?*Po(m) = ap t+ — 1) = ap t+ aor? — ae$s?. (41) 
The first use of this solution for Ag will be in checking the surface condition (37). For 


this purpose equation (41) is introduced into equation (31), then the latter equation is 
divided by 7, and integrated over r. So one gets 


Pa drtr(s), (42) 
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where 7(s) is an arbitrary function of s only. With the help of equation (21) one may 
transform equation (42) to 


dr dr dr 


Since, on approaching the surface, 7, vanishes and the integral diverges only logarith- 
mically, the whole right side vanishes on the surface. Hence the surface condition (37) js 
automatically fulfilled. 

The second use of the solution (41) for Aq will be in deriving a solution for Vy. Intro- 
ducing, for this purpose, equations (41) and (42) into equation (32) gives? 
1 dr(s) k 


The first term on the right side represents a rotation vanishing on the surface, increasing 
inward as 7, increases and involving a so far undetermined function of s as a factor, 
The second term on the right side is a constant and therefore represents a solid-body 
rotation. 

Now, finally, the viscosity surface condition (38) can be applied. Because of s = 


rV1— u? one gets from equation (43) 


LA _ 
or Or | s=const vi 5S | ;=const 


m “ds\sds 


Putting this into equation (38) gives (because of vanishing 7,, but nonvanishing d7,, ‘dr 
at r = R) dr/ds = O for all values of s. Hence, equation (43) becomes 


Va=W2= ap=const. (44) 


The result, therefore, is that the only solution for the standard model, fulfilling both the 
normal equilibrium equations for a rotating star and the special viscosity surface condi- 
tion, is (in first-order approximation) a solid-body rotation.® 

In appendix C it is shown that this result is not in discordance with von Zeipel’s the- 
orem, since this theorem does not aply to the standard model, if W? is constant only in 


the first-order approximation. 


VI. THE ROTATIONAL PERTURBATIONS OF THE STANDARD MODEL 


The temperature perturbation 7, may now be determined from the last perturbation 
equation (34) after pz has been eliminated with the help of equation (42). The last term 
in the latter equation can be determined by applying this equation to the center where 
the condition (20) has to be fulfilled. Thus one gets 7(0) = 0. Since, on the other hand, 


7 That a rotation of the type of equation (43) is a possible solution for the standard model in slow rota 
tion has previously been shown by Rosseland (oP. cit., p. 258, eq. [24], 1937). 

8 The remainder of this paper will be, of course, very similar to the corresponding parts of the investi- 
gations of Milne (M.N., 83, 118, 1923), von Zeipel (./.N., 84, 684, 1924), and Chandrasekhar (/oc. cit.), who 
have considered certain slowly rotating models under the assumption of constant angular velocity 


throughout the star. 
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it was found in the preceding section that dr/ds is zero for all values of s, one gets r(s) = 0 
for all values of s. Correspondingly, equation (42) becomes (a2 being replaced by W? in 
accordance with equation [44}) 


2 r 
ta Wim (45) 


Introducing this into equation (34) gives 


This is a linear, nonhomogenous, partial differential equation for Ta. 

The solution may be developed with the help of Legendre’s polynomials P,,(u) as fol- 
lows: 

where 7’. is the temperature at the center and w the ratio of the centripetal acceleration 
to the gravitational acceleration at the equator as defined by equation (18). Because of 
the symmetry of a rotating star with respect to its equatorial plane all odd »,(r) have to 
vanish. Introducing the development (47) into the differential equation (46) and sepa- 
rating the terms according to Legendre’s polynomials gives (with the help of the relations 
[21] and [22] for the unperturbed values) 


d*no , 2d 6 
dete (49) 
2 
=0 (for n> 2) . (50) 


In addition to these differential equations, the following boundary conditions have to 
be fulfilled. 

At the center the first of the two conditions (20) isa boundary condition for Tg. In- 
troducing the development (47) into this condition and using n,(0) = Oforn > 0 (which 
is automatically fulfilled by all the solutions of equations [49] and [50] which are non- 
singular at the center) one gets 


n=0 at thecenter(¢=0). (51) 


At the surface a boundary condition for T4 is implicitly contained in equation (25); 
namely, the Poisson equation has to be fulfilled not only inside but also outside the star, 
the potential and its normal derivative have to be continuous at the surface, and the 
potential has to vanish for large distances. Outside the star (pg = 0) the most general 
solution of the Poisson equation which vanishes for large distances is 


= OP, (52) 
0- 


1S 

| 
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Inside the star the potential is given by equation (30), if Aq is eliminated with the help 
ee (41) and 74 with the help of equation (47) (using equation [44] to eliminate 
a2): 


k k = 
a0 — —4 Taw 1) Pau) (53) 


At the surface of the star the two expressions (52) and (53) have to be equal,and also their 
normal derivatives have to be equal. Since the corresponding equations are needed only 
in the first-order approximation, it is sufficient here to take the surface to be given by 
r = Rand the normal derivative to be given by 0/dr. Thus one obtains, after separat- 
ing the terms according to Legendre’s polynomials, for r = R 


k k k dn 
® ‘= — Twn, ®R*=4— (54) 


= k k dno 
= 4 T.wne, oR 3 R+4 Tu P (55) 


k k dn 
—(n+1) = —(n+2) = ) 
®,R = —4 —T.wn, , (n+1)®,R 4—T.w dr forn>2. (56) 


The two equations (54) involve the two (otherwise undetermined) constants $5 and ap. 
Hence equation (54) does not give a surface condition for no. From equations (55) and 
(56) (eliminating ®, and ®,, respectively, and using the relation between W? and w given 
by equation [18]) the following conditions are obtained: 


d 542 Pu 
wo (57) 
2 at the surface (r =R). 
(n+ 1) m+ Ge =0 for n>2, (58) 


This far the problem of determining the temperature perturbation has been reduced 
to the problem of solving the differential equations (48), (49), and (50) under the bound- 
ary conditions (51), (57), and (58). 

no(£) is (because of the singularity in equation [48] at the center) completely deter- 
mined by equations (48) and (51). Since the solution of the homogenous part of equa- 
tion (48) can be expressed in terms of the Lane-Emden function of index 3 (it is, namely, 
6+ & + [d0/dé]),no can be computed by numerical quadratures. mo is given in Table 1. 

no(é) is (because of the singularity in equation [49] at the center) completely deter- 
mined by equations (49) and (57). Chandrasekhar® has derived a solution of equation 
(49) by numerical integration. By multiplying his solution by an appropriate factor, so 
as to fulfil equation (57), n2 can be obtained. 1 is given in Table 1. 

In appendix D it is shown that the only solution fulfilling equations (50) and (58) is 


m(&)=0 for 


With these solutions for the coefficients, equation (47) gives as final result for the 
temperature perturbation 


Ta ($u?—-3) ], (59) 


9 Op. cit., p. 404, Table IV. 


tic 


STELLAR ROTATION 451 


where w is the ratio of the centripetal acceleration to the gravitational acceleration at the 
equator, 7°. is the temperature at the center, 7 is the distance from the center, u is the 
sin of the latitude, and my and m2 are functions, tabulated in Table 1. 

With this solution for Ta, the perturbation in the density is uniquely determined by 
equation (45), the perturbation in the pressure by equation (29), and the perturbation in 
the potential by equations (53) and (54). 


VII. SUMMARY 


In the last two sections the solution of the problem of stellar rotation (in the form de- 
scribed at the end of the introduction) has been given for the special case of the standard 
model in slow rotation. The solution was found to be unique. 

The solution obtained may be compared with the observed angular velocities on the 
surface of the sun. The solution found corresponds to a solid-body rotation, hence does 


TABLE 1 


g No | 2 | g No n2 
0.0.. 00000 —0.01026  —0.0373 
0.2.. 00000 01121 0398 
0.4.. 00001 0014 || 4.0......... 01213 0424 
00005 0030 || 4.2......... 01303 0452 
00032 | 0073 01474 | 0512 
12... 00060 00068 || 4.8......... 01554 0545 
26... 00543 0261 02009 0827 
eee 00734 0304 || 6.6......... 02108 | 0925 
3.4.. —0 00930 —(). 0349 —0.02196 —0.1031 


At &n=6.897 0.1004, = —0.02706. 


not show an equatorial acceleration and, therefore, disagrees with the observations. 
This discordance does not, however, seem surprising, since the solution for the standard 
model which was chosen for its mathematical simplicity, should be expected to be of a 
mathematically simpler form than the solution for the actual sun. 

As a next step, therefore, in the attempt to interpret the equatorial acceleration ob- 
served on the sun, it would seem necessary to derive the solution of the problem of stellar 
rotation (as formulated by the equations of sec. I1) for a model more closely representing 
the internal structure of the sun. 


APPENDIX A 


It is to be shown that the use of the first-order perturbation equations is justified even at 
the surface. 

The usual procedure for the derivation of the perturbation equations is based on the assump- 
tion that the quantities Pa/ Pu, pa/ pu, and T4/T, are small. This assumption is not justified 
near the surface, since the above quantities approach infinity where 7,, approaches zero. 

This difficulty is circumvented in the following way. The dependent variables appearing in 
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the fundamental equations are taken as depending not only on the space co-ordinates but also 
on a parameter (characterizing the total rotational momentum of the star) for which, for ex. 
ample, w as defined by equation (18) might be chosen. Instead of defining the perturbations by | 


equation (17), they may now be defined by 


where for f each dependent variable should be substituted. With these definitions, which in 
first-order approximation are identical with those of equation (17), the perturbation equations 
may be derived (without difficulties at the surface) by differentiating the fundamental equations 


with respect to w. 


APPENDIX B 


It is to be shown that the surface condition (40), 


——=0 at r=R, 


can be fulfilled by the general solution (39), 


Aa= >) anr"P,(u) (a, = 0 for odd n) , 
0 


only if a, = 0 for n > 2. 
Replacing the distance from the axis of rotation s by the sin of the latitude u = Vr $?/r, | 


one finds for the surface condition [after dividing by —V 1 — u?/(ur?)] 


Introducing here the general solution for Aq gives 
i-wdP, 1 +? dP, 


where the zero-order term is left out because dPo/du = 0. With the help of the differential 
equation of Legendre’s polynomials, | 


dy? du 
and the following interrelations: 
1 — p? dP,-1 aP, 


the above form of the surface condition can be transformed into the final form 


d (1 


where the second-order term is left out because d(P:/u)/du = 0. The remaining coefficients 
d(P,-1/)/du are independent functions of u. Hence, from the last equation it follows that 


a, =0 for 


X- 
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APPENDIX C 


It is to be shown that in first-order approximation a solid-body rotation for the standard 
model is not in discordance with von Zeipel’s theorem. 

Following Eddington’s notation’ in the derivation of von Zeipel’s theorem, one gets for the 
standard model according to his equation (198.41) in zero-order approximation 


€ 
fu= constant . 


Hence, in equation (198.7) f’(@) does not contain a zero-order term. Therefore, in the first- 
order approximation of equation (198.7) the factor dé/dn appears only in zero-order approxi- 
mation. In this approximation d@/dn is constant over a level surface; and hence the conclusions 
drawn from equation (198.7), leading to von Zeipel’s theorem, are not valid in the first-order 
approximation for the standard model in rotation. 


APPENDIX D 
It is to be shown (for x > 2) that the only solution of the differential equation (50), 


2 dtm _ 


dg E dE 


which fulfils the surface condition (58), 


36°| Nn 


is the trivial solution n, = 0. 
Multiplying the above differential equation by &, integrating over &, and finally dividing 
by & gives 
dé 0 


If n, were neither identically zero nor had for all values of — the same sign, there would have 
to be a smallest £&, (>0) with ,(&,) = 0. Hence, n, would have the same sign for 0 < — < &,. 
Since n(n + 1) > 3@& for n > 2, it would follow from the last equation that dy,/dé at € = &, 
would have the same sign as n, for & < &,, in contradiction with the definition of &,. Therefore, 
n must be either identically zero or must have the same sign for all values of & If 7, were not 
identically zero but had the same sign for all values of &, it would follow from the last equation 
that at — = Ep the derivative dn,/d— would not vanish and would have the same sign as yn, 
in contradiction with the above surface condition. Therefore, 7, must be identically zero. 


I should like to express my gratitude to Dr. S. Chandrasekhar for much helpful advice 
and to Mr. G. Randers for the discussions which instigated this investigation. 
RUTHERFURD OBSERVATORY 
COLUMBIA UNIVERSITY 
February 1942 


10 The Internal Constitution of the Stars, pp. 282-283, 1930. 


ON THE ROTATION OF STARS WITH CONVECTIVE CORE 


GUNNAR RANDERS 


ABSTRACT 


The convection in the central core of a rotating star is investigated. It is shown that even an ex- 
tremely slow rotation has the effect of making the turbulent convective motion take place preferentially 
in a direction parallel to the axis of rotation. As a consequence, the energy from the central sources is be- 
ing transported through the convective core mainly toward the poles. The resulting polar heating in 
the main body of the star leads necessarily to an increase of the rotational velocity toward the equa- 
torial plane. 


I. INTRODUCTION AND CONCLUSIONS 


It is known that the stellar energy sources are strongly concentrated toward the cen- 
ter of astar. The effect of this concentration is to increase the temperature gradient of 
the radiative equilibrium to such an extent that in the central regions it exceeds the 
adiabatic temperature gradient. Under such circumstances convection currents are set 
up. The convection probably takes the form of turbulent intermixing of adjacent layers. 
The outward transport of energy will, for the main part, be taken over by the convection, 
However, a very slightly superadiabatic temperature gradient is already sufficient to 
take care of the necessary energy transport. One must, therefore, expect a practically 
adiabatic temperature gradient in the central, convective core of a star. 

Thus far we have tacitly assumed the star to be nonrotating. It is important to know 
what effect rotation will have on the conditions discussed. The problem is, then, to in- 
vestigate the conditions for stability against convection when the star is rotating. We 
shall assume the rotation to be that of a rigid body, first, because this is the most reason- 
able assumption for the central core and, second, because the effect of an outward or in- 
ward increase in angular velocity is easily discussed. 

In a general way the stabilizing effect of the rotation is not difficult to understand. 
It is the effect of material ascending from lower levels lacking in angular momentum, 
compared to the angular momentum of the material in equilibrium at higher levels. This 
lack of angular momentum means a lack in centrifugal force and a resulting deceleration 
of the outward motion. Similarly, the excess of angular momentum of material moving 
inward tends to drive the material out again, thereby stopping the inward motion. The 
effect will depend, of course, on the direction of the motion relative to the axis of rota- 
tion. Before any definite conclusions can be drawn, we must study quantitatively the 
conditions for stability, in order to see the relative importance of the unstabilizing effect 
of the steep temperature gradient and the stabilizing effect of the rotation. This is done 
in section II, using the method of hydrodynamic line-integrals. The result is rather sur- 
prising at first. Even with an angular velocity as small as that of the surface of the sun 
(W ~2- 10° sec“'), the dynamic stability due to rotation is sufficient to check the 
thermal instability in directions perpendicular to the axis of rotation. If the direction 
considered is parallel to the direction of the axis, the stabilizing effect of the rotation dis- 
appears, and instability sets in. If the rotational velocity is higher than that of the sun’s 
surface, which according to all available evidence it must be in the central regions, the 
stabilizing effect is, of course, even stronger. 

Physically, the meaning of our result is that the turbulent convection in the central 
core occurs in “‘cells of motion,” which extend mainly in the direction along the axis, 
motion in the perpendicular direction being negligible. Considering the extremely small 
centrifugal force arising from a rotation of the order of 10~® sec~", it seems at first incredi- 
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ble that the rotation should be able to affect the thermal instability. The explanation is 
the fact, previously mentioned, that the superadiabatic gradient set up in the convective 
core is so extremely close to the adiabatic gradient that the resulting thermal instability 
js also vanishingly small. If any appreciably superadiabatic gradient were set up, the 
energy transport outward from the central regions due to the turbulent convection would 
very soon greatly exceed the observed energy output. 

We can now see what will happen in the convective core of a rotating star. As the 
temperature gradient reaches the value of the adiabatic gradient, convection will set in 
but will be limited to cells in the direction of the axis of rotation. This ‘‘axial’’ convec- 
tion will take care of the necessary energy transport, so that the temperature gradient 
will not increase further. Consequently, the stability limit in directions perpendicular 
to the axis will not be reached. The heat from the central energy sources will now be 
transported mainly toward the poles by the axial convection. In the perpendicular di- 
rection radiative transport, which is less important, is the only possibility. 

The immediate consequence of the transport of energy toward the poles of the con- 
vective core is, of course, a higher temperature in the polar regions than in the equa- 
torial regions of a star. How much of the polar excess of temperature will be left at the 
surface of the star depends upon two things: first, upon how large a part of the star the 
convective core represents and, second, upon how strong the preference for axial con- 
vection is—which again depends upon the velocity of rotation. It is probable that out- 
side the convective core all energy transport is by radiation. From the surface of the 
core outward, the heat is therefore transported along the temperature gradient. The 
lower temperature of the equatorial regions will then be partly evened out before we reach 
the surface. Some difference must remain, however, even if it is extremely small. 

The next question to answer is: What is the effect of the polar excess of heat on the 
rotational velocity in the main body of the star? This question has a simple answer. 
The angular velocity must be higher in the equatorial regions than in the polar regions 
(sec. III). Qualitatively, this effect is easily realized. The heating of the polar regions 
will tend to start an ascending current along the axis of rotation. If there were nothing to 
stop it, this upward current would be constantly accelerated by the heat, new and colder 
material moving in from the equatorial regions to replace the warm material ascending 
along the axis. The only effect which can stop a steadily increasing circulation is a 
surplus of centrifugal force in the equatorial region. Such a centrifugal force will act 
against the circulation set up by the polar heat, and equilibrium is possible. This is also 
the only possible state of equilibrium. An excess of angular velocity in the equatorial 
regions is, therefore, a necessary consequence of the polar heating. But the polar heat- 
ing is a direct consequence of the rotation of the convective core. The conclusion is that 
a rotating star must necessarily have higher angular velocity near the equatorial plane 
than near the poles. Since the result is thus far dependent upon the assumption that the 
convective core rotates as a rigid body, it is important to see whether this assumption is 
essential for the final conclusion. Suppose, first, that the angular velocity increases out- 
ward from the axis. In this case the defect in angular momentum of material moving out- 
ward is even more pronounced than in the case of rigid-body rotation. The stabilizing 
effect is therefore stronger, and we have the axial direction of the convection cells as 
before. Now consider the case when the angular velocity decreases outward. We know 
that, as long as the product (angular velocity) X (distance from axis)” increases outward 
the effect of the rotation is stabilizing. When this product remains constant, the rotation 
has no effect on the stability; when it decreases, the effect is unstabilizing. In the last 
two cases, therefore, there is either no preference for axial orientation of the convection 
cells, or there is a preference for the perpendicular, radial orientation. However, as soon 
as the convective turbulence sets in with an appreciable radial motion, a strong inter- 
change of momentum also sets in, or, in other words, a strong eddy-viscosity arises, 
which will force a solid-body rotation upon the convective core. Consequently, a rota- 
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tion with unstabilizing effect leads through an unsteady state back to our original as- 
sumption of solid-body rotation. The conclusion reached earlier, that a rotating star 
with convective core must rotate faster near the equatorial plane than near the poles is 
therefore generally valid without any assumptions about the rotation in the convective 
core itself. 

Finally, the question should be asked: Does the present analysis enable us to explain 
the observed rotation on the surface of the sun? This question does not have a simple 
answer. It is true that from the above we expect the angular velocity to increase toward 
the equatorial plane. However, before a law of rotation at the surface can be given 
quantitatively, it is necessary to consider not only the equations of motion, as was done 
here, but also the equation of energy transfer and the Poisson equation. The latitude 
distribution of flux and temperature at the surface of the convective core must be found. 
Then an integration from the convective core to the outer surface must be carried 
through. Such integrations are not attempted on this paper. 


II. CONVECTIVE STABILITY OF A ROTATING STAR 


The usual method of studying the stability of a gaseous equilibrium configuration is 
the well-known ‘“‘parcel”’ method. A small individual parcel of gas is imagined to be 
moved from its equilibrium position to a neighboring position. Adapting itself to the 
pressure of the new surroundings, the parcel changes its temperature and density adia- 
batically. If the new temperature and density are such that the net force on the parcel 
after the displacement is in the direction of the initial displacement, then the configura- 
tion is unstable at this point. The displacement of an individual parcel to new surround- 
ings is, of course, not a good picture of what happens in reality. New material will take 
the place of the removed parcel, and material is being displaced by the parcel in the new 
surroundings. Actually, what should be studied is a small continuous displacement of the 
whole region. Then the question of stability would depend upon whether this entire mo- 
tion tends to decrease or increase after the initial displacement has taken place. The 
“‘line-integral’’ method! considers conditions closer to reality than the parcel method, and 
we shall use it here. Actually, both methods give identical results. In the line-integral 
method we consider a small closed curve through the neighborhood which we are study- 
ing. When a small disturbance is applied to the gas, oscillations are set up. Considering 
the total acceleration along our closed curve, we study the frequency of the oscillations 
and thereby the stability. The equation of motion of a rotating gas is, in vector form, 


"vp =0, (1) 


where W is the angular velocity, R the distance from the axis of rotation, ® the gravita- 
tional potential, p the density, and p the pressure. This equation is valid for pure rota- 
tion without any component of motion in a meridional section. 

Introducing 


k 7 
pl, (2) 
we write equation (1) in the form 


W'RVR— Vb TV log p= 0. (3) 


To study the stability of the rotational motion we apply a small, axially symmetrical dis- 
turbance. The motion will now have a small meridional component, and the local val- 


1V. Bjerknes, Astroph. Norvegica, 2, 263, 1937; E. Hiiland, Arch. f. Mathematik og Naturvidenskap, 42, 
No. 5, 1939. 
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ues of temperature and gravitational potential, etc., may have undergone small varia- 
tions AT, Aq, etc., from the above equilibrium values. The equation of motion becomes 


{W?R+A (WR) } VR—V(¢+A¢) (T+AT)V log p, (4) 


where V is the small perturbation in the velocity. The pressure field is, as usual, sup- 
posed to remain undisturbed by the perturbation, the material adjusting itself to the 
local pressure. By means of the equilibrium equation (3), we can write 


=A (WR) ATV log (5) 
Now, multiply equation (5) by a line element 6s and integrate along a small closed cir- 


cuit: 


The middle term in the integral on the right-hand side vanishes by integration around a 
closed circuit, so it may be left out. For the small displacement due to the perturbation 


we write 


(7) 
Then 
ove 
(8) 


and equation (6) becomes 


k 
is= {a (wR) tog és 


o~ = 


To study the stability, we have to investigate the frequency of the oscillation result- 
ing from a given perturbation. If, for a certain perturbation, o? becomes negative, then 
we have instability for such perturbations. We shall choose our path of integration along 
the closed streamline of the perturbed motion. This means that the product P + és is 
always positive. Hence the denominator in equation (9) is always positive. The condi- 
tion for instability is, then, that the integral in the numerator is positive. The value of 
the integral depends obviously upon the path of integration, i.e., upon the streamlines of 
the perturbation. At a given point the integrand 


or 


(9) 


f 2 a= k . 
VR ATV log bs 
is a function of the direction of 5s (and Pp). If a direction can be found for which 


(a (W2R) VR—* ATV log -5s>0, 


| 
= 
| 
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then, by choosing a perturbation with streamlines extending mainly in this direction, the 
integral over these streamlines can also be made positive. (When 6s changes sign, the 
variations AT, etc., also change signs, so that integrating back and forth in parallel di- 
rections gives contributions of same sign.) Hence the condition for unstable perturba- 
tion cells extending in a certain direction is that 


(a W2R) vR—* ATV log p} 5s>0 (10) 


in the direction in question. The expression (10) may be simplified. Since we consider 
perturbations symmetrical about the axis, a ring of material around the axis remains a 
ring after the perturbation. The “‘circulation’’ of such a ring is the simple expression 
27W R? and is known from a familiar theorem to remain constant during the motion. 
This means that for an individual particle 


W? =const - (11) 
The local change A(W?R) of the centrifugal force corresponding to a displacement with 
component 6R away from the axis is, therefore, 


A(W?R) = RAW? = -R- WR = —4W76R. (12) 


The local change AT in temperature is the difference between the temperature of the ma- 
terial arriving at the point in question after the perturbation and the original tempera- 
ture at that point. The temperature of the material arriving at the point considered 
after the adiabatic displacement P is 


(13) 
Here VT refers to the original temperature field, while 6,7 is the adiabatic change of 


temperature as the material is displaced along P. For 6,7 we have the equation 


p ’ (14) 


where I is the effective adiabatic exponent. By equations (13) and (14), 


Introducing equations (12) and (15) into equation (10), we get the condition for insta- 
bility 
2-5 | vlog 5s>0. (16) 


By means of equation (16) we can investigate the stability for convection cells in any di- 
rection. In our case we are interested in convection as a means of energy transport from 
the center of the star outward. It is, therefore, of importance to study the stability of 
cells extending radially from the center of the star. This means that P and és are both 
radial displacements (« 6r). Since 6R is now |P| + sin 6, where @ is the co-latitude, 
equation (16) may be written 


Tor por 
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It is seen that in the direction toward the pole (@ = 0°) the condition reduces to 
(18) 


(d log p/ dr is negative). The rotational term disappears, and the conditon for instabil- 
ity is the usual one. When we consider lower latitudes, the rotational term, which acts 
against instability, enters the condition with increasing importance as we approach the 
equator (9 = 90°). Let us consider the stability of the radial convection cells in the equa- 
torial plane. Then 6 = 90°, and we have the condition for instability, 


k (1 0T 

We must now obtain an estimate of the order of magnitude of the two terms. To 
take the case of the sun, we may put W > 2 - 10-® sec~', which gives for the rotational 


term 
4W?2 2 1.6-10-" sec"! . (20) 


The first term of the inequity (19) can also be estimated roughly without making use of 
special models or integrations. This is because the term is a direct measure of the energy 
transported by the turbulent convection per unit time. This amount is known by ob- 
servation of the solar output of energy. Cowling? has made such an estimate, with the 
result that 


b 0p) a log p 


sec—! (21) 


From equations (20) and (21) it is seen that the rotational term is the larger, even for an 
angular velocity as low as that of the sun’s surface. Consequently, there will be no con- 
vection in radially extending cells in the equatorial plane. The fact that Cowling’s esti- 
mate of the above quantity was made by assuming convection in all directions from the 
center may change the value by a factor 2 or so but cannot affect the order of magnitude. 

According to our calculations convective transport of energy will set in at a certain 
latitude, where the factor sin? @ has reduced the rotational term sufficiently. Roughly 
speaking, therefore, the energy produced at the center is being transported outward 
mainly inside of two opposite cones described around the rotational axis. The width of 
the cones is determined by the angular velocity. 


Ill. ANGULAR VELOCITY IN A STAR WITH POLAR HEATING 


The equations of motion (3) may be written 


op _ db , k log p 
(22) 

_ Ob , k log p 
T (23) 


2 M.N., 96, 52, 1935. When we follow Cowling’s way of estimating we must in the case of a rotating 
star replace quantities like the flux, the temperature, etc., by their mean values over isobaric surfaces 
of the star. The expression in the parentheses in (19) cannot change much along an isobar since 
isothermals and isobars coincide in the case of uniform rotation [eq. (24)]. 
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where z is the height above the equatorial plane. Differentiating equation (22) with re- 
spect to z, equation (23) with respect to R, and subtracting gives 


ow? 1k (24) 
dz pmldzdR 

Consider for a moment the upper, right-hand quadrant of a meridional section of the 
star. The expression in brackets is then the projection of YT on the left-hand normal of 
Vp. Now Vp points inward into the star. The left-hand normal of V9 is, therefore, along 
an isobar in a direction away from the pole. But, since the temperature increases along 
an isobar foward the pole, the projection of YT on the isobar must also be directed toward 
the pole. Consequently, the expression (24) is negative. It follows immediately, then, 
that the angular velocity decreases with height above the equatorial plane. 

I am indebted to Dr. S. Chandrasekhar for useful discussions of these problems. 


UNIVERSITY OF CHICAGO 
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LUMINOSITIES OF THE M-TYPE VARIABLES 
OF SMALL RANGE* 


Puitie C. KEENAN 


ABSTRACT 


Spectroscopic luminosity classes and absolute magnitudes have been determined for 67 semiregular 
or irregular variable stars of types K and M. These are stars for which the amplitude of the light- 
variation is less than 2 mag. 

The visual absolute magnitudes range from zero (normal giants) to —5 or —6, but the stars are not 
uniformly distributed over this interval. Thirteen are brilliant supergiants of types K5-M3, while the 
remainder are of markedly lower luminosity and chiefly of types M3—Mo6. Irregular variability appears 
to be uncommon among early M-type giants. 

The supergiant variables not only are concentrated near the galactic plane but also show a pro- 
nounced grouping in longitude. Five of them are members of the double cluster, h and x Persei. 

Several of the supergiants recognized in this survey are among the most luminous stars known. One 
of them, RW Cep, is probably brighter than yu Cep. 


The red variable stars can be divided into two groups on the basis of the amplitude of 
their visual light-variation. The stars with a range greater than 2 mag. include nearly all 
the long-period variables, while those of smaller range are essentially the semiregular and 
irregular variables. These latter stars, in which the light fluctuates by a comparatively 
small amount, have always been difficult to classify with respect to the nature of their 
light-curves, and many of them have been shuttled back and forth between such rather 
indefinite groups as » Cephei stars, UU Herculis stars, RV Tauri stars, etc.! Consequent- 
ly, it is now evident that further direct data on the physical properties of such variables 
must be collected before much progress can be made toward a definitive classification. 

We consider, first, the spectral types of the stars with Am < 2™. They are distributed 
roughly as follows: 


59 per cent 2 per cent 


The stars of types K and M, constituting more than two-thirds of the whole group, are 
especially well suited to the determination of spectroscopic luminosities, since their spec- 
tra are relatively free from the emission lines characteristic of the long-period variables 
and the spectral changes shown by a given star are usually not great. The special value 
of spectroscopic parallaxes lies in the fact that they can be found for individual stars, 
thus making it possible to estimate the degree of homogeneity of the group with respect 
to the two important physical parameters—luminosity and temperature. 

In order to investigate the range of luminosities present in a fair sample of the vari- 
ables of small range, spectra of 67 stars were obtained during the months of November 
and December, 1941, with the Cassegrain spectrograph of the McDonald reflector. The 
combination of glass prisms and f/2 Schmidt camera gave a scale of 66 A/mm at A 4200. 
The observed stars are listed in Table 1, followed by the Julian dates of observation, the 
visual range (except for those values printed in italics, which are photographic magni- 


* Contributions from the McDonald Observatory, University of Texas, No. 48. 
' Cf. the discussion by Payne-Gaposchkin and Gaposchkin, Variable Stars, chaps. v and vi, 1938. 
* Taken for the most part from Schneller, Katalog und Ephemeriden verdnderlicher Sterne, 1941. 
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462 PHILIP C. KEENAN 
TABLE 1 
TYPES AND LUMINOSITIES OF K AND M VARIABLES 
(Am € 2.0) 
Star JD m 1 b Period Type Luminosit 
2430000+ ony 
SS And..........” 345 8.9- 99 76° 1604: M6 II 
343,346 | 8499] 103 393: M6 Ill 
346 136 +16 75 M4: Ill 
iw........... 345,356 | 80-89] 135 M4: 
re 342 8.4-9.2 128 +73 90 M4 II 
356 136 +2 66 M3 Il 
.......... 357 102 +34 166 M4 Ill 
RV Cam 346 7.9-9.0] 115 107 M4 
331 7.6-9.3| 112 +12 135 M3 
345 85-98] 177 +29 80 M6 Il 
352,357 | 5.3-681| 163 +43 239 M6 Id-II 
341 7.3-8.6]| 185 +33 100 M4 Il 
352,356 | 9.1-9.7 84 M2 Ia-Ib 
a ee 330 40-48 68 +4 750 | M2 la 
a 342 83-93 93 +23 | 17 MO ll 
BW Oe........... | 331,350 | 6.8-7.5 71 MO: Ia-0 
| 330,342 | 6.7-7.8| 104 +10 100 M5 Il 
WG Gen.........<. 329,330 | 49-56 72 +7 | 7430: | Mip 0 
342 74-73 87 +23 116: | M4 Ill 
359 5.2- 6.0 45 —78 159 M5 II 
| 338,344 | 7.69.4 46 0 631: | M3 la 
AM Gys........... 356 8.3- 9.3 50 529 M4: | Il 
AZ Cyg........... 345 8.1- 9.4 55 | eee | M2: la 
U Del. | 342 75 30 |......... M5 
345 8.3-9.4|] 177 —42 |......... M6 II 
345 64-78! 160 —57 | 74,1200| M4 III 
353 7.2-8.5 154 M5 Ill 
SU fs............ 356 9.5-10.1 158 M4: 
350 3.2-4.2] 157 +4 236 M2 Ill 
350 92-106] 138 | +15 | 680 M5 ll 
| 329,346 | 7.7-93 | 161 Ill 
BK Gem... 342 8.0-83) 166 K5 
346,351 76-83] 203 | +20 |......... MS | Il 
SU Hya........... 352 94-104) 226 | M4 Il 
348,351 71-60| +16 |.........| M4 | If 
351 86-100) 170 +50 57 | MB I-IV 
| 345 120 +23 87 | M5 
_ | 338,345 | 69-7.4| 140 +26 |......... M5 Ib-II 
RT Mon. 330,331 | 81-93! 199 +13 | 115 M3 III 
SW Mon. 356 9110.6} 173 110 M4 Ill 
344,355 | 168 — 8s | 2070 M2 Ib 
| 355 69-89} 155 130 M5 
| 340 5.1-68\| 171 | KS: Il 
| 352 67-7.3| 18 | K2 Ill 
a 350 89-99 55 —36 52 | M5 II-III 
| 355 3343 | 117 —16 910 M3 III 
331,346 | 80-90) 102 MO la-Ib 
RS Per............ | 320'330 | 80-94! 103 | M3 la-Ib 
SU 338 7.0- 85 103 if 477 M3 Ia-Ib 
SW Per............ 350,346 | 82-98! 125 a 84 M5 Ill 
359 80-92! 100 92 M5 Ill 
| ae | 350 7.8-95 | 124 —20 90 MS II-III 
| 14-43 | 105 | | M1 | Ia-Ib 


ity 
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TABLE 1—Continued 


| 
Star | sens | My 1 b Period Type Luminosity 
329,339 | 7.7-8.4) 103° M1 Ia-Ib 
TV Pec.........-.. 346,352 | 6.9-73| 84 |......... M3 Ill 
350,352 | 8.2-90| 115 —22 148 M4 II 
U UMa.......... 351,357 | 6.1- 6.8] 117 MO III 
357 8 410.2) 104 +57 198 M5 Il 
RY UMa.......... 351 7.2-83| 95 +56 311 M3: Ill 
ST UMa........:. | 357 | 6.5-7.3] 128 +66 81 M4 
SV UMa.......... 357 88-100) 120 +55 76 K3p: la:* 
UMs.........; 357 «| 8.99.5] 122 M6 Ill 
UMa.......... 351,357 | 8.2-9.0| 142 M4 Ill 
| 7.0- 8,2 | 250 M5 III 
| | 


* SV UMa; the line ratios suggest high luminosity, but all lines in the spectrum are so weak that the application of luminosity 
criteria is uncertain. There is some similarity to the spectra of V Vul and R Sct. If the luminosity criteria are accepted at face 
value, SV UMa must be situated several thousand parsecs above the galactic plane. 


tudes), galactic co-ordinates, and periods.* The spectral types given in the seventh col- 
umn were estimated on the Mount Wilson system‘ on the basis of the strength of the 
TiO bands on the blue side of \ 5500, the limiting wave length in the yellow reached by 
the Agfa Super Plenachrome Press films on which the spectra were taken. 

In relying entirely upon the bands of a single molecule for the assignment of spectral 
classes, the assumption is made that the relative abundance of the elements composing 
the molecule is constant in the group of stars considered and that the fraction of the mate- 
rial which will be in the molecular form does not pass through a maximum in the range 
of temperatures considered. If these conditions are fulfilled, the classification defines a 
temperature sequence. In the case of the variables photographed at McDonald Observa- 
tory it was possible to test the consistency of the classification through the fact that for 
many of them rather heavily exposed spectra were available, showing the region around 
\ 4000, where the atomic lines are not seriously weakened by overlying band absorption. 
Several ratios of resonance lines of elements of low ionization potential to excited lines of 
iron were selected as independent indicators of temperature. Those most useful were 
Ti 3982, 3989, 3999, 4009/ Fe 4005, Ca 4226/Fe 4143, and Cr 4254/Fe 4250, 4260. Their 
behavior in the spectral sequence of giants is shown in Plate XIV, in which both variable 
and nonvariable stars are included. The progression in the ratios for all the stars ex- 
amined is in agreement with the descriptions given by Merrill® and leaves little doubt 
that the subdivisions of type M giants represent a smoothly decreasing sequence of tem- 
peratures. For the supergiants also the scale is probably consistent, but it must be kept 
in mind that the temperature corresponding to a given spectral type will presumably bea 
function of luminosity. 

The investigation of the luminosities can be carried out most conveniently in two 
steps: first, the setting-up of a series of standard stars in which known luminosity cri- 
teria change progressively and, afterward, the calibration of this scale in terms of abso- 
lute magnitudes. The stars used as standards defining the luminosity classes for types 
MO-M3 are given in Table 2. 

The notation is designed to be consistent with that in use for the earlier spectral 
types.® The most sensitive line ratios are 4077/4045, 4172-5/4143, 4216/4226, and 4376, 


3 Taken mostly from Table V, I, of Payne-Gaposchkin and Gaposchkin, op. cit. 
4 Trans. 1.A.U., 2, 119, 1925. 5 Ap. J., 63, 13, 1926; Mt. W. Contr., No. 306. 
® Morgan, Ap. J., 87, 460, 1938; Keenan, Ap. J., 91, 506, 1940. 
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4389/4383. In each case the ratio increases as the luminosity becomes greater, and the 
changes are sufficiently pronounced to be followed easily in Plate XV, a, from which VV 
Cep has been omitted because of the peculiar weakness of all the lines in its composite 
spectrum, which is not closely matched by any of the other variables observed. The 
stars of high luminosity are so red that the region to the violet of \ 4200 is usually too far 
underexposed to be used, but the remaining lines are sensitive enough to make it easy to 
interpolate between the main classes. The lines at \ 4376 and \ 4389 belong to one of the 
two multiplets of iron, originating at the normal level of the atom, which Adams and 
Joy’ were the first to use as criteria of absolute magnitude. 


TABLE 2 
Luminosity _ Luminosity | 
Class Stars Class Stars 
VV Cep | 5 Lac, Aur 
Cep 6 Peg 
Seo,'119 TH. And, x Peg, 7 Gem 


Fic. 1.—Galactic co-ordinates of the variable stars observed. Center of the diagram is at b = 0°, 
1 = 90°. Size of circle indicates luminosity of each star, the supergiants being largest. 


The application of these criteria to the variable stars is illustrated in Plate XV, 3, c, 
for types MOand M3. In the spectrum of RW Cep all lines are stronger than normal, and 
the enhancement of the lines sensitive to luminosity is so great as to make it appear prob- 
able that this star has the greatest absolute brightness of any of those studied here, with 
the exception of VV Cep. It is of interest that these two stars and uv Cep are situated in 
the same part of the Milky Way, within a few degrees of one another. 

SU Per is one of 5 stars in the list which appear to be members of the double cluster, 
h and x Persei. Three of them—AD, SU, and RS Per—were assigned to the cluster by 
Adams, Joy, and Humason* on the basis of their radial velocities and proper motions. For 


7 Pub. A.S.P., 35, 328, 1923. 8 Ap. J., 64, 225, 1926; Mt. W. Contr., No. 319. 
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a) LuMENosity SEQUENCE FOR Types MO-M3 
As the luminosity increases the lines marked at the top become relatively stronger in comparison to 
those indicated below the spectra. 
boc) Luminosity EFFECTS IN VARIABLE STARS, 
Supergiants (RW Cep and SU Per) are shown above giants (RU Cep and RY Cam) of similar spec 
tral type. 
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the other 2 the proper motions only are available, but they are consistent with member- 
ship in the cluster. These stars are all supergiants intermediate in luminosity between 
a Oriand » Cep. Further confirmation of their membership in the cluster is found in the 
distribution over the sky of the observed variables (Fig. 1). Since the material is reason- 
ably complete down to the ninth apparent magnitude within the range of galactic co- 
ordinates accessible in winter, the absence of other supergiants within a radius of more 
than 10° from the cluster emphasizes the physical association of the 5 stars. 

The distance of h and x Persei can now be used to find the mean absolute magnitude of 
these stars. From a discussion of Oosterhoff’s magnitudes and the magnitudes and spec- 
tral types given by Trumpler, W. P. Bidelman has derived an apparent modulus of 12™5, 
taking the photographic absolute magnitude of the main sequence at B9 as —0™3.° The 
distance obtained in this way is to be preferred to that determined from the radial veloc- 
ities, since the latter method involves the uncertain assumption that the whole motion of 
the cluster is to be ascribed to galactic rotation. The modulus of 12™5 leads to the fol- 
lowing median visual absolute magnitudes for the variables in the cluster: 


—4.7 
The mean is M, = —4™4 at luminosity class Ia—Id. 


Another calibration point, of rather low weight, is furnished by a Sco (type Id). If it 
is assumed to be a member of the Scorpius cluster, its absolute magnitude is in the neigh- 


borhood of —4.0. 
TABLE 3 


CALIBRATION OF LUMINOSITY SCALE 


Luminosity Class M,y Luminosity Class My, 


For the ordinary giants of class III trigonometric parallaxes can be used. The numer- 
ous published means for M-type giants might be expected to differ systematically from 
the proper value for class III, since they generally include some admixture of stars of 
higher luminosity but none less bright, as no subgiants of type M are known. For this 
reason a mean was computed from 10 of the brightest class III stars of types MO-M3; 
the value fround was M, = —0™2. 

Finally, the star VV Cep is of some value in estimating the upper end of the scale, 
where it was placed because A 4383 is definitely weaker than \ 4376 and is roughly equal 
to \ 4389 in its spectrum. By combining the spectroscopic and photometric observations 
of the eclipsing pair, Goedicke,'® following Gaposchkin, obtained two solutions for the 
parallax. These-correspond, for the M2 component, to M, = —6.8 if there is a sharp 
photosphere, and to M, = —5.0 if there is a diffuse photosphere extending to 3 per cent 
of the radius. Probably a simple mean of the two values is the most reasonable estimate 
to adopt. 

From a plot of these calibration points, Table 3 was constructed to allow the reduction 
of luminosity classes to absolute magnitudes. 


® This is a provisional value, which Mr. Bidelman has kindly furnished in advance of the publication 
of his study of the cluster. 


10 Pub. Univ. Michigan Obs., 8, 1, 1939. 
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With the help of Table 3 the absolute magnitudes of the observed variable stars can be 
easily found. However, only the luminosity classes have been entered in the eighth column 
of Table 1, because the calibration can be improved when a sufficient number of stars of 
each luminosity class are known to provide reliable mean absolute magnitudes computed 
from the motions. Then, too, the reduction table applies strictly only to types M3 and 
earlier. For the later types the luminosity classes themselves are less definite because the 
atomic line intensities are disturbed by the increasing band absorption, and no good 
standards of absolute magnitude are known. Thus A 4045 is badly blended with \ 4044 
and \ 4047 of potassium, and Ca 4226 is too strong to serve as a good reference line. Con- 
sequently, Fe 4063 and Cr 4254 are used in their stead. With this modification the exten- 
sion of the criteria to the late M-type stars is reasonable, and real differences in absolute 
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Fic. 2.—Luminosity-spectrum diagram for the variable stars observed 


brightness appear to exist, as between Y Lyn and BQ Ori, which are reproduced in Plate 
XVI. 

The distribution of the observed variables in luminosity and spectral type is shown in 
Figure 2. Most striking is the concentration of supergiants between types MO and M3 
in contrast to the excess of normal giants in the more advanced types. This feature has 
been suspected before, from the fact that the known red supergiants have only moderate- 
ly strong bands." 

Our knowledge of the nonvariable early M-type stars is sufficient to indicate that their 
distribution in luminosity is just the reverse of that of the variables, for relatively few 
supergiants are known among them. Thus the known comparative freedom from varia- 
bility of the K-giants continues as far as type M3.” 


11 Cf, McLeod, Pop. Astr., 45, 155, 1937; Joy, Pub. A.A.S., 10, 115, 1941. 
12 This is in agreement with the conclusions reached by Stebbins (Pub. Washburn Obs., 15, 139, 1934) 
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The apparent preference of the supergiant variables for the early subdivisions of type 
M may be influenced by the uncertainties in the spectral classification for the stars of 
high luminosity and in the luminosity sequence for the stars of late type, as well as by the 
increasing bolometric corrections at low temperatures.'* However, it is doubtful that 
these factors are sufficient to produce the discontinuity in the upper right-hand part of 
Figure 2. Rather, it appears likely that this region is the domain of stars of type S, which 
are known to combine low temperature and high luminosity. In other words, if a star has 
the absolute magnitude and temperature corresponding to this region, it will presumably 
develop the bands of ZrO and no longer be classed as of type M. 

This view is supported by the fact that the ZrO band at \ 4619 can be seen faintly in 
the low-dispersion spectra of several of the late-type variables classed as moderately lu- 
minous (Y Lyn; see Pl. XVI) but is not perceptible in the ordinary giants. However, fur- 
ther spectroscopic observations must be made on the few S-type variables of small range 
before it will be possible to fit them into the diagram, and this will offer some difficulty 
because of their extreme redness. 


It is a pleasure to acknowledge the value of discussions of this problem with Dr. Mor- 
gan and the co-operation of the McDonald staff in the observational work. 


McDOoNALD OBSERVATORY AND 
YERKES OBSERVATORY 
February 1942 


13 This last point was suggested by Dr. Kuiper. 


SPECTROGRAPHIC OBSERVATIONS OF 17 LEPORIS 
BuRKE SMITH AND OTTO STRUVE 


ABSTRACT 


Spectrographic observations numbering 142 were secured at the Yerkes Observatory from 1928 to 
1942. During this interval of 14 years, 9 violent outbursts of nova-like character have been observed in 
the spectrum. In addition, there have been a number of minor disturbances. Each disturbance is char- 
acterized by the appearance of violet components to the normal absorption lines, which themselves show 
velocities of expansion corresponding to between about 60 and 30 km/sec. The outbursts repeat them- 
selves at intervals of approximately 150 days, but the phenomenon is not periodic, and the intervals be- 
tween successive outbursts vary between approximately 130 days and 175 days. Ina few cases outbursts 
have been observed at even shorter intervals. The lines of Mg and Si.11 show radial velocities averag- 
ing approximately +20 km/sec. The strongest metallic lines frequently have a tendency to show weak 
emission borders on their red sides. There are marked variations in the intensities and widths of the 
absorption lines during the normal stage of the star. 


The star 17 Leporis is a very remarkable representative of a small group of A-type 
stars in which Ha and sometimes Hf are bright and in which the sharp metallic lines 
show a large violet displacement, corresponding to a velocity of expansion of between 
about —40 km/sec and —140 km/sec. This expanding shell of variable velocity, al- 
though giving rise to strong sharp lines of H, Fe 1, Ti ur, Fe1, Sr, Cat, Cau, Cru, 
Sc 1, and perhaps a few other atoms characteristic of type A, does not completely hide 
from view the lines of the reversing layer, consisting of hydrogen wings broadened by 
Stark effect, of Mg 114481 and of Si11. These lines give a radial velocity of around 
+20 km/sec. The expanding shell contains little Mg 11 4481—a phenomenon which is 
believed to be due to the dilution of the exciting radiation. 

The lines of the shell undergo large variations in structure and in intensity. Some- 
times they become double, evidently as a result of the formation of a new shell which has 
a larger velocity of expansion. In the earlier work the suggestion was made that the 
outbursts occur at intervals of about 155 days, but the material was not sufficient to 
determine whether the phenomena are periodic. 

The relative intensities of the lines of separate multiplets are such as to suggest 
large turbulence in the expanding shell. The square root of the mean value of the squares 
of the radial velocity components of the turbulent motions is67 km/sec. This is the largest 
turbulence known in any stellar atmosphere. 

Regular observations of 17 Leporis were begun at the Yerkes Observatory in 1928, 
and a discussion of the spectral changes during a typical outburst! and results of meas- 
urements of the first 45 spectrograms? were published by Struve in 1930 and 1932. A 
total of 97 additional spectrograms, taken with the Bruce spectrograph attached to the 
40-inch refractor, have been obtained since 1932. This discussion is based on measure- 
ments of the entire series of 142 plates. 

During the period 1930-1941 a number of outbursts were observed, some of which 
were minor and did not last more than a week, while others were severe and persisted 
for over a month before the lines became normal. Table 1 shows the time of beginning 
of outbursts which were best determined. A typical outburst proceeds about as follows: 
The absorption lines of the metals, which in 17 Leporis consist principally of lines of 
Fe 11 and 7i 11, begin to show broadening, with diffuse wings, and the fainter lines be- 
come weakened. Some lines then begin to shade to the violet, indicating that they are 
about to split into two components. This feature usually occurs first in Fe 11 lines, 
while 77 11 lines follow soon after and Sc 11 last. Next, certain of the lines appear double, 


1 Ap. J., 72, 343, 1930. 2 Ibid., 76, 85, 1932. 
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with weak violet components and sharp, narrow red components with sharp edges on 
the red side. The violet components increase in intensity, while the red components 
tend to decrease, so that soon the violet components equal or exceed the red components 
in intensity. Finally, the two lines coalesce into a broadened line. The broadening grad- 
ually lessens until the line is normal again. On some plates a faint emission border on 
the red edge of a few of the stronger lines was observed during outbursts. The spectral’ 
changes are sometimes, but not always, accompanied by a decrease in the average radial 
velocity of the metallic lines from around — 30 or —40 km/sec at the beginning to about 
—60 or —70 km/sec at the end of the outburst. The radial velocity of the violet com- 
ponents during an outburst decreases very rapidly and may reach —170 km/sec, but 
these high velocities do not persist for more than a few days. It is probable that the 


TABLE 1 


TIME OF BEGINNING OF OBSERVED OUTBURSTS AS DETERMINED FROM OBSERVATIONS 
AT OR NEAR THE DATE WHEN DOUBLING OF LINES FIRST APPEARED 


Time oF BEGINNING INTERVAL, IN 
Days, To NEXT 
Notes 

OBSERVED 

JD 242+ Date OutBurRst 

606..... 1930, Oct. 14 First plate (Oct. 19) shows outburst had begun; Oct. 20 
3X 156 plate shows many double lines 

6733.....:: ; 1932, Jan. 25 Jan. 20, Fe lines shade to violet; Jan. 25, doubling be- 
2X 166 ginning 

7065..... 1932, Dec. 22 Dec. 22 plate shows doubling; on Dec. 26 several lines 
2X139.5 were double 

i 1933, Sept. 27 ae First plate (Sept. 29) shows several double lines 

x 156 

9) 1935, Nov. 16 Only one plate available, taken on Nov. 23; shows out- 
5X 143 burst well under way 

8840..... 1937, Nov. 1 On Oct. 31 lines were broad and weak; on Nov. 2 doubling 
5X 156 had begun 

9622..... 1939, Dec. 25 One plate, taken at McDonald Observatory on Jan. 1, 
2X 136.5 1940, showed outburst well under way; no other plates 

available 
9895..... 1940, Sept. 21 Sept. 23 plate shows four double lines; no earlier plates 
145 available 
10040..... 1941, Feb. 13 On Feb. 10 many lines showed broadening; on Feb. 15, 
2X 169 outburst was under way with many double lines 
eeG7e........ 1942, Jan. 18 On Jan. 13 a few lines shade to violet; Jan. 23 plate shows 
several doubles and lines broadened and weakened 


doubling stage represents the throwing-off of a new shell or layer at a high negative 
velocity, while the radial velocity observed during the normal stage is the normal out- 
ward velocity of the shell. The radial velocity of the reversing layer is around +20 
km/sec. 

The duration of a typical outburst varies from 20 to 40 days from the beginning of 
doubling to the return of the lines to normal intensity and breadth. The duration of the 


period of doubled lines is usually from 1 to 3 weeks. 
THE PERIOD 


It is difficult to determine the exact time of beginning of an outburst, but for the pur- 
pose of this discussion it is assumed to be the date on which a definite splitting of the 
lines into two components begins, having been preceded by broadening and shading 
toward the violet. We were able to fix this date rather definitely in the case of the 10 
outbursts shown in Table 1, although there was an uncertainty of several days. From 
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these results it appears that the period for the 10 outbursts varied between a minimum 
of 136 days and a maximum of 169 days. The actual variation must have been greater 
than this, because the beginning of all outbursts could not be determined and the period 
was computed in all but one case by averaging over two or more cycles. Thus, if it is 
assumed that there was an intermediate outburst in the interval between January 25, 
1932, and December 22, 1932, it is extremely unlikely that it would have occurred ex- 
actly at the mean of 166 days. It is, of course, not certain that there was an interme- 
diate outburst. 

We next consider whether the dates of expected outbursts, based on Table 1, are 
consistent with the observations. The dates on which additional outbursts might be 
expected, as far as there are any observations available, are shown in Table 2. We con- 


TABLE 2 
TIME OF BEGINNING OF EXPECTED OUTBURSTS 


BEGINNING OF ExPECTED OUTBURST 
on Basis OF TABLE 1 
OBSERVATIONS 


JD 242+ Date 


Serer 1931, Mar. 19 | One weak plate on JD 6405 shows some indication 
of doubling, and the next plate on JD 6433, 
which is also weak, shows some double lines; no 
additional plates are available; an outburst may 
have occurred on about JD 6421 
en 1931, Aug. 23 | There are no plates from JD 6433 (Mar. 31) to 
JD 6592 (Sept. 6); the latter plate shows no evi- 
dence of an outburst 15 days earlier, but a weak 
outburst may have occurred at that date 
ae 1934, Mar. 2 | There was no definite outburst at this time, al- 
though some indication toward doubling was 
present on Feb. 9 and 10, 1934; if this is to be con- 
sidered as an outburst, it was exceedingly weak 
Sr 1939, Feb. 13 | Two plates are available, at JD 9321 val JD 9322; 
these plates show no doubling, although some 
lines are slightly broadened and diffuse. If there 
was an outburst it may have occurred a few days 
earlier than JD 9308, say, at JD 9300 


clude that in view of the irregularity in the occurrence of observed outbursts, showing 
that the phenomenon is not strictly periodic, there is no disagreement between times 
of expected outbursts and the actual occurrence of outbursts. 

It is clear that the outbursts are not strictly periodic. In October, 1932 (JD 2427000), 
the lines were clearly double. This is 65 days before the outburst on December 22, 1932 
(JD 2427065), and contradicts the results from other cycles. We have no observa- 
tions between October 20 and December 22. It is possible that the state of dis- 
turbance lasted throughout this long interval. But, if so, the outburst was entirely dif- 
ferent from the normal. The presence of only a weak indication of an outburst near 
JD 2427500 is also in contradiction to the average period of about 150 days. 

All we can say is that major outbursts occur at irregular intervals spaced roughly 
150 days apart. But the outbursts are not similar in intensity or in duration. Small 
disturbances, shown only by a violet shading of the stronger Fe 11 lines, occur frequently 
and may last for weeks or months, while at other times the lines remain sharp and sym- 
metrical for long intervals. 


OTT- 
(t) + 1(7) - - (LT) 2 - |(8T) 2$ - |(€) OTT] JF E€6T 
d 06 
(T) LT+ |(€) €7 (€) LS (Tt) T9- (€) €9 - | (ST) LS (tz) 98S (€) 98 €€6T 
d og 
St+ |(€) oF (L) €€ (tT) TS- SL - | (T) 0S (ZL) 29 (LT) 0S (62) $$ (€) 89 3 E€6T 
8 
(T) $ + |(Z) 92 (z) 2s (€) 69 (ST) (oz) 0S (€) 69 |€T°E 
(1) |(€) | (9) (S$) $8 |(9T) $9 | (tz) 6S | (2) TIT] 
9ST (7) 62T 
(T) |(€) TS (€) SL LT) L9 6T) 09 (Z) 08 J 
T) S6T S$) 28T 8) 6ST 
(T) |(T) 97 33 4S (2) 79 $9 {8}, (2) j€z*L €€6T 
(T) €L L) z) Os (z) get | d cuer €€6T 
fe) 92T 2s 
(T) |(T) LY (Tt) 9€ (T) 62eT- (T) 9€ LT) €9 zz) OS (€) 88 3 €€6T 
(2) TYT ft) SIT 
(t) tt+ |(t) 06 (T) (1) S€ - | (YT) 65 9T) 49. (z) ztt| 
ZLT 2st 
€) 9€T 60T 
(T) o€+ (z) oF Ov €€ (€) €8 d 
ft) S9T ft) 90T 
(1) €t+ |(€) 2 (z) 9T) 2 9T) 6€ Ce) J °390 2E6T 
fz) ter d 2g 
(1) €T+ |(T) 29 (€) 67 TS 9T) OF (€) 79 
(7) Ett LOT 
(t) |(z) TY - | 49 - €T) sv - | (YT) 6E - | (Zz) 94 -| A zEET 
II ts II 3n II 9s II JO I II ®9 II «gs I eq II H rend} 998d 


LT JO SeTPTOOTEA TeTPEY 


€ aTavi 


im 
ter 
od 
is | 
25, 
1e- 
ire 
be 
yn- 
| 
1g | 
| 
), | 
32 | 
i 
if- 
ar 
ly 
ill 
ly 


ft) 06 - d €L 
(t) tr+ | (7) (7) Le - | Lt- 67 - LE CLS) SE = CE): ZS 3 | 6T°OE 
d 9S 
(1) 9€+] (T) 6€+ | (€) St (€) S€ (z) se |(T) LE (z) 0S (7T) 92 Cte). £2 (€) 9€ 3 |9T°9% 
29 
(tT) | | (S) (ty €2= 119)... 02 (9T) 82 92 (€) 2 YEéT 
d 09 
(T) oz+ | (7) 02 (7) 6€ (T) zt |(T) 22T (z) €% (9T) VE (92) 9€ (€) TS 3 |7z°9T ‘uer YE6T 
(t) €t+ | (2) g€ (€) 6€ LE (€) 97 (st) 77 (62) 17 (€) €9 |ez°sz 
d 
€7+ | (Zz) OF (2) 647 (ST) 67 (8T) €7 (€) €9 qd €€6T 
d 76 
(T) oz+ | (T) €5 07 (YT) 7S 76 d |6€°O€ “AON €€6T 
TOT 
(1) 6T+ | (S) 67 (9) TS (t) SS |(T) (€) 8s (6T) $$ (72) 0S (€) 3 *AON 
ZOT OTT 
(1) + | (€) (€) (ZT) €9 ZT) 6% (z) €6 d €€éT 
(1) | (Z) LS (z) g€ Ct) LT) 29 Lt) 09 (€) 90T | 2 |77°Se E€€6T 
SET (9) T2T 9TT 
(1) | (Zz) 9% (z) LS (T) ST) 19 LT) 2% (€) 9TT | JF °390 
(2) Let d €€T 
(T) (T) S€+ | (T) $8 (Tt) 64 (T) €2 (TT) 98 9T) 2L O2T | 3 
fs) 97T OST 
(T) 8 +] (T) €€ (z) 99 €9 6) €L (€) | CE6T 
6 - | (€) 29 OT) 99 eT) 0S (tT) °290 
(2) BET 36 
(T) St+ | (€) g€ (€) €7 (Z) 9TT | (T) S9- | (Z) SB YT) 65 02) SS (€) 88 3 €€6T 
(4) SET 
(T) | 6€ (2) sv - | (tT) 98> | (2) 60T- (2) LY - |(6T) 94 - |(6T) 9S - | (€) 06 -| 2 |7r°6z 
II ts II 3n II 9s II 40 I II 89 II 4s I eg II eg H 
-- € 


472 


LOT- 
¥ + | (€) et - | (€) LE - | (tT) LE- | (Zz) T9 (T) (€) Se - ey - | (zz) TE - | (€) 
d 96 
(T) 0 (2) 82 (€) oz z (€) (ST) (2z) 92 (€) 9€ 390 
d 6S 
(T) Té+ | (T) € + (€) Lz (7) €z (T) ST €9 (S$) $z (LT) L2 (92) Sz (€) 6€ O7°L °290 YE6T 
d 6% 
(1) $6 | (T) | (S) Sz (z) TE€ (T) VE (YT) 2€ (oz) (€) 97 *920 YET 
(T) €€ (z) (6) €€ °4deg 
TOT 
(T) (z) OL (4) 29 (L) LY (T) TOT 90°6 
6L 
(tT) S€- | (€) LY (z) TS (2T) 79 (LT) LS (€) €T°S TEST 
19 
8 + | (€) ov (z) 2€ (9T) 0S 02) 27 (€) 90°T 
d 9S 
(Tt) ez- | (z) LE (€) (T) ov (tT) €” |(7) 77 (7T) LY (Tz) 0S (€) 29 YEET 
(tT) €T+ | (€) 2 (Tt) 2S (T) 67 (z) 29 (€) LY (€T) $s (tz) (€) 69 60°72 
d 18 
(tT) 6 + | (€) (€) (T) (T) €6 (L) (TT) LS (oz) 9S (€) YEET 
(2) 9TT 99 
(tT) 6% | (T) | (€) 27 (T) (z) 49 (2) (9T) SS 6T) €7 (€) 98 80°6T “Qed YE6T 
d 
(T) (S$) (6) Ct? ST°ST YE6T 
ft S6 148 
T) | (1) - | (7) VE (7) (T) sz (Z) Tz (t) 89 |(2) (ZT) TS (6T) $7 (€) 69 60°ST 
$9 
Ct) St (2) LE (Tt) 7 (T) 89 1(¥) (€T) €€ (02) 62 (€) 09 €T°ET YEET 
(2) L6 (2) 08 d €L 
9 + | (€) Lz (€) (z) 27 (z) 17 (z) $9 9T) Tz) 62 (€) 49 LT°OT 7E6T 
ft TOT ft) €9 
(1) 7T+ | €% - 1(7) z€ - | (t) | (Zz) - (T) 6% - |(ZT) 9€ - | (Tz) LE - | (€) $9 - ST°6 * 
II ts II 3n II os II 19 I II II I eg II eg II TL H 


penutzuog -- € 


| 


473 


Y¥E€T- 
(tT) € + | (2%) - | (%) - (Tt) (ot) - |(S$T) 09 - | (2) 
ft) T6 ft} 60T d 68 
(T) S€- | (tT) 6T (T) 2 (T) $Tt- |(t) 29 €T) O€ LT) 92 (€) L6 BE°S AON LEST 
LET 
(T) €T- | (%) 7 (T) 06 (T) 08 |(t) oF (t) 2 (It) 9€ (8T) $z (€) €0T 9E°TE °990 LEST 
d 90T 
(tT) 6€+ | (T) 72 (z) os (T) 87 (EX) (OT) 97 (T) 90T S7°ST °290 LE6T 
d 
(tT) 2 - | (S) 8T (7) (T) O€ |(z) 66 (€) (YT) LE 6€ (€) LE6T 
(T) | 02 (S) LY (t): (6) (ET) cE (2) 67°92 
g0T 
(T) 22 L) 62 €T) 82 (t) VET LE6T 
d 08 
| (z) 92 (1) 2 (T) 2T (IT) 0S St) LY (z) VOT €E7°ET LEST 
d 
(Tt) (T) LE (tT) 78 (T) (z) (S$) 9% (Tt) LE6T 
€€+ | (Zz) 77 (Zz) 9TT ZT) 6L OT) 49 (€) €2T «AON 
dé SL 
(T) | OT+ | (T) 7S (2) (2) 89 (YT) 69 (LT) $9 (€) 28 °390 SE6T 
t | 95 | 08 (er) w (e) 86 | 8 seer 
d €6 
(T) $z+ | (S) 6€ (2) 79 (Tt) €7 (Zz) 6L - (2) 99 (St) 8S (oz) 95 (€) $e OT°LZ “Gea 
8 
(T) 8t | (T) - | (2%) SE (€) 77 (T) Sz (1) 8 + (LT) 67 oe (z) GE°ST “AON 
d YL 
(1) 77+ | (T) OT- | (€) (z) (T) (2) €8 - (€) 8z (St) €€ (oz) (€) OL YE"OE 
86 
(T) LT+ | 9T - | (2) 6€ | (T) Le- (€) €T oY - | (6T) - | (€) Te - °990 
II ts II 3" II 9s II I II 89 II as I eg II eg TT H 


penut -- € 


474 


| | 
| 
| | 
| 
| 
| 
| | 
| | 
| | 
| 


(Tt) 97+ | (tT) - | (S) BE - (YT) 0S - | (LT) S7 (z) 28 T76T 
(2) d 88 
9 + | (€) st (7) (1) € - (T) €z - |(TT) 67 LT) 6€ (Tt) 88 TY6T 
T) (2) L6 96 d 
(t) S$€-| (Tt) (S) 87 te (é) ST) oS ST) OV (€) 
6€T (7) d €0T 
vz+ | (€) g€ (€) Tz (T) 8 (z) €8 - (S) 62 ST) LE (€) LOT 2T°9T TET 
(4) 6€T (3) YET d 82T 
(T) 9 +| (T) ST+ | (€) 62 (7) oF (Tt) zz | (2%) 2% (T) 62 |(S) ST) 62 92) Lz (€) 2% 80°9T “Gea TY6T 
g€T 6) OST d 
(T) Te+ (t) 12 (Tt) €T (7) 72 Bz 6T (€) 6€ g0°ST T76T 
d 66 
(z) o€ | (tT) €T+ | (2) (7) 92 (Tt) 6T (9T) SE (€z) 62 (€) L6 €T°OT T76T 
(T) 9% | (2%) (z) 89 (2) $9 €9 €7T OYET 
TET 
(tT) T+ |(t) - 2g (T) 2S (z) VET €) 7S OL (8T) 89 (€) €0T AON 
g€T 
(tT) 2+ |(T) (7) (2) (ST) 9L (ST) 99 (€) $6 6€°€ OVET 
(2) TTt d 
(t) ve+ |(z) 19 (€) €8 (T) LL (2) 64 ST) LL (LT) 62 (€) SOT T7°€z% 
ft) 92T LST O2T 
(T) |(Z) O€ (2) 82 €T) et) (€) 94 390 
(2) LYT fr) LYT d z2€ 
(T) 77+ |(€) 2s ce) oF €9 ST) T9 LT) 9S (€) 38 OVET 
(6) 79 (TT) LL (T) Cot O6T 
d €6 
(T) 9 - |(t) (T) sz (t) t7 - T9 (6T) (€) 08 
d OL 
oz- |(7) oF (z) (T) $7 (2T) 7S (9T) 8€ (€) 90°Se 6€6T 
(tT) oz- |(T) Tet- - | (T) €S- (IT) $9 - |(7T) 8S - {(€) yer- 7E°9% *AON LEET 
II ts II 3n II 9s II 20 I II II as I II II TL H 


-- € 


475 


-ed ut umoys ele yore IOJ so szaqumu eu, 


*saseuqued 


(T) Tz+ | (2) 82 (€) - (St) 38 - | (YT) LY (€) 09 
(tT) 7 + | (€) 6% €9 YT) SS (€) €8 €T°e€z 
f2) STT d VOT 
(T) Te+ | (€) 2€ (€) 7S (7T) 7S 02) LY (€) LT°€T 
(T) Te+ | (€) 67 TE ct): y= ST) €€ €T) 62 (€) 88 8T°9 
O2zT 
(T) (tT) 6t+ | VE (z) 2 (T) (OT) LS ST) LY (2) 
9%+ | (z) (€) $7 (Tt) tY (ST) €7 (2) 276T 
d 
(T) LT- | (€) $z (€) $6 (T) 92 7S (9T) LY (T) 39 
d LS 
CT) EF (€) {T) (T) 0S (Ot) (€) Ta ve°7T TY6T 
d 
(t) 7 + | (9) 6€ 9€ (T) $$ (€T) 95 (9%) $7 (2) *99q 
d 
(T) | (S$) 92 (2): (1) 9€ (Tt) 48 87 (9T) LY (2) 9€°9 TY6T 
6TT d 
(T) Té+ | (T) $$ (€) o€ OT) 9S (€T) S¥ (2) $$ SE°ST “AON TY6T 
ft) d gg 
(T) OT+ | (S) 77 (9) TS (tT) 6% |(T) 68 - | (tT) SE - | (7) (zz) 92) (€) 248 LO°S2 TY6T 
d €6 
(T) 6T+ | (Zz) (7) LY (T) 9S (IT) 7S (9T) (T) €6 TET 
Tt). YT d ¢ 
ve+ | (€) Lz (9) 6€ (2) 9€ rad (92) ov (€) LO°ET TY6T 
d SL 
(T) 9T+ | (2%) S¥ - | (€) - | (T) (Tt) - (7) O€ ze - |(@z) 26 - | (€) - YO°T TYET 
II ts II 3" II 9s II 40 I II II I eg II II TL H 


-- € 


476 


1932 


1932 


1932 
1932 
1932 
1932 


1933 


1933 
1933 
1933 


1933 
1933 
1933 
1933 
1933 
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1933 


1933 


1933 


1933 
1933 


1933 
1933 
1933 


NOTES TO TABLE 3 


Description of the spectra, as compared to the spectrum of January 2, 1929 
considered as normal. Thedescriptions refer to Fe II and Ti II absorption 
lines unless otherwise stated. 


Sept. 23 
Oct. 12 
Oct. 17 
Oct. 20 
Dec. 22 
Dec. 26 
Jan. 
Jan. 4 
Jan. 

Jan. 12 
Jan. 24 
Feb. 3 
Feb. 9 
Feb. 15 
Feb. 23 
Sept. 29 
Oct. 11 
Oct. 14 
Oct. 17 
Oct. 18 
Oct. 25 
Oct.. 31 
Nov. 28 
Nov. 30 


Lines broadened; some shading toward violet and some doubling. Mg II 4481 
broadened. 


Lines greatly broadened. Several doubles. Red emission borders at sever- 
al strong Fe II lines. 


Lines broadened and somewhat hazy with fairly sharp red edges. Two doubles. 
Poor plate. Lines still broadened, but symmetrical. Several doubles. 
Poor plate. Doubling beginning. 


Poor plate. Abnormal stage has begun with some lines shading to the vio- 
let and several double lines. 


Strong outburst under way. Lines which are not double are much broadened. 
Red component of double lines very sharp and narrow. 


Poor plate. Many lines appear diffuse. Five doubles. 

Poor plate. Fainter lines are weakened. Many lines double. 

Outburst continues. Many doubles. Violet components are equal in intensi- 
ty to red components, except in the case of Sc II 4246. Mg II 4481 broad. 
A few of the stronger Ti II and Fe II lines show faint emission borders on 
the red edge. 

Lines broad and symmetrical. Mg II 4481 broad. 

Normal stage. Lines symmetrical. HB rather narrow. 

Normal. 

All lines narrow. 


Weak plate. Some lines show shading toward the violet: some lines are 
broadened. 

Strong outburst. Doubling has begun. Fainter lines are weakened. H 

lines sharp on red and shade to violet. Hd very broad. A few of the 
stronger Fe II and Ti II lines show faint emission borders on the red side. 


Red components of double lines are strong and narrow. Violet components 
still weak. HB very strong. 


The stronger lines which are not double show some shading to violet. Red 
components are sharp. 


Doubling continues, but violet and red components are about equal. HB 
appears double. 


Violet components are strengthened. 


Lines broad and symmetrical with diffuse wings. Many red and violet com- 
ponents have coalesced. 


Lines not quite so broad. Mostly symmetrical. 
Normal. 


Normal. H lines are diffuse. 
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1933 Dec. 


1933 


Dec. 


1934 Jan. 


1934 


Jan. 


1934 Jan. 


1934 
1934 
1934 


1934 


1934 
1934 
1934 
1934 
1934 
1934 
1934 


1934 
1934 
1934 
1934 
1934 
1934 
1934 
1934 
1934 


1934 


1935 
1935 
1935 
1935 


1937 
1937 


Jan. 
Feb. 
Feb. 


Feb. 


Feb. 
Feb. 
Feb. 
Feb. 
Feb. 
Feb. 


Mar. 


Mar. 
Mar. 
Sept. 
Oct. 
Oct. 
Oct. 
Oct. 
Oct. 
Oct. 


Nov. 


Feb. 
Oct. 
Oct. 


Nov. 


Sept. 
Sept. 


NOTFS TO TABLE 3 -- Continued 


Normal. 

Normal. 

Normal. 

Normal. 

Lines mostly narrow. Some show slight shading to violet. 

Same. 

Several lines are slightly double; but not much fading. Hd looks double. 


Ca II 3933 has faint central emission. Hd looks double with red component 
stronger than violet. 


Lines normal except for some slight shading toward the violet. Mg II 4481 
narrow. 


Lines slightly broadened. H strong. Mg II 4481 broad. 
Poor plate. 

Lines distinctly broadened. 

Many lines broadened. 

Normal. 

Several lines slightly broadened. 


Lines slightly broadened but no apparent shading to violet. Mg II 4481 
broad. 


Normal. 

Poor plate. 

Poor plate. 

Normal. 

Mg II 4481 narrow and sharp. 
Mg II 4481 diffuse. 

Normal. H strong. 

Lines slightly weakened. 


The stronger lines of Ti II and Sc II are sharp and narrow. Some lines 
shade to violet slightly. H strong. Mg II 4481 broadened. 


All lines are broadened, but are mostly symmetrical. A few lines shade to 
violet. Mg II 4481 broad and well defined. 


Normal. 
Normal. 


Normal. 

All lines are broadened, and the fainter lines are weakened. Fe I1 4233 
and Ti II 4468 double and may show faint emission borders on red edge. 
Fe II shows stronger violet components than Ti II. Sc II 4246 shades 
towards the violet. 


Poor plate. 


Poor plate. 
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1937 
1937 
1937 
1937 
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1937 


1937 
1937 
1939 
1939 
1940 
1940 


1940 


1940 
1940 
1940 
1940 
1941 


1941 


1941 
1941 


1941 
1941 
1941 
1941 
1941 
1941 
1941 
1941 


Sept. 
Sept. 
Sept. 
Sept. 
Oct. 
Oct. 


Nov. 


Nov. 
Nov. 
Feb. 
Feb. 
Sept. 
Sept. 


Oct. 


Oct. 
Nov. 
Nov. 
Dec. 


Feb. 


Feb. 


Feb. 
Feb. 


Feb. 
Mar. 
Mar. 
Mar. 
Mar. 
Nov. 
Dec. 


Dec. 


NOTES TO TABLE 3 -- Continued 


Poor plate. 
Poor plate. 
Poor Plate. 
Normal. 


Poor Plate. 


Several lines broadened and weakened with some shading of Fe II lines to 
violet. H strong. 


Shading to violet more pronounced with diffuse wings. Two doubles. Ab- 
normal stage beginning. 


Normal. 
Normal. 
Normal. 
Normal. 


Poor plate. 


Poor plate. Outburst beginning. Broad weak lines with four doubles and 
others shading toward the violet. Fe II lines show doubling most dis- 
tinctly. H strong. 


Most lines broadened. Red component of some lines sharp and narrow. 
Fe II 4233, Fe II 4584 and Fe II 4549 show slight emission borders on red 


edge. 

Lines broadened, but mostly symmetrical. Mg II 4481 appears double. 
Lines broadened, but symmetrical. Mg II 4481 narrow. HB strong. 

Lines narrow. 

All lines narrow. Some Fe II lines shade toward violet. HB very strong. 


Most lines narrow. Fe II 4233 about to split. Sc II 4246 also shows 
signs of doubling. H strong. 


Strong outburst, many doubles. Red components are very sharp. Hf strong. 


Hy and Hd may have central emission. Ti II 4468 and Fe II 4584 give indi- 
cations of faint emission on the red edge. 


Same. 

Violet components have increased in intensity and equal red components. 
Outburst continues. Hf shows a faint emission border on red edge. Fe II 
4584 is double with a faint emission border on red component. Ti II 4395 
and Fe II 4549 show faint emission borders. 


Weak plate. Most lines appear single but somewhat diffuse. 
Lines normal. HB shows emission border on red edge. 
One double line, otherwise normal. 


Normal. 
Slight shading of some lines toward violet with sharp edge on red side. 


Normal. 


Some lines slightly broadened. 


Normal. 
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1941 Dec. 14 
1941 Dec. 20 


1942 Jan. 
1942 Jan. 
1942 Jan. 


1942 Jan. 
1942 Jan. 


1942 Jan. 
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24 


NOTES TO TABLE 3 -- Continued 


H lines strong and diffuse. 

Some metallic lines weakened and broadened. 
Many lines shade to violet. H very strong. 
Same. 


Shading to violet not so pronounced. H still very strong. Mg II 4481 
broadened. 


Most lines normal. A few lines shade to the violet. H strong. 


Lines generally weakened and broadened. Double lines show violet component 
slightly stronger than red component. H strong. 


Lines still weakened and broadened. Doubling is about over. H normal. 
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RADIAL VELOCITIES 


Table 3 gives a summary of the measurements of radial velocities of all plates taken 
since March, 1932. This table is similar to Table 2 of the previous paper by Struve? and 
covers the period from September, 1932, to February, 1942. The radial velocities are 
given in km/sec with reference to the sun. The numbers of lines measured for each 
atom are shown in parentheses, and the radial velocity shown is the mean of all lines 
measured per atom. The lines are often double, but in a few cases the duplicities record- 
ed in Table 3 may not be real. The radial velocity of H8 is given, as well as that for the 
mean of Hf, Hy, and Hé. On some plates one or more of the H lines appeared to be 
double, but no measurements were made of the two components. The Ca 1 lines H and 
K are very broad and diffuse and occasionally appear to be double. In the few cases 
where certain lines appeared to have faint emission borders no measurements of the 
radial velocity of the emissions were attempted. 

Measurements of radia] velocities of Si 1 4128 and Si 1 4131 are of interest, because 
it is probable that these lines originate mainly in the reversing layer in a manner simi- 
lar to the line Mg 114481. The Si 1 lines, however, are very faint and diffuse, and 
Si 11 4128 is blended with Fe 11. These lines are visible on only a few plates. For this 
reason the measurements shown for Si 11 are subject to greater error than those of 
Mg 11 4481, but they agree fairly well, within the limits of error, with the measurements 
of the Mg 11 line. The mean velocity from Si 11 is about +30 km/sec. There are small, 
but real, changes in the velocity, intensity,and contour of Mg 114481. The radial velocity 
is, on the average, about +20 km/sec. 

It is possible that absorption lines of a few additional elements, such as Y 1, V 11, 
Mn u, and perhaps He 1are visible on a few plates, but the identifications are doubtful.* 
The notes to Table 3 give a description of the spectrum, with special regard to the char- 
acter of the lines. 

CYCLES 


Although there is no true periodicity, there is a certain similarity in the manner 
in which the radial velocities change during and after a conspicuous outburst. Figure 1 
shows a composite plot of the outbursts listed in Table 1, with the addition of a weak 
outburst, which may have started on February 5, 1934 (JD 2427475). The beginning 
epoch of each cycle was taken as in Table 1, and the observations were then plotted 
according to the time elapsed from the beginning of each cycle. 

It will be noted that the radial velocities of Fe 11 and 77 11 follow a fairly well-defined 
trend during the normal stage of about 100 days from the end of one outburst to the 
beginning of the next. Starting at —60 or —70 km/sec at the end of an outburst, the 
radial velocity increases at a fairly uniform rate, until just before the end of the cycle it 
is about —30 or —40 km/sec. It then begins to decrease, and the next succeeding out- 
burst follows soon thereafter. It must be remembered that most of the lines of Ti 1 
and Fe 11 were always measured single. These lines, therefore, displayed in some meas- 
ure a tendency to widen unsymmetrically toward the violet, without actually splitting 
into two components. The violet components usually last only a short time. When they 
first appear they are weak. As they increase in intensity, they at first appear far toward 
the violet from the normal lines and then rapidly approach the latter, coalescing with 
them some 2 or 3 weeks after the beginning of the outburst. 

Taking into account the general trend shown by the single lines of 7i 1m and Fe 11 
and on the assumption that the interval between outbursts is somewhere near that 
shown in Table 1, additional epochs were fixed. Too much dependence should not be 
placed on these dates, and, in view of the contradictory evidence at JD 2427000 and 
JD 2427500, almost certainly some of the cycles are not correct. Nevertheless, it is use- 


3 For identifications in the ultraviolet region see Ap. J., 90, 727, 1939. 
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ful to divide the observations somewhat arbitrarily into a number of cycles, as shown 
in Table 4. Those listed in Table 1 are I, IV, VI, VIII, XIII, XVIII, XXIII, XXv, ( 
XXVI and XXVIII. The period, based on these epochs, varied from a minimum of 
131 days to a maximum of 175 days. 
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Fic. 1.—Radial velocities of Fe 1, Ti, and Mg 11 for cycles I, IV, VI, VIII, IX, XIII, XVIII, XX, 
and XXVI. 


TABLE 4 
Cycle | I | Il Ill IV V VI VIII x. | 
Epoch: 

JD 242+..... 6265 6421 6570 | 6733 6890 7065 7344 7475 ye a oe p 
tl 

| st 

Cycle | xI XII | XVII | XVII | XXI | Xxv | XXVI | XXVIE di 
Epoch: | al 
gD 242+... | 7790 7950 8124 8690 | 8840 | 9300} 9622 9895 | 10040 | 10379 te 
or 

si 

} tl 


The epochs are all based on measurements of radial velocities of Fem and Till 
lines without regard to the radial velocities of Mg 11 4481. There is little or no correla- 
tion between the radial velocity of the Mg 11 line and that of Fe 11 and 77 11. The aver- 
age radial velocity of Mgt is about + 10 or +20 km/sec. Not all the scatter of the Mg 11 
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ints can be due to difficulty of measurement, and the radial velocity of the line un- 
doubtedly varies, although no period has been determined. 

The outbursts varied rather widely, both in radial velocities and in spectral changes. 
Some showed many absorption lines having violet components and others only a few. 
Some were of much longer duration than others, and in some the acceleration and ve- 
locity of expansion of the shell of material which was thrown off was greater than in 
others. 

During the abnormal stage the H lines are strong and broad, and occasionally appear 
to be double. At times HB shows a faint emission border on the red edge. On some 
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Fic. 2.—Radial velocities of 17 Leporis 


plates during the abnormal stage there is an indication of an emission border on the red 
edge of some of the stronger metallic lines. In such cases the red border is darker than 
the continuum, and the red edge of the absorption line is sharp. In the case of a few 
strong lines, such as 77 11 4444, 77 11 4468, Fe 11 4233, and Fe 11 4584, an emission bor- 
der has been observed on the red component during the double stage. This feature has 
also been observed in the ultraviolet region by Struve‘* on the spectrogram of 17 Leporis 
taken on January 1, 1940, at the McDonald Observatory. It is known® that P Cygni 
occasionally shows two absorption components with an emission component on the red 
side, and there is every reason to believe that these phenomena are of similar origin in 
the two stars. 


*Ap.J., 93 504, 1941. 
50. C. Wilson, Ap. J., 84, 296, 1936. 
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SUMMARY OF OBSERVATIONS AND INTERPRETATION 


1. The radial velocities of the single metallic lines of the shell undergo a slow varia- 
tion within the 150-day cycle. Immediately after each outburst they give on the aver- 
age —60 km/sec. The velocity then slowly increases until it reaches about — 40 km/sec, 
Very soon after maximum velocity is reached, many lines become double, the violet 
components giving a velocity of about —150 km/sec. These violet components at first 
rapidly gain in intensity; they then decrease in intensity, and their velocity increases to 
about —100 to —120 km/sec, at which stage they either disappear or coalesce with the 
red components. The variation in velocity of the red components—identified with the 
single lines—may to some extent be influenced by blending. 

2. The maximum intensity of the violet components in some outbursts surpassed the 
intensity of the remaining red components in the case of Fe 11. In other outbursts the 
violet components always remained weaker than the red components. In some out- 
bursts the separation of the components was complete, while in others the lines only be- 
came broad and diffuse. We conclude that the outbursts are not all of similar violence. 

3. A remarkable feature of all typical outbursts is the fact that the splitting of the 
lines is always best shown by Fe 11 4233, 4351 and by other weaker Fe 1 lines. Tim 
shows the phenomenon less conspicuously, the violet components always being rela- 
tively weak. Sc 11 4247 rarely shows the violet component, although in a few outbursts 
this component was more prominent than in others. Recalling that the ionization po- 
tentials are 16.5 volts for Fe 11, 13.6 volts for 77 11, and 12.8 volts for Sc 11, we conclude 
that the phenomenon may be due to increased ionization of the violet components, 

4. Whenever a violet component is formed, the corresponding red component becomes 
weaker and sharper. This is most conspicuous for Sc 11 4247, but the phenomenon is 
also present in 77 11 and to some extent in Fe 1. It is clear that an outburst does not 
consist of a new mass of gas hurled into the existing shell as an explosion from the sta- 
tionary reversing layer. Rather must we think of the outburst as a sudden acceleration 
of a part of the existing shell, accompanied by an appreciable increase in ionization. 

5. The fainter metallic lines at the time of an outburst become broader, shallower, and 
weaker. On the other hand, the strongest lines of Fe 11, 4924, etc., remain at least as 
strong during the outburst as prior to it. The explanation is obvious: we can interpret 
the doubling of the lines as an increase in turbulence. A weak line, which already was on 
the linear portion of the curve of growth, remains on it; the total intensity remains the 
same, but broadening makes it appear fainter, and increased ionization may even re- 
duce its equivalent width. A very strong line which previously was on the flat part of 
the curve of growth is now thrown onto the linear portion. Hence, with the same num- 
ber of atoms its equivalent width must be increased. 

6. The same interpretation holds in the case of H, which becomes very strong and 
broad during the outburst. In the case of Ca 11, which is normally very strong, the in- 
crease in equivalent width is probably checked by increased ionization. 

7. The fact that the central intensities of the broad, strong lines of H and Ca 1 re- 
main near zero during the entire outburst suggests, rather conclusively, that the out- 
burst does not merely affect certain areas over the disk of the star—for example, hot 
spots like faculae or granules on the sun—for then the continuous spectrum of the nor- 
mal regions should raise the bottoms of the violet components and the continuous spec- 
trum of the hot spots should raise the bottoms of the red components. The conclusion 
is that an entire layer of the shell is suddenly accelerated and at the same time sub- 
jected to increased ionization. 

8. The question arises whether this layer is at the bottom or at the top of the expand- 
ing shell. The only clue to an answer is found in the fact that strong absorption lines 
always show larger velocities of expansion than weak lines. For example, H, whose lines 
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are very strong, shows velocities of the order of 30 or 40 km/sec more negative than 
Feu and 7i 11. The two strong lines of Ca 11 give velocities which are about 20 or 30 
km/sec more negative than the lines of Fe 1, 7i 11, etc. Even within the Balmer series 
HB gives a greater velocity of expansion than the mean of Hé, Hy, and Hf. From the 
new measures the difference is 8 km/sec. It is probable, but not certain, that the greater 
violet displacement of the stronger lines signifies an outward acceleration. If this is the 
case, we Should be inclined to attribute the accelerated layer during the outbursts to 
the upper strata of the shell. 

9. As far as we can tell, all elements are affected simultaneously by the acceleration, 
as well as by the increased ionization. Certainly this is true for Fe 1, Ti 1, Sc 11, Cat, 
and probably other elements contributing to the lines of moderate intensities. The H 
lines are so strong that the visible effects of the outburst are relatively insignificant. It 
is, therefore, difficult to state whether H is affected earlier than the other elements. 
The doubling takes place in an interval of a few days: on February 10, 1941, the lines 
were single; on February 15, they were double. 

10. The outbursts are not accompanied by any conspicuous changes in the total light 
of the star. Yet, if the increase in ionization were to be interpreted in terms of tempera- 
ture of the reversing layer, the change should be noticeable. Roughly speaking, the 
change in the ionization corresponds to a change in spectral class from about A5 to AO, 
or from T = 10,000 to T = 13,000. This would correspond to a change in bolometric 
brightness of 1 mag. Any actual change that may have escaped detection probably is 
less than 0.1 mag. 

11. There are small, but real, changes in the velocity, intensity, and contour of 
Mg 11 4481. The radial velocity varies between +40 and —10 km/sec. These changes 
take place in short intervals of a few days, but no period has been found. The line oc- 
casionally looks double. More often it is diffuse, suggesting a moderate velocity of axial 
rotation of perhaps 75 km/sec. Occasionally it is fairly sharp. It is probable that at least 
a part of the line originates in the shell; but, if so, this presumably inner layer of the 
shell must be almost stationary with respect to the reversing layer. 

12. Fe 11 4233 and occasionally some of the other metallic lines of the shell show faint 
violet extensions of the usual absorption lines. These lines are identical in character 
with the violet components during the outbursts. Their existence shows that even when 
the star fails to produce a violent outburst there is a tendency for it to shed part of the 
material by acceleration. 

13. During the normal stage, lasting more than 100 days, the spectrum does not 
change much in character. Certainly, there is no marked change in ionization or in dilu- 
tion effects. During an interval of 100 days the shell, having an average velocity of 
50 km/sec, would have receded to a distance of 4 X 10'* cm. Assuming that the star 
belongs to the main sequence, as is suggested by the broad H lines, its radius must be 
of the order of 10" or 10 cm. Hence the dilution, as well as the ionization, would change 
greatly if we were dealing with a single shell expanding from the star. We must con- 
clude that the atoms continually pass through the shell, being rendered invisible at the 
top through increased ionization and being replenished from the bottom by an unknown 
mechanism (which may resemble prominence action). 

14. There are slow changes in the normal spectrum, which become apparent when 
we compare plates taken in different years during the normal single-line stage. Some- 
times the metallic lines of the shell are very strong, while at other times they are rela- 
tively weak. These changes apparently have no effect upon the outbursts. We suspect 
that there are also slow changes in the intensities of the H absorption lines of the shell. 

15. The lines of Si 11 4128, 4131 are difficult to measure. The velocity agrees, how- 
ever, with that shown by Mg 11 4481. Hence these lines do not originate in the expand- 
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ing shell but come from a stationary layer below. The agreement between Si 1 and 
Mg 1 confirms the hypothesis of dilution: The lines of these two elements come from 
normal excited levels which connect with lower levels. They are reduced in intensity 
by dilution. All other lines measured on the Yerkes plates come from metastable levels, 

16. It is difficult to explain how a single layer of the expanding shell can be suddenly 
accelerated and at the same time subjected to increased ionization, while other layers 
of the shell remain unaffected. This leads to the fundamental problem of P Cygni stars 
and outer shells—a subject which has been discussed elsewhere.® 


YERKES OBSERVATORY 
February 1942 


®Q. Struve, Ap. J., 95, 134, 1942. 


THE STATISTICS OF THE GRAVITATIONAL FIELD ARISING 
FROM A RANDOM DISTRIBUTION OF STARS 


I. THE SPEED OF FLUCTUATIONS 
S. CHANDRASEKHAR AND J. VON NEUMANN 


ABSTRACT 
This paper is devoted principally to a statistical analysis of the speed of the fluctuations in the gravita- 
tional field acting at some fixed point in a system containing a random distribution of mass centers 
(stars) in motion. The solution to the problem depends on the evaluation of the moment |f|?F of a certain 
bivariate distribution W(F, f) giving the probability of a force F per unit mass acting at a point and a 
simultaneous rate of change of F of amount f. This moment |f/?F is related to the mean life T of the 
state F according to the formula 


T = i 
Vv 


The statistical problem has been solved on the assumptions of a spherical distribution of the velocities 
v and a random spatial distribution. No other restrictions have been introduced; in particular, proper 
allowance has been made for a distribution over different masses, M. 

It is found that if we measure |F| and T in the units 


|F| = Qy8 ; On = 2.603 , (ii) 


and 
0.3201 


v|2}1/2 


T = bor ; to = (iii) 


(where G is the constant of gravitation and n is the number of stars per unit volume) we can write 


3/2 
6 (iv) 


where G(8) and H(§) are certain functions of 8 which have been tabulated. It is further found that, ac- 
cording to equation (iv), 


(8 — 0) ; (B>@). (v) 


The entire dependence of 7 on 6 has also been tabulated and graphically illustrated. 


Certain other related statistical problems have also been considered. Thus, expressions for f7, and f? 
have been derived where f|; and f, are the rates of change of F parallel to and perpendicular to the direc- 
tion of F, respectively. Further, the probability distribution of f has been considered and the root mean 
square value of F to be expected for an assigned value of the rate of change f evaluated. Finally, the 
problem of the accelerations in F to be expected has also been briefly examined. 


1. Introduction.—A general analysis of the statistical aspects of the fluctuating gravi- 
tational field arising from a random distribution of mass centers may be expected to 
provide the necessary basis for several problems of stellar dynamics. Thus the notion of 
the time of relaxation of a stellar system is intimately connected with the influence of 
such fluctuations in the gravitational field on the motions of stars. Also it appears that 
the dynamical problems presented by star clusters! can be treated satisfactorily only in 
terms of such an analysis. The common characteristic of all these problems is that indi- 
vidual stars are subject to the changing influence of a varying local stellar distribution. 


! And presumably also clusters of nebulae. 
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Consequently, it is apparent that the most suitable method for analyzing such situations 
is a statistical one. More specifically, we may formulate the fundamental problem in the 
following terms. 

The force F acting on a star, per unit mass, is given by 


M; 
= —G> 
(1) 


where M; denotes the mass of a typical field star and r; its position vector relative to the 
star under consideration. Further, the summation in equation (1) is extended over all 
the neighboring stars. The actual value of F at any particular instant will depend on the 
instantaneous positions of all the other stars and is, in consequence, subject to fluctua- 
tions. It would not therefore be feasible to predict the exact dependence of F on the 
position and/or the time for any individual case. But the same circumstances would per- 
mit us to inquire into the statistical aspects of F. Thus one of the questions we can ask 
is the probability of occurrence, 


W (F) dF,dF,dF, =W (F)dF , (2) 


of F in the range F and F + dF. In evaluating this probability we can (consistent with 
the physical situations we have in view) suppose that fluctuations subject only to the 
restriction of a constant average density occur. This problem is clearly equivalent to 
finding the probability of a given electric field strength at a point in a gas composed of 
simple ions. This latter problem has been considered by Holtsmark;? and Holtsmark’s 
results can be readily adapted to the gravitational case.* However, the specification of 
the Holtsmark distribution W(F) does not characterize all the essential features of the 
fluctuating field. An equally important aspect of the problem is the speed of the fluctua- 
tions (Schwankungsgeschwindigkeit)* and the related questions concerning the probability 
after-effects (Wahrscheinlichkeitsnachwirkung).* These latter problems are essentially 
more difficult than the establishment of the stationary distribution. For, according to 


equation (1), 
_ 
Cac Ir; |5 (3) 


where v; denotes the velocity of the typical field star. It is now clear that the speed of 
the fluctuations can be specified in terms of the distribution 


W (F,f), (4) 


which gives the simultaneous probability of a given field strength F and an associated 
rate of change f. It is seen that this bivariate distribution of F and f will depend on the 
assignment of a priori probability in the phase space in contrast to the distribution of F, 
which depends only on a similar assignment in the configuration space. 

In this paper we shall derive a general formula for W(F, f) and obtain explicit ex- 
pressions for the moments 


ana TFG (5) 


2 Ann. d. Phys., 58, 577, 1919; Phys. Zs., 20, 162, 1919, and 25, 73, 1924. See also R. Gans, Ann. d. 
Phys., 66, 396, 1921. 

3 See S. Chandrasekhar, Ap. J., 94, 511, 1941, where a first attempt at a statistical theory has already 
been made. 

4In M. von Smoluchowski’s terminology (cf. Phys. Zs., 17, 557, 585, 1916; see particularly pp. 560- 
567). 
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for prescribed values of F and f, respectively. These moments have, as we shall see, 
important applications to problems involving the speed of the fluctuations in the gravi- 
tational field. In a later paper we shall study the nature of the correlations in the field 
at two different points. 

2. The general formula for W(F, f).—We require the stationary distribution of F and 
its simultaneous rate of change f at any given point. Without loss of generality we can 
suppose that the point under consideration is at the origin O of our system of co-ordi- 
nates. About O describe a sphere of radius R and containing N stars. In the first instance 


we shall suppose that 
F= (6) 


and 
but we shall later let R and N tend to infinity simultaneously in such a way that 
4 R-o, 
= N (8) 
n— constant. 


Considering first the distribution w(F, f) at the center of the finite sphere of radius R 
and containing NV stars distributed in a random fashion, we seek the probability that 


where F and f are defined according to equations (6) and (7). 

Now the vectors F; and f; depend on the position vector r; and the velocity vu; of the 
ith star. Accordingly, F and f together depend on the 6N variables included in (n, v1; 


Ti v;) (10) 


denote the probability that the position and the velocity of the ith star are found in the 
ranges (1;, 7; + dr;) and (vj, v; + dv;). The probability of a definite configuration of the 
N stars in the phase space is therefore 


N 


vi) dridv; = (say) . (11) 


i=l 


It is clear that the specification of the co-ordinates and the velocities of the N stars 
uniquely determines the values of F and f. Consequently the inequalities (9) will be 
satisfied only in a definite part of the phase space. Accordingly, 


1 
w(Fo, fo) dFudfo= (12) 


where the integration is to be extended only over that part of the phase space in which 
the inequalities (9) are satisfied. Now, following a procedure due to A. A. Markoff, 
we introduce under the integral sign in equation (12) an appropriate Dirichlet factor 


5 Wahrscheinlichkeitsrechnung, §§ 16 and 33, Leipzig, 1912. See also M. von Laue, Ann. d. Phys., 
47, 853, 1915. , 
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which has the value 1 whenever equation (9) is satisfied and the value zero whenever it 
is not. It is readily found that the required Dirichlet factor is 


+ 
P1P2P3910203 


(13) 
X sin (3 sin (4 p2Fy.o) sin (4 
X sin (301 fr.0) sin (3 02fy.0) sin (443 fz.0) 
where 
P= (pi, p2, ps); F = (4, G5) (14) 


are two auxiliary vectors. Introducing the foregoing factor under the integral sign in 
equation (12), we find 


w(Fo,fo) dFodfy = fe ®fo) 4 (Py , (15) 

where we have written 


VY 


According to our fundamental assumption, 7; depends only on the co-ordinates and 
velocity of the ith star. Hence, 


N 
R 
We now let R and .V tend to infinity according to equation (8); then, w—> W’, and we 
have 
= af fe +S) A (Py 0) dpdo, (18) 
P =0 =0 
where 
limit N 
where we have further written 
Finally, we shall suppose that 
73 
(21) 


in other words, we assume that all positions are equally likely for a star and that the 
distribution of the velocities is Maxwellian. We should, however, remark at this point 
that all the subsequent work will remain valid for any spherical distribution of the 
velocities. We shall indicate at a later stage ($ 12) the modifications necessary to go 
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from a Maxwellian distribution to a general spherical distribution. Similarly, we shall 
suppose in the first instance that all the stars have the same mass and later show how 
the results can be generalized for a distribution over different masses (§ 13). 

Finally, we may note that, according to equation (18), W(F, f) is simply the six- 
dimensional Fourier transform of the function A(P, ©). 

3. The evaluation of A(P, ©).—In our expression (19) for A(P» ©) we shall introduce 
and themselves as the variables of integration instead of r and v. The corresponding 
Jacobian of the transformation is seen to be 


43 xy sx |? 
a(>, W) | 2 
d(r v) | fer r|5 Ir|5 
1 
| —3- 
or, as may be readily verified,® 
GMs 4 4), (23) 
d(r, v) Gaya! 
Hence, 
dod | 
dlr, (24) 


=O 


We have next to express |v” in terms of our new variables @ and . According to 
equations (20), we have 


Hence, 
+4 (r-v)?+(rX v)?] | 
| 
_ | 
) 


6 The determinant to be evaluated is 
1 | i 
Det 1-3 = Det |r/*1—3r@r | 
3 | | 15 | 


where 1 stands for the unit matrix and 


| + xy LZ 
r@r= yx oy? ys |, 
| sy 


which is thus a matrix of rank 1 and trace |r|?. The characteristic roots of r @ r are therefore |r/*. 0, 
and 0; hence those of — 37 @ rare — 3{r|*, |r|*, |r|? or |r|?. Consequently, 


|r/?1—3r@r| = —2 


Equation (23) now follows at once. 
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(27) 


Finally, it is to be noted that, since the integral over r is restricted by the condition 
|r| < R, we should now require that 


| | e(say) . (28) 


Thus, in these new variables the expression for A(P, ©) becomes 


limit 3/2 
or, substituting for 7 according to equations (21) and (27), we have 
limit [ 3 73(GM )3/? 

(30) 


Consider the integral with respect to W which occurs in equation (30). We have 


Put 
= j (GM), (32) 
and 
1 
3 
(GM)? (33) 
The integral (31) becomes 


To evaluate this integral we shall choose a frame of reference (£, 7, ¢) such that the 
t-axis is along the $-direction. Then 


de=|%|; (35) 


A | 
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The integral (34) now becomes 


2 9 2 
J 
Accordingly, our expression (30) for A(p, o) reduces to 
Sly 
3/2 
limit | 3 47 (OM) 
A (P, [ f 2(1+38 cos?B) | -9 ( = ) (37) 


>e 
where we have denoted the angle between the vectors $ and o, by 6: 


B= < =< (38) 
We readily verify that 
3 | | —9/9 


>e 


Hence we can re-write equation (37) in the form 
€ 


A(P)%) = | 1 — } | (40) 


Without altering its value, we can clearly replace @ by —®@ in the foregoing expression. 
But this replacement changes 


into (41) 


under the integral sign; taking the arithmetic mean of the two resulting integrands, we 
obtain 
om’? 


4x 
>e 


Now the integral over @ which occurs in equation (40) is seen to be absolutely con- 
vergent, even when extended over all 9, i.e., also for e— 0. Hence we can write 


3/2 
limit 3 3/2 cos?g) /4t | —9/2 
or 
o 
A = 81) (= (44) 
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where we have written 

%1) = (1 = cos (P+) 
0<|@|<a@ >) 


(45) 


4. Alternative forms for C(P,o,).—-A more convenient form for C(P, 0) is obtained by 
choosing a particular orientation of our co-ordinate axes. Let Pp be along one of the axes 


wo WwW 
Fic. 1 Fic. 2 | 


and 9; lie in one of the principal planes (see Fig. 1). Using polar co-ordinates as indicated 
in Figure 1 we obtain from the spherical triangle (P, 01, $) 


cos B = cos < (9%, =cos y cos ¥+sin sin cos w, (46) 


where ¥ is the angle between P and o; (or 7). Equation (45) accordingly becomes 


= fff | P| cos 9) || ||, (47) 


or, putting 


cos = 1, (48) 
we have 
C (Py = ff —cos( +3 00878) | —5/2dadtd || . (49) 
Finally, letting 
z= |9%| |p|, (50) 


we obtain 


|o, |? 
= | — (51) 


47) 
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where 
D( ) = {1 cos ( zt) (1+3lt cosy + Vi~t? sin y cos wl*)/4} (52) 


An alternative, but equivalent, form for D(p) is obtained if we choose our co-ordinate 
axes in such a way that o; is along one of the principal axes and P lies in one of the princi- 
pal planes (see Fig. 2). 


oO. 1.29" 
{1—cos (z[tcos y+ sin y cos w] ) g-5/2dwdtdz. (53) 
0-1 0 


5. The behavior of D(p) for p— 0.—Our principal interest in the bivariate distribu- 
tion W(F, f) is to determine the different moments of f for a given F and of F for a given 
f and naturally also in the separate distributions of F and f. It is an elementary conse- 
quence of equation (18) that these moments depend only on the behavior of A(P, o) 
for |o| +O and |p| — 0, respectively, or, according to equations (44) and (51), on the 
behavior of D(p) for p— O and p— ~. We shall first examine the behavior of D(p) for 


— 0. 
; According to equation (52), we have 
D(p) = D(0) +F(p) (54) 
where 
©, 1.97 
D(0) = (1—cos[ zt] ) (55) 
and 


©, 1.2" 
F(p) =f f {1 — e—pz(1+3ltcos y+ Vi—t? sin y cos wl *)/4} 2~>/2dwdidz. (56) 
0~1°0 


D(0) is readily evaluated. For, after performing the integrations over w and ¢, we obtain 


D(0) f (57) 
0 
or, after several integrations by parts, 
D(0) = cos 2dz => (2m) : 


Returning to the consideration of /(p), it is seen that F(0) = 0. We shall therefore 
examine the behavior of F’(p) for p 2, 0. For p > 0, differentiation under the integral 


sign gives 
F'(p) = ff fcos( st) cosy + Vi—t? siny cose] *)/4 


x +31 008 y+ V1—f sin y cos w]?) 2'/dwdidz. 


(59) 


The foregoing integral for F’(p) is uniformly and absolutely convergent for p = po for 
any fixed po > 0; hence, it determines F'’(p) for all p > 0. On the other hand, the abso- 
lute convergence of the integral defining F’(p) is not uniform for p 2 0. Consequently, 
we cannot be certain of the continuity of F’(p) for p = 0; and, even if it is continuous, 
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its limit may well be different from the integral (59) for p = 0.7 However, if we write 
equation (58) in the form 


1,27 
F'(p) conrs V1—t2 siny cos wl 2) 
0 (61)8 


1 9 /o 
+3[tcosy+ V1—# sin cos w]*) | 
and regard z and ¢ as complex variables, it is possible to choose paths of integration in 
such a way that the integral is absolutely and uniformly convergent for all p => 0 (see 
the appendix to this paper). We shall not go here into the details of how this can be 
done except to remark that in the ¢-plane the path of integration can be any simple 


continuous curve from —1to +1 lying in the half-plane $¢ > O (for further details see 
the appendix). Under these circumstances we can expand 


cosy + siny cos wl 2)/4 (6 2) 


as a power series in p under the integral sign in equation (61) and evaluate the integral 
term by term. We thus obtain 


1 
cos y+ Y1—t? sin y cos *) 
4 0 


(1+3[tcosy+ sin y cos w]?) s'!2dwdld z 


(63) 


= 


n=0 


where we have written 


n 1,27 n+1 
““o=1°0 


The evaluation of the integral 7, for general values of » will be found in the appendix. 
For our present purposes it is sufficient to evaluate Jp. We have 


e[1+3(tcosy+ V1—€sin y cos (65) 


The integration over w is immediate, and we have 


) 


1 
+3] cos? — #) sin? ‘didz. 


} 


7 The relevance of these remarks becomes apparent when it is noted that the integral on the right-hand 
side of equation (59) for p = 0, namely, 


Ss { cos (2t)[1 + 3(t cosy + V1 — sin cos , (60) 
0-10 


is neither unconditionally nor absolutely convergent. 


8 We shall use (R and J to denote the real and imaginary parts of a complex quantity. 


| 


4) 
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Again the integration over 2 can be carried out. We obtain (cf. appendix) 
1 3 be 1 \ 
2 2 in2 ah) —8/2 
[p= cos #) sin it)~*/*dt. (67) 


Remembering that 7 = exp (i7/2), we have 
( i) —3/2 (e-'*/2) —3/2 = t3in/4 = (68) 


The expression for J) can therefore be re-written in the form 


+1 +1 
(5) 3 (cos? sin? +5 sin? . (69) 
—1 


The integrals over ¢ occurring in the foregoing equation are, of course, complex integrals. 


Writing 
j= (70) 
we find 
0 9 2 
Ji dt ife dé (71) 
and 
0 
= — 2[ = —2(1 +i). (72) 


Substituting from equations (71) and (72) in equation (69), we obtain 


( . a 
G) (5-44) [2 (cos? sin? 1)- 2(1 +3 sin’ 


(73) 
= (5) 
Hence, according to equations (61), (63) and (73), 
F'(0) = 3aP (5) sin? yRe~'4(1+7) 
3 
= 3x1 (5) sin? y (74) 
4 
Combining equations (54), (58), and (74), we now have 
8 3 9 
D(p) = (2) sin? y +O(f*) , (75) 


or, according to equation (51), 

sin?y+O(|%|4). (76) 
4 | p | 3/2 


8 


500 S. CHANDRASEKHAR AND J. von NEUMANN 


Reverting to our original variable o (cf. eq. [33]), we have 


Finally, substituting the foregoing expression for C(p, ¢) in equation (44), we obtain 
A (Py = + (78) 


where we have written 


a= (2xGM)*n 
3 (79) 
= 3 ( 2) 3/2(GM )'/27-2n. 


6. The behavior of D(p) for p— ©.—To study the behavior of D(p) for p— © we 
shall start from equation (53). Setting 
My (80) 
in this equation, we find that we can express D(p) in the form 


D(p) = (p) (81) 


where 
J (p) =ff fi 1—cos(p'3[tcosy + V1—Esin ycos w] y) "dwdtdy. (82) 


To determine the behavior of J(p) for p— ~, we re-write it in the form 


J(p) =J(e)+K(p) (83) 
where 
oF 
= 1— —y3(1+3t?)/4 —§ 2d dtd (84 
and 


©. 1 
K(p) = ff cos (p-'8[tcosy + V1—2sin y cos wl] y y~*/2dwdtdy . (85) 


J() is readily evaluated. After performing the integration with respect to w, we 
have 


Integrating by parts with respect to y, we obtain 


arr 
=— (1 +4 y—3/2d ( dt. (87) 


82) 


85) 
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The integrations over y and ¢ can now be carried out and lead to the following result: 


where 


1 1 
a= = 1 +5775 log (2+ V3) = 1.38017. (89) 


Returning to the discussion of K(), it is clear that, since we are interested only in its 
behavior as p— ©, we can expand the term 


1—cos(p-'8[tcosy+ V1—fsin y coswly) , (90) 


which occurs under the integral sign in equation (85) in a power series and integrate 
term by term. In this manner we obtain 


K(p) = > (91) 


n=] 


where we have written 


Ke) = 


XK tcosy + V1 —Fsin y cos . 
Performing, first, the integration with respect to y, we find 


K, (p) =(- 3) 3)/ 
(93) 


1 


[¢cosy+ sin y cos 
(1+ 32) tdw 


0 


For our purposes it appears that it is sufficient to evaluate only the term K,. We have 


After performing the integration with respect to w, we obtain 


4/3 1 42 2 1 am fe in2 
(95) 
Let 
(96) 
3 o | 
Then 


K,=2(dA cos? y+u) (97) 
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Combining equations (83), (88), (91), (92), and (97), we now have 
J(p) = = My + 2(d cos? y + uw) (98) 
or, according to equation (81), 
D(p) = cost y+ (99) 


Substituting the foregoing form for D(p) in equation (51) we find 


C(P) = + 2(d cost y+ ), (100) 


1/3 


or, finally, according to equations (44) and (100), we have 


—1/3 


A (P, = | cos? y tp) + pl‘) ( 101) 


where we have written 
c = j-'n, ) 


d = (GM) 5/3 | (102) 


7. The Holtsmark distribution for F.—According to equation (18) we clearly have 


=0 |o|=0 |f|=0 
But 
= 5 (01) 8 (02) (os) , (104) 
f\=0 


where the 6’s are Dirac’s 6-functions. Consequently, equation (103) reduces to 


1 
W(F) “an FL A (Py ©) (105) 
or, using equation (78), we have 
W(F) = fe "ap. (106) 
=0 


Using a frame of reference in which one of the principal axes is in the direction of F and 
changing to polar co-ordinates, the foregoing formula for W(F) can be reduced to 


W @) ffe cos |p| |P| . (107) 


The integration over #@ is readily effected, and we obtain 


W(F) sin (|p| |F|)d|P| (108) 
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If we put 
«= |P||FI, (109) 
equation (108) becomes 
e x sin xdx. (110) 
Since 
W(|F|) (111) 


we obtain for the distribution of |F| the formula 


WIFI) sin ade, (112) 


which is Holtsmark’s result.® 
We can re-write the foregoing formulae for W(F) and W(|F|) more conveniently if 
we introduce the ‘“‘normal’’ field, defined by (cf. eq. [79]) 


2/3 
Ou = (4) = 2.6031GM n?4 (113) 
and express |F) in terms of this unit: 
|F | =8Qu = Ba?’ . (114) 
Equation (112) now takes the form 
W(IFI) =5 5-H (8) (115) 
where we have written 
H(B) sin xdx. (116) 
Similarly, equation (110) becomes 
1 
W (117) 
Finally, we may note the following asymptotic expressions for H(8): 
H(8) (48) (80) (118) 
3m or a 
and 
= (Boe). (119) 


8. The moments ¢ £ and f2.—Let us choose a system of axes (£, 7, ¢) such that the 
f-axis is in the direction of F. Then, according to equation (18), 


(F, f) f —i(PeF+oef) 4 (p, fidpdedf. (120) 


=0 |p| =0|o| =0 


Cf. Chandrasekhar, op. cit., (eq. [12]). 


10 The coefficients of the higher-order terms in the two series (36 of the first and 20 of the second) have 
been tabulated by S. Verweij, Pub. Ap. Inst. Amsterdam, No. 5, Table 3, 1936. 
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But 
1 i 
= — 08) 5 (04) 5 , (121) 
=o 
where the 6 denotes Dirac’s 5-function and 6” its second derivative. Remembering that 
+00 
ff) (x) dx = f’(0), (122) 
equation (120) reduces to 
\f| =0 |p| =o |=0 
Similarly, 
1 
[WELD fraf= - J: de, (124) 
\f| =0 P| =0 o|=0 
and 


\f| =0 =0 
According to equation (78) for A(p, o), we clearly have 
= — | cine 7 
00? ) = | P| | sin* (126) 
|\o|=0 g 


where it will be recalled that y is the angle between p and o. Hence, 


1 


| 


| 
a+ peor + pron + | 27 
| | 
|P |? 
Combining equations (126) and (127), we have 
2 3/2 
[40 | = |p|—3” (128) 
da; p 
=0 


Substituting the foregoing equation in equation (123), we obtain 


=o ip) =0 |P |? 
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Using polar co-ordinates, equation (129) becomes 


f) fidf = fe | 1 — cos? #) |P|'/?sin ddwddd |p|. (130) 


Ifl=0 
Similarly, equations (124) and (125) can be reduced to the forms 


f) fidf = 


\fi=0 
(1— sin? sin? w) sin ddwddd|P| , 
(131) 


oF 


free f) fidf = fe F| cos 9—alp|*/? 


\fl= 
X (1— sin? cos? w) | P|! sin ddwddd |p| . 


After performing the integrations with respect to w in the foregoing equations and some 
further reductions, they are seen to take the forms 


\f| =o |p| =0 v=0 

and 

> (133) 
cos (|P| |F|y) (1+ *) |P|"2dyd |p| . 


|p| =0 


Putting 
lpi [Fl =x; |F| =Qx6, (134) 


equations (132) and (133) can be expressed in the alternative forms 


val 2 b 1 ¥ r/B)3/2 
fu (F,f) fidf==- fe (2/8)*/* 41/2 (1 — y?) cos xydydx, (135) 


\f\=0 

and 
fw (F, f) flag anf fe 4 y?) cos xydydx , (136) 
on() 0 


where we have further used f\; and /, to denote the components of f in the direction of, 


and in a direction perpendicular to, F. 
Again, equations (135) and (136) can be further reduced by performing the integra- 


tions over y. Since 


Jf cos xydy =~ sin 
(137) 


1 
cosxydy (2x cosx+x2?sinx—2sin x), 
0 
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we readily obtain 

Sidi =; (sin x— x (138) 
\fi=o ma 

and 

2 b 1 —(7/Q)3/2 : 
fw =; e~ (2/8)*/? (x2 sin x +x cos x —sin x) . (139) 


From these equations we obtain the important formula 


26 
[Wes If|*df=— i sin xdx . (140) 


\f| =o 


Finally, to obtain the corresponding moments, we should divide the foregoing equa- 
tions by W(F) (eq. [117]). Hence, 


= Sab 1/2 foe} 
fi= B I e~(*/8)*/? (sin x — x cos x) , 


H(B) (141) 
— 1/2 foe) 
fi = e~(*8)*/? (x2 sin x +x cos x —sin x) x~>/2dx , 
and 
1/2 foe) 
IS [Fil — am sin xdx . (142) 


There are some simple relations between f?, and Ff? for the cases of weak and strong 
fields. To establish these relations it would clearly be sufficient to examine the behavior 
of the integrals 


(sin x — x cos x) (143) 
and 
e~ sin xdx (144) 
0 
for 8— Oand B— ~. Consider first the behavior as B — 0. Setting 
x= By, (145 
the integrals become 
(sin By — By cos By) (146) 
0 
and . 
1/2 gf dy. 147 
B e sin Bydy (147) 
For 8 — 0 these reduce, respectively, to 
1 3/2 —y?/2,,1/2 3/2 —y?/2,.1/2 
38 and 8B I eV yl/2dy (148) 


i.e., to the values 
R3/2 R3/2 ( 9 
98 and 3° (149) 


| 
( 
é 
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For 8— © the integrals tend respectively to 


and sin xdx; (150) 
0 0 


in other words, to the values 


On the other hand, according to equations (118) and (119), we have 
4 
>= (8-0) (152) 
and 
5,/2 
H(B) > (153) 


Combining these various relations, we find 


fi |fl?p,=40b (8-0) (154) 


and 


= 22008" (B=). (155) 


According to these relations, 


fi=fi (p—0), (156) 


and 
fi =4 fi (Bo). (157) 


Hence, for weak fields the probability of a change’s occurring in the field acting at a given 
instant of time is independent of the direction and magnitude of the initial field, while for 
strong fields the probability of a change’s occurring in the direction of the initial field is twice 
as great as in a direction at right angles to it. The physical interpretation of this result 
is clear. A weak field results from a fluctuation of a symmetrical configuration of stars 
about the point considered. We should therefore expect the changes to follow, to be 
equally likely in all directions. On the other hand, a strong field acting at a point implies 
a highly asymmetrical configuration of stars about the point, and consequently changes 
are more likely to occur in the ‘direction of the initial field than in other directions. 


Of the three quantities Sift , and |f]|®, the last is clearly of the greatest importance. 


We shall therefore consider this quantity a little more closely. We shall first re-write 
equation (142), giving this quantity in the form 


= 4008 (158) 
where 


G(B) = sin xdx. (159) 


| 
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We shall now show how G(8) can be expressed in terms of H(8). Differentiating equa- 
tion (159) with respect to 8, we obtain 


sin xdx (160) 
or 
Hence 


We have already determined the behavior of the integral occurring on the right-hand 
side of equation (159) (cf. eqs. [149] and [151]). Accordingly, we now have 


> (B— 0) (163) 
and 


G(B) =0.79788 (164) 


The functions G(8) and H() are tabulated in Table 1. 


TABLE 1* 


THE HOLTSMARK FUNCTION H(8), G(8), AND THE MEAN LIFE 1(8) 
FOR A GIVEN FIELD STRENGTH 


G(g) | 8 Hip) | Ge) | 

0.000000 0.00000 0.00000 (0.219 0.7339 1.151 
004225. 01340 0.09987 201. .7408 | 1.128 
01667 | .03766 | 0.1989 || 2.9........... 183° 7468 1.100 
06308 1041 0.3915 | .139 | 1.033 
0.6.............] .1296 | .1840 | 0.5722 080 7815 0.905 
2690 0.7353 02417 | | 0.669 
3113 0.8091 01524 .7958 | 0.596 
3527. 0.8770 01038 | .7965 | 0.543 
3000 | 0.9390 || 9.0........... 007449 7973 0.502 
324 4305 0.9947 005562 | 0.7979 0.469 
| 4663 1.044 | 001875 |........ 0.369 
| .365 | .5851 | 1.176 | 0.234 
360 6086 1.195 0.219 
6299 1.208 | 000112 |........ 0.206 
| .339 6489 1.216 000086 0.195 
| .325 6659 1.219 000054... | 0.178 
310 6811 1.219 | .000037 |........ 0.165 
cu 275 7064 1.203 .000020 |........ 0.145 
257 7168 1.190 0.000015 |........ 0.137 
0.238 0.7259 1.173 | | 


* measures the field in the unit 2.603 3, and is measured in the unit 0.3201 [7372]! 6 /( 
The values of H(8) for 8 < 1.1 and for 8 = 6 have been recomputed. The intermediate values were taken from a table of 
Verweij (Pub. Ap. Inst. Amsterdam, No. 5, Table 3, 1936). 


9. The mean life of the state F —The physical ideas underlying the notion of the mean 
life of a state F can be described as follows. 


| | 

| | 

| 

| 

| | 
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First, we may remark that by a state Fo we mean that at some fixed point P a force 
per unit mass of intensity Fo is acting at a given instant of time (¢ = 0, say). Owing to 


IF I 


t, t > 
Fic. 3 


the motions of the stars, the force acting at P will gradually change with time (see Fig. 
3). If we denote by x (Fo; F, ¢) the probability that a force of intensity F will act at P 
after a time ¢, it is clear on general grounds that 


x(FoF,t) W(F) (165) 


where W(F) is given by equation (110). In other words, after a sufficient length of time 
the force acting at P will be totally uncorrelated with that acting at time ¢ = 0. On the 
other hand, the force acting only after a very short interval of time will be strongly 
correlated with Fo acting at ¢ = 0. But the phrases ‘‘after a sufficient length of time” 
and ‘‘after a very short interval of time’’ need to be made more precise, and the notion 
of the ‘‘mean life” is introduced just for this purpose. 

If the process by which F, acting at a given point, changes with time, could be in- 
cluded in the general class of stochastic processes of the Markoff type," then we may 
expect the correlation between the forces F(¢,) and F(¢2), acting at two different instants 
and at the same point, to decrease exponentially with time according to a formula of the 


form 
(166) 


Under these circumstances, 7 can properly be called the mean life of the state F. While 
the exact specification of 7 will depend on a deeper analysis of the nature of the sto- 
chastic phenomenon underlying the change of F with time at a given point, it is clear that 
with sufficient accuracy we may define the mean life by the formula 


EL 
(167) 


where ifl? has the same meaning as in $ 8. According to equations (114) and (158), we 


therefore have 
G(B) (168) 


The foregoing equation suggests that we measure 7 in terms of the following unit ¢o, 
which appears natural to this problem: 


Substituting for a and } from equation (79), we find that 
2! 3 


1 See J. L. Doob, ‘“‘The Brownian Movement and Stochastic Equations,” Ann. Math. (in press). 


| 
2) | 
nd | 
| 

| (169) 

n 
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For the Maxwellian distribution of velocities explicitly assumed in our present calcula- 
tions 


(171) 
Using this relation we can express fo alternatively in the form 
1 1 0.32007 
And, finally, if we denote by 7 the mean life expressed in this unit, we have 
(B) 
= ——_——., 1 12 
According to equations (152), (153), ( 163), and (164), we have 
t—B, (8-0), (174) 
and 
= 1.36938-'?, (B40). (175) 


: 


Of te 


Meon Life in 


Fi in units of a: 


Fic. 4 


The function 7(8) has been evaluated numerically and is tabulated in Table 1. Also, 
the dependence of 7 on is illustrated graphically in Figure 4. The very short lives for 
weak fields is to be particularly noted. 


? As we shall see later (§ 12) in the forms (172) and (173), the equations are valid for general spherical 
distribution of the velocities and not only for distributions of the Maxwellian type. . 


| 
2 
ul 
Lo 
9 
8 
? 
6 | 
| 
4 
0 
4 
° 2 3 4 5 6 7 8 9 10 12 16 7 8 19 20 
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We may also note that the asymptotic behaviors (174) and (175) for the mean life 
agree with that predicted by a formula suggested recently by one of us!* on the basis 
of certain “‘intuitive’’ considerations. 

Arguing in terms of the first-neighbor approximation for the probable fields'* and 
using a formula due to Smoluchowski"® on the mean life of a state in which n-particles 
are found in a given element of volume, it was suggested that 


(176) 


P+ 


Equation (176) is equivalent to Smoluchowski’s formula for the case in which a particu- 
lar star continues to exist as the sole occupant of a sphere of radius r, where r is related 
to |F| according to 


(177) 
Equation (176) can be re-written in the form 

(178) 
3 vOn 


or, after some minor transformations, 


B 1 B 
5 = 0.896 (179 


It is seen, as already stated, that equation (179) predicts asymptotic behaviors for T 
which are the same as those derived from equation (168). However, it is also seen that 
equation (179) overestimates 7 by a factor of the order of 2 in the entire range. 

The usefulness of our present more exact formula for the mean life to problems of 
stellar dynamics will be considered in a later paper. 

10. The distribution of f—Following a procedure similar to that adopted in § 7 for 
deriving the Holtsmark distribution, we find that 


WN f (Pre) (180) 
or, according to equation (101), 
WN f (181) 
|o| =0 


The foregoing equation is readily reduced to 


18 Chandrasekhar, op. cit., see particularly § 6. 
14See §$§ 4 and 5 in the reference quoted in n. 13. 


18 Op. cit., p. 557; see §§ 5, 6, and 7 and particularly eq. (30). 
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The integration over |o| can also be _— and we obtain the closed expression 


This formula suggests that we express |f| in units of c. Let 
Then 4 (184) 
W(f) = (185) 
The distribution of W(|f|) can also be written down. Since 
we have 
clf|? 
W 
or, alternatively, 
a? 
We may note that, according to equations (89) and (102), 
c = (1.38017)GMnj" (189) 
or, expressing j in terms of |v], 
2 
= (1.38017)GMn = 4.5406GMn) 0] . (190) 


Finally, we remark on the formal identity between our present law of distribution of f 
and the law of distribution of the field strengths F to be expected from a random distribu- 
tion of point dipoles.'® However, a little consideration shows that we should, in fact, 
have this formal equivalence between the two problems. 

11. The probable field to be expected for an assigned rate of change.—Let us choose a 
system of axes (£, n, ¢) such that the é-axis is in the direction of f. By a procedure 
analogous to that adopted in § 8 for deriving the moments f, etc., we readily find that 


2 
[WF = f (08) | ds. (191) 
Op 
| F| =o |o| =0 |p| =0 


There are, of course, similar expressions for the corresponding integrals involving F; and 
Fi. Adding these three equations, we obtain 


| F|=0 =0 |p| =o 
But, according to equation (101), 


[V5.4 (p, o) 24(A+ 3p) (193) 


16 J. Holtsmark, Ann. d. Phys., 58, 577, 1919 (eqs. [66] and [69}). 


Fl 
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Hence, 


d(rx+3 


| Fi=0o |o|=0 
Using polar co-ordinates and after some further minor reductions, we find that 


| F| =0 


Again the integration over |o| can be effected, and we obtain 


| F|=0 


The moment of | F| fis obtained by dividing the foregoing equation by W(f). Accord- 
ingly, combining equations (183) and (196), we thus obtain 


or, expressing |f| in units of c, we have 
(2)2(1 402) sin(2 tanta). (198) 
f 3/7 a 3 


Substituting for c and d from equation (102), we find that 


Further, according to equations (96), 
_ dt 
d+ 34 =—— = 7.3441, (200) 
A numerical evaluation of the integral occurring on the right-hand side of equation (200) 
ave 
(201) 
0 (1+ 32) 1/6 
Combining the foregoing equations, we obtain 
10.377 1+.?)7* sin G tan~! a); (202) 
or, expressing |F| in units of Oz, we have 
= 1.2375 (a), (203) 


Qu 


where 5 
@(a) = a—'/2(1 + a?) 7/2 sin!” tan7! a) (204) 
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The asymptotic behavior of (a) may be noted: 


(a0), 
(205) 
®(a) (am). 
The function ®(a) is tabulated in Table 2. 
TABLE 2 
a | a (a) a (a) 
1.39 | 192 || 200.......... 5.57 
According to equations (203) and (205), 
 (ifloe). (206) 


It is of interest to compare the foregoing proportionality with a similar one, which 
results from equation (155), namely, 


(207) 


12. Generalizations to include arbitrary spherical distribution of the velocities.—So far, 
we have assumed that the distribution of the velocities conforms to Maxwell’s law. We 
shall now indicate how we can generalize our results to include an arbitrary spherical 
distribution of the velocities and to remove the restriction to a Maxwellian distribution. 
As a preliminary to this discussion, we shall first consider the case when all the stars 
have the same absolute value for v but with random orientations, in other words, 


|y| = v9 =constant , (208) 


but is arbitrary otherwise. Under these circumstances we can still formally speak of a 
distribution of the velocities; but the function describing this distribution has the singu- 


lar form , 


3 


&(|v|*— 02) , (209) 


where 6 stands for Dirac’s 6-function. The use of the 6-function at this stage is clearly 
only a formal device and can be avoided if one so wishes. On the other hand, the trans- 


A| 
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formations required in the subsequent analysis are more naturally suggested by its use, 
and we shall therefore not attempt to avoid it. Substituting then, the foregoing expres- 
sion for 7 in equation (29) and using equation (27), we obtain 


OL 64770) lel>e| 


A(p, 


Consider the integral with respect to W, which occurs in equation (210). We have 


<a 
Put 
= - (212) 


The integral (211) becomes 


Now, choose a system of axes (£, 7, ¢) such that the é-axis is along the $-direction. The 
integral (213) becomes 


annl {fe Viet Vint vis | (214) 


| Introduce two vectors s and X defined as follows: 
1 
$= (2ou, om, ox); X= Ez Vin, (215) 


In terms of these vectors the integral (214) is seen to reduce to 


3/2 
ax 
IX|<o 
(216) 


sin 


9/2 
| |s| 


But, according to our definition of s, we clearly have 
| s| = V1+3 cos? 8, (217) 


where, as in equation (38), 8 is the angle between the vectors @ and 9; (or ©). Thus our 
expression for A(P, 0) becomes 


(218) 


inv 
8m I@|>e V 3 cos? B) 
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The foregoing expression for A(P, 7) has been derived on the assumption that only 


one value for |v| occurs. Let us now suppose that there is distribution of |v| and that 
the frequency function describing it can be written in the form 


(219) 


Under these circumstances, equation (218) clearly generalizes to 


—0 | 
| (220 
igi >e cos? B) 
where, now, 
(221) 
1 (GM ) 1/2 
Since 
foe) dd 


equation (220) can be re-written as 


+ (228) 
o | V cos? B) | 92 
or 
A (py = (224) 


where we have written 


= f 


(225 


x f 1 — cos (p+ | 


V +3 cos? B) 
It is readily verified that, when W has the form corresponding to a Maxwellian distri- 
bution of the velocities, equation (225) reduces identically to equation (45). 


17Tt may be remarked in this connection that for a Maxwellian distribution of the velocities 


4 (219’) 


: 


i.e., the radial Gaussian function and not the Gaussian function itself. 
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After a series of transformations similar to that followed in § 4 we find that equation 
(225) can be expressed as 


GM |p|? 


where D(p) has the following two alternative but equivalent forms (cf. eqs. [52] and 
[53)): 


D(p) “fit cos (21) + 31 cos y+ vi 
| V p23(1+3[tcosy+ V1 —B2sin y cosw |?) (227) 


X 


and 


sin Vp23(1+ 3f) 
D(p) = [J J cos (sl 74 V1—Ffsin y cos w] ) (228) 
X 27 


For our purposes it is necessary only to discuss the behavior of D(p) for p— 0 and 
— «. We shall consider first the case p — 0. 
i) Behavior of D(p) for p— 0.—As in § 5, we express D(p) in the form 


D(p) = D(0) +F(p), (229) 
where (using eq. [227] for D(p)) 


D(0) (1 —cos| st] ) (230) 


and 


(231) 


X 2° ?dwdtdz . 
The integral on the right-hand side of equation (230) is the same as that which occurs 
in equation (55). Hence (cf. eq. [58]) 
D(0) = (232) 


Again, since F(0) = 0, we discuss the behavior of F’(p) at p = 0. This problem is es- 
sentially the same as that considered in § 5 (pp. 497-98) and in the appendix; and, as in 
that discussion, we write 


sin p28 (1+ 3[t cos y+ V1 sin 7 cos w]?) 
F’(p) = —® (233) 


‘Op V (1+3[tcosy+ V1—sin y cos w]?) 
2-5/2dwdidz . 


| 
F(p) = Sf foes (zt) | sin Vp25(1+3[tcos y+ V1 sin cos w]*) 
| V p23(14+3[tcos y+ V1 - 
| 
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and, regarding z and ¢ as complex variables, we finally obtain 

F’'(0) =R— sin cos w]*) (234 


where the integrations over z and ¢ are also to be carried out along suitable contours, 
Apart from a factor 3, the integral on the right-hand side of equation (234) is the same 
as that which occurs in equation (65). Hence (cf. eq. [74]) 


F’(0) = 5 sin? y. (235) 
Thus we have 
D(p = +5 sin® y . (236) 


Substituting for D from the foregoing equation, in equation (226) we readily deduce 
that 


2 


|o|*) , (237) 


3/2 | 3/2 1 


where we have denoted by jv}? the average defined according to 
2 2d|v|. 23 


From equations (224) and (237) we now obtain 
A(p, = sinty+ *) (239) 


where we have written 


It is now seen that equation (239) is of exactly the same form as our earlier formula 
(78). Hence, all the results of §§ 7 and 8 remain unaffected, except for the slightly modi- 
fied definition of b, which we have now to adopt.'* Similarly, the expressions for the 
mean life in § 9 also continue to be valid under our present more general assumptions, 
provided we measure 7 in units of fo defined according to equation (172) and remember- 


ing that the root mean square velocity V |v |2, which occurs in the definition of fo, has to 


be evaluated according to equation (238). 
ii) Behavior of D(p) for p— ~ .—Setting 


z= (241) 
in equation (228), we find that we can express D(p) in the form 


D(p) = (p), (242) 


18 A comparison of the two definitions of 6 in equations (79) and (240) shows that our present definition 


agrees with the earlier one, if we substitute for lv |? in equation (240) its value for a Maxwellian distribu- 
tion of the velocities, namely, 3/2)?. 


| 


STATISTICS OF GRAVITATIONAL FIELD 519 


where 


sin (1 + 3) 


1 oF 
—1/3 —f si 
J {1 cos (p [¢cosy + V1— sin y cos w] y) } (243) 


X . 


To determine the behavior of J(p) for p— ©, we re-write it in the form 


J(p) =J(e)+K(p), (244) 
where 
and 


3 2) 
K(p) {1— cos V1—F sin y cos w)y)} (246) 
X *?dwdidy . 


J() is readily evaluated. After performing the integration with respect to w and 
introducing the new variable 


x= (247) 
we obtain 
J() = St f if (248) 


where (), is defined as in equation (89). 
Returning to the evaluation of A(p), it is clear that, since we are interested only in 


its behavior as p—> ©, we can expand the term {1 — cos (....)} occurring in the inte- 
grand in equation (246) in a power series. Retaining only the dominant term, we have 


K(p) [tcosy+ V1—#sin ycosw]? (249) 


After performing the integration over w and introducing the variable x defined as in 
equation (247), we obtain 


1 42 2 1 om inz 
K(p) f cos? y +4(1—#) sin sin +0(p-") (250) 


(1+ 34)" 
But 
Hence 1(32—1) 2) 
(5/3)? (1+ dt. (252) 
Let 
2? 1 3f-1 
2x? 1 ) 
*=3r(5/3)4, 
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Then 
K(p) =2(d cos? +0(p-*). (254) 
Combining equations (244), (248), and (254), we now have 
(p) = + 2(d cost y+ u) (255) 
or 
D(p) + 2(d cost y+u) (256) 
Introducing the foregoing form for D(p) in equation (226), we find 
C(p, o) cos? y (omy | 
3 (GM) |o | 1/3 (257) 
+0O(|p|*), 


where the bars denote that the averages of the corresponding quantities are to be under- 
stood. Finally, according to equations (224) and (257), we have 


A(p, 0) = cos? + O( |p| 4) (258) 


where 


(259) 
d = 


Thus, it is again seen that equation (258) is of exactly the same form as the cor- 
responding equation (101) derived on the basis of an assumed Maxwellian distribution 
of the velocities. Hence all the results of §§ 10 and 11 remain unaffected except for 
the modified definitions of c, d, \, and wu, which we have now to adopt.'® In particular, 
with c defined as in equation (190), the distribution of f and |f| remains identically the 
same. Similarly, in § 11 the analysis up to and including equation (198) continues to be 
valid with the new definitions of c,d, and However, the numerical factors in the 


equations following equation (198) (namely, [199]-[203]) are slightly modified. But we 
need only note that equation (203) now takes the form 


VIF 
H 


13. Further generalizations to include a distribution over the masses.—So far, we have 
assumed that all the stars have the same mass M. We shall now remove this restriction 
and allow a distribution over different values of the masses. But if we allow M to have 


19 A comparison of our present definitions of c, d, \, and yw with the earlier definitions (eqs. [96] and 
[102]) shows that with our present definitions c, dA, and du agree respectively with the corresponding 
quantities of § 6, if we substitute for |v| and |v|-'/* their values for a Maxwellian distribution, namely, 
2/m'/*7 and 2j'/*1'(4/3)/x'/*. It may be noted that the proof of this identity depends on the use of 
the relation 

= 
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different values we should not naturally suppose that the parameter in the function de- 
scribing the spherical distribution of the velocities is independent of M. In other words, 
under the circumstances contemplated, we should strictly introduce a bivariate distribu- 
tion 

¥(| M) (261) 


to describe the situation adequately. 
Now, if the stars of different masses move independently of one another, it is clear 
that the formula (18) for W(F, f) continues to be valid with A(P, ©) given by 


N 


limit 
3 


0<M<o@ <@ 


where 7 is now a function not only of r and v but also of M. Substituting for 7 the bi- 
variate distribution (261) and transforming to the variables and w (instead of r and v) 
we obtain (cf. eqs. [27], [29], and [210]) 


|\@| >eM <a 


Put 
=M9,; p= (264) 
and 
1/2 
(265) 


Equation (263) becomes 


@ 
But, according to equations (213), (216), and (217), 


|Wil<a 


/ 


(267) 


sin V cos? 8) 
= 83 
| 


where 


B=<(o, $1) =<(¢, >). (268) 
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Equation (266) now reduces to 


limit | 3 
> (269) 


3/2 
47 


sin V | +3 cos? B) d, 
x 
V 1+ 3 cos? |, | 9/2 


As in §§ 3 and 12 (see particularly pp. 494-96), we derive from the foregoing equation 
the formula 


A ©) = | (270) 

where 
C(p, 0) = f 
( 


Cos (Pi° V |o,|2/,|3(1 +3 cos? B) 


The second integral in equation (271) is seen to be of the same form as that which occurs 
in equation (225). Hence we can write it as 


(272) 
|p, |? 


where D(p) can be expressed in either of the two forms (227) or (228). Reverting to our 
original variables P and o, we can write 


(273) 
GM |p 


instead of (272). Thus C(P, o) can be written in the form 


|v|?|o|? 
C(p,o) = |p|??? 2;M) D|— d\v|dM. 274 


Now, we have already discussed the behavior of D(p) for p> Oand p— = and have 
shown that (cf. eqs. [236] and [256]), 
and 


D(p) + 2(d cost y tu) (pe), (276) 
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where \ and yu are defined as in equation (253). Corresponding to these two forms for 
D(p), we obtain from equation (274) the two formulae 


Wri 2 
(|o| 0) 
and 
C(p, = 2 [vy |o| +2(A cos? 
> (278) 


+O(\p|*) 


where the bars indicate that the averages of the corresponding quantities are understood. 
Thus we again have for A(P, o) the formulae 


A (p, o) = sinzy+ ( lo | (279) 
and 
A (p, o) = costy +y) |p| ( —0), (280) 
where we have now written 


2 (281) 
= |u| n, 


d =G*4M 53 | y 
/ 


With these new definitions of a, 6, c, and d all the results of §§ 7-11 continue to be 
valid. We may, however, note explicitly that the normal field Q,, is now computed with 


an average mass (M*/2)2/3; 
Qu = 2.603 , (282) 


Similarly, the unit of time ¢) in which 7, defined according to equation (173), measures 
the mean life of the state | F|/Q, is given by 


0.32007 ( [M32] 
(283) 
Finally, we may note that equation (260) is now generalized to 
1/3 1/2 
f |v: ] (284) 
On = 1.2083 [ M372 }2/3 — (a) ’ 


where (a) has the same meaning as hitherto. 
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14. The distribution in the accelerations in F acting at a given point.—In § 10 we have 
already considered the problem of the distribution of the rate of change of F acting at 
some fixed point. We shall now consider, very briefly, the analogous problem of the 


distribution of the rate of change of F acting at a point. 
Differentiating equation (3) again with respect to the time, we obtain 


rijui|? 
9 = = 362M; {2 \. 


vi 


(285) 


To determine the probability distribution W(g) of g, we follow the general method of 
§§ 2 and 3 and readily obtain the formulae 


1 
W(9) = J, lel (286) 
where 
limit 4x Rin/3 


Ir|<R |v|<a@ 9 


In equation (287) we have written X to denote 


f,v(rev) or(r-v)?) 
X = 3GM rab (288) 
The evaluation of A(|p|) for a spherical distribution of the velocities is straight- 
forward, and we shall not give the details of the analysis particularly as it follows rather 
closely certain calculations of Holtsmark and Gans”? on the probability distribution of F 
arising from a random distribution of point quadrupoles. We find that 


A(|p|) (289) 


where 


q= (1.25) sin { (1 28 + (290) 


or, numerically, 


q = 8.1833 [32n. (291) 
Substituting for A(/p|) from equation (289) in equation (286), we obtain 


This formula for W(g) can be expressed more conveniently if we measure |g| in units of 
q*? and put 


(293) 
In this manner we find that equation (292) becomes 
1 - 
W (g) e~(/)*/*y sin xdx , (294) 
where we have written 
lg| (295) 


20 See the references given in n. 2. 
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From equation (291) we find that the unit in which it now appears natural to measure 
|g| has the value 


16.491 G[M3/4| [3/2] 434/73 , (296) 

Finally, we may note that equation (294) implies for the distribution of |g| the ex- 
pression 

W(\g}) sin xdx. (297) 


In the forms (296) and (297) we notice the formal identity of our present laws of 
distribution of g and |g| with the corresponding Holtsmark-Gans formulae giving the 
distribution of F and |F| arising from a random distribution of point quadrupoles. 

We shall return to the applications of the results contained in this paper to problems 
of stellar dynamics after we have completed the discussion of the related problems of the 
correlations in the field acting simultaneously at two different points and also the speed 
of fluctuations of the field acting on a moving star. 


We are indebted to Mrs. T. Belland for her assistance in the numerical work involved 
in the preparation of Tables 1 and 2. 

One of us (S. Chandrasekhar) further wishes to record his indebtedness to the Insti- 
tute for Advanced Study and the University of Princeton for having enabled him to stay 
at Princeton during the fall quarter of 1941, and which made the present collaboration 
possible. 
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APPENDIX 
1’. We wish to evaluate the integral 


oO. 
F'(p) =R f 1—t? siny cos w] 2) 
@ 


x 008 y+ V1—£sin y cos w]?) s'2dzdtdw, 


(1’) 


and in particular its asymptotic behavior for p 2, 0 (cf. the discussion in § 5). This is a 
real integral, all integration paths are real, and in it 


and  arerealand =0. (2’) 


We shall now modify the integration paths in the 


dzdtdw 


of equation (1’) for z and ¢ by going into the complex plane. But we shall keep the inte- 
grand, i.e., the expressions in equation (2’), analytical by staying inside the domains 


Rzz0 and S20, |¢| $1, (3’) 


and by choosing those branches in equation (2’) which are real and =0 for z, ¢ real. 
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These being understood, the integration paths are modified as follows: 

I. The real interval ro: —1 S ¢ S 1 is replaced by a curve 7 running from —1 to 1, 
but so that it lies (except for its end points —1 and 1) entirely in the interior of the 
domain (3’). The exponent in the integral contains the factor 


1+3[tcosy+ sin y cos w]?. 


This is real and =1 on 79. We choose 7 so near to 7, that that factor has still an 
arcus S 7/16, 2 —7/16 and an absolute value 24 on 7. 

II. The integrations on z and on ¢ are interchanged so that the one on z is carried out 
first, for a fixed ¢. It will therefore be possible to choose the (complex) integration paths 


for z dependent on ¢. 
If the arcus of z is S7/16, = —7/16, then the arcus of the expression 


}p23(1+3[tcos y+ V1 sin cos w]?) (4’) 


in the exponent of the integral is S7/4, = —7/4 (cf. sec. I concerning ¢). Hence its real 
part is positive and at least cos (2/4) times its absolute value. Besides, the absolute value 
of (1+ 3 [....}?) is 24 (cf. sec. I)—so the absolute convergence of the integral is 
undisturbed. Consequently, we may use any integration path with such an arcus for s, 

III. The positive real axis {y: 0 < z < + = is replaced by the line ¢.,, forming the 
angle w, with it. w, depends on ¢ (cf. sec. I) and is Sr/16, = —7/16 (cf. sec. I). 

As t moves along 7 for —1 to 1 (inside [3’]), its arcus varies from 7 to 0. We choose 
w, = ({7/2] — arcus ¢)/8, which fulfils the above requirements. Now the arcus of izt is 


equal to 


and so it is never farther from 7 than by 77/16. Hence the real part of izt is negative 
and at most cos (77/16) (=sin [7/16] > 0) times its absolute value; i.e., 
| eizt | < e~lallél sin (7/16) 
Now ¢ moving along r has a_ positive minimum distance from the origin (cf. sec. I). 
Let a be sin (7/16) times that distance. Then we have 
| Seals! (a fixed and > 0) (5’) 


all along our new integration paths. 
2’. We need the evaluation 


n=0 


lom(w)|S1 for RwSO. 


¢m(w) is everywhere analytic, and clearly 


gm(w) for woo in RwsO0. 


Hence |¢,(w)| assumes its maximum in Rw S 0 on the boundary, at Rw = 0. So it 
suffices to prove equation (6’) for Rw = 0, i.e., for w = iu, u real. Replacing u by —u 
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replaces w, ¢m(w) by their complex conjugates, so we may even assume that u 2 0. 
Thus equation (6’) becomes 


m~—1 
| iu n 
(in) 


n=0 


1 
(7’) 


m—1 
for u real and = 0. However, e — pa (iu)"/n! vanishes at u = 0, together with its 
n=0 


m — 1 first derivatives, and its mth derivative is i"e. Hence it is equal to 


1 
(u— 


and so its absolute value is majorized by 


v)""dy= 


1 
(m—1)! 


(m—1)! ! 
proving equation (7’)—and consequently equation (6’). 
3’. By section II the real part of equation (4’) is positive, hence we can use equation 


(6): 

4 ¥m (4, to) +31....11) 


m! 


Combining this with equation (5’) in section III, we conclude that with our new integra- 
tion paths the integral is uniformly and absolutely convergent for all p > 0, and we can 


even use for the 


part of its exponential, the power-series expression with remainder term (8’). 
Consequently, equation (1’) now gives 


m1 


F'(p) = 


n=0 


where 


I, = (- 1) + 3[tcos y+ sin cos 
X 2 ?dzdtdw 


(107) 
and (using eq. [5’] in sec. III) 


with the fixed a > 0 and a fixed C. 
The right-hand side of equation (11’) is equal to 


p™ 


| | 
| 

| 
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(J is the length of the curve 7 in sec. I), i.e., to 
(3m-+3) 
Qn | 3m+-— 
m! 2 
Thus equation (11’) becomes 


p™ 
m! AB, (12’) 


with two fixed 4, B. 
4’. Let us now evaluate /, in equation (10’). Clearly, 


n+1 
| 1 ——, 
I,=(- nti ff fei + V1—£sin y cos w)*! 


XK 2(6+1)/2d . 


The last integral again is equal to 
21 21 
ah izty2l—h (4 72) h/2 h (6n+1)/2 
¥ sin — #)"/2 cos’ w 2 dzdtdw. 


We can carry out the w-integration. It gives 
2a 


1 h 
(+) 2x for h even, 


=0 for h odd. 
2l 
So we may put in the above a sum h = 2), and the expression for that integral be- 
h=0 
comes 


l 


Hence we have for /, 


n+1 


X edt. 


In this integral we are still bound to the old integration paths—so we have for z the 
line £., of section III, along which arcus z = ow, = ({r/2] — arcus ¢)/8. Now the in- 
tegral is absolutely convergent along any line on which the real part of iz¢ is negative, i.e., 
its arcus < 32/2, > w/2, i.e., arcus 3 < m — arcus t, > — arcus ¢. (Remember that 
0 < arcus ¢t < z, cf. sec. III.) Our line ¢., is in this domain, and so is the line arcus 
z = 2/2 — arcust. (Also the linearcus z = 0, i.e., the positive real axis. This determines 
the branch of 2‘°"*)/2, since that must be real and 20 there.) We can therefore replace 
the integration path ¢., by ¢y,: arcus 2 = 2/2 — arcust. 


we 


rer 


ani 


the 


= 
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On the new integration path y = —izt is real and =>0. Owing to what we said above 
concerning the branch of 2‘"*+)/2, the arcus of 2(6"*))/2dz is now equal to (6n + 3) ({x/2] 
— arcus ¢)/2. So we can carry out the z-integration, which is 


and it gives 


with the arcus ¢ we always had and y real and =0. The expression is therefore 
(3n + $) {—(6n+3)/2 


Thus the entire integral is equal to 
3 
i3n(2n+1)/4 —6n—3) / 
€ (an +3) fee #) 


Put (for any two a, 8B = 0,1, 2,....) 
I (a, B) = — (13’) 


Remembering that 
( 1) = imnt i3x(2n+1)/4 = eim(2n+3)/4 


we obtain for /, the expression 


t=0 7=0 


X y sin” 
5’. The determination of the /(a, 8) of equation (13’), for 


a = (B=j), 
remains. 
The above imply 
a— 28 =3n+2-21 


and, as 


therefore 
a, B, 28 206 (15’) 


In evaluating equation (13’), we put #2 = u. Then 
1 
— 
I (a, B) NA(1—u)Fdu, (16’) 


the integration path being the #? = u image of 7 in section I—i.e., a closed curve (from 
1 to 1), circling the origin in the negative direction. Along this curve arcus ¢ varies from 
m to0 (cf. sec. III), so arcus u varies from 27 to 0. Further properties of this curve are 
immaterial, since any two such curves will give the same integral (16’). 

Equation (16’) is the B-integral, except for the integration path. 

Consider a 8 + 0, i.e., 8 = 1, 2,..... The factors u~**)/4 and (1 — u)* in the 
integrand of equation (16’) have the primitive function —4u-(*-9)/4/(2@ — 3) and the 
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derivative — 8(1 — u)*', and the factor (1 — u)® vanishes at both ends of the integra- 
tion path (wu = 1). So partial integration gives" 


B 
I(a, 8) =— I(a—2,B—1). 
(a, B) (a 
Hence (for any 6 = 0, 1, 2,... .) by iteration | 
6(6—1)....1 
T(a, 8) =(-—1)8 I(a— 28,0). 
Again 
I(a— 28,0) =5 
1 1 u=1 
(2a—48—3) /4 
the arcus at the beginning and end (i.e., lower and upper u = 1) being 27 and 0 (cf. 


above). So this is equal to | 


Consequently, 
I(a, 6) = (4a — 6 


And, finally, 

1) 

2 4 

5 

6’. Equations (14’) and (17’) give together /,. But equation (9’) contains only R/,, so 
we must compute this quantity. The complex factors in equations (14’), (17’) are 
e'*(2n+3)/4 and 1 + (—1)"2, so we need 


an = Rf 4 [ —1]ri)}. 


For n = 0, 1, 2, 3 (mod 4) this —a, is in turn 
a{(-t 
R { Sati}, 


| 
| 
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i.€., 


a,= V2, V2, -V2,-—V72 for n=0,1,2,3, (mod4). (187) 


And now equations (14’), (17’) give 


3: 
4 


(19’) 


x (-1)! cos*(!—4) y y. 


We re-write equation (9’), using equations (12’) and (17’). In doing this, we split off 
the factors + 3]/2)p"|/n! and + 3]/2)p"|/m! from and J» and re- 


n+1 


arrange the >> = in KJ, by using h = / — j instead of J. This gives 
(3n +4) l'(3m + 3) p™ 
= 
where 
on(y) = cos” y sin” (217) 
h+jSnt+l 


and 


with two fixed A and B. 

7’. Equations (18’) and (20’)-(23’) contain the complete result. It is a semicon- 
vergent asymptotic expansion for F’(p) for p 2, 0. The emergence of the typical factor 
I'[(6n + 3)/2]p"/n! shows that convergence cannot be expected for any p—but the 
asymptotic behavior is described with any desired degree of precision. 

The formulae used in § 5 correspond to the special case m = 1. 


TERM ANALYSIS OF THE THIRD SPECTRUM OF IRON (Fe 11)* 
B. Epien! AND P. Swincs? 


ABSTRACT 


The Fe 111 spectrum has been measured in the region from approximately 500 A to 6500 A, and its 
analysis has been carried as far as the observational data permit. Of the 34 theoretically possible terms 
of the 3d® configuration, 32 have been found, the 2 high 'S and !D terms being the only missing ones. Of 
the 74 theoretical levels for 3d° 4s, only 10 high-lying levels!) (SPD) have not been found. Of the 
configuration 3d° 4p, practically all theoretically possible levels corresponding to those found of 3d® 4s 
have been established. The final tables contain 320 levels and approximately 1500 classified lines. 

The permitted and forbidden transitions of Fe 111 play an important role in a wide variety of stellar 
and nebular spectra. 


INTRODUCTION 


This analysis of the third spectrum of iron was originally started with the limited aim 
of securing the metastable levels for astrophysical needs but was gradually extended far 
beyond this scope. The final result presented here comprises the classification of more 
than 1500 lines by which some 320 energy levels are established, and it is a practically 
complete analysis of the available observational data. 

The investigation was started in 1937 and was performed at the Astrophysical Insti- 
tute of the University of Liége and the Physics Laboratory of the University of Uppsala. 
Some spectrograms of vital importance for the analysis were also secured at the Spectros- 
copy Laboratory of Massachusetts Institute of Technology. The greatest part of the 
measurements and wave-length computations were made at Liége. In connection with 
astrophysical applications some of the results obtained up to August, 1939, have been 
published.’ The analysis was afterward carried on and completed at Uppsala. 

When the present analysis began, Bowen‘ had identified 3 important multiplets of 
Fe 111, namely 3d'D—4s°P, 4s°S—4p°P, and 4s’S—4p’P. Later, Green® found the addi- 
tional multiplets a'G—z>H, a5G—z°G, part of a°G—z*F, and other fragmentary quin- 
tets, in all some 30 new lines. They were also independently found during the present 
work. 

THE SPECTROGRAMS 


The spectrograms used in this description of Fe 111 cover the region from approximate- 
ly 500 A to 6500 A. With a grazing incidence spectrograph® at Uppsala, spectra of a 
vacuum spark between pure iron rods were taken on Schumann plates from the short- 
wave-length end up to 2300 A. They were evaluated from about 1300 A down and fur- 
nished the only observations below 1017 A. The dispersion varied from 3.6 A/mm at 
700 A to 4.3 A/mm at 1100 A. In this region no Fe 11 lines appear in the spark, but con- 
siderable difficulty is caused by the overlapping of lines of higher ionization stages in 
the same or higher grating orders. Spectra taken with various amounts of self-inductance 
permitted, however, the Fe 111 lines to be rather unambiguously picked out. 


* Contributions from the McDonald Observatory, University of Texas, No. 49. 
1 Physics Laboratory of the University of Uppsala (Sweden). 


2 Now at the McDonald Observatory of the University of Texas and the Yerkes Observatory of the 
University of Chicago. 


3 Edlén and Swings, Ap. J., 88, 618, 1938; 90, 378, 1939; Observatory, 62, 234, 1939. 
4 Phys. Rev., 52, 1153, 1937. 
5 Phys. Rev., 55, 1209, 1939. 6 Described by G. Arvidsson, Ann. d. Phys., 12, 787, 1932. 
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The best spectra for the long-wave-length part of the vacuum region were obtained 
with the normal-incidence vacuum spectrograph’ of the Carnegie Institution of Wash- 
ington, located in the Spectroscopy Laboratory of the Massachusetts Institute of Tech- 
nology. With the grating normal falling at about 1850 A, it gives an almost constant 
dispersion of 4.2 A/mm and an excellent definition. A spark in nitrogen at 1/2 atm. pres- 
sure and Ilford Q-plates were used. For most of the exposures the slit was covered by a 
lithium fluorite window, in order to keep high vacuum in the spectrograph and to pre- 
vent the slit from being clogged by dust particles from the spark. This limited the spec- 
tra at about 1300 A. A few exposures taken without a window showed lines down to 
1017 A; but the nitrogen, which was not specially purified, exerted a strong discontinuous 
absorption, as is clearly shown in Table 1 by the intensities in the region 1017-1143 A. 
The spark gap was 3-5 mm in length and was placed parallel to the slit at such a dis- 
tance that different heights of the spark were stigmatically reproduced in the spectral 
lines. The Fe1 and the Fe 11 lines were strongest in the middle of the spark, Fe 111 was 
somewhat strengthened at the poles and Fe Iv appeared only near the poles; hence the 
different intensity distribution in the spectral lines provided a sharp distinction of the 
Fe 111 lines from the neighboring stages of ionization. 

From 2023 A up through the visible region, spectra of the vacuum spark were taken 
with a Hilger E1 quartz-prism spectrograph,* supplemented with a small glass-prism 
spectrograph in the red. The main difficulty here is caused by the overlapping of the 
very rich spectra of Fe 1 and particularly Fe 1. Though not contained in Dobbie’s Fe 11 
table, many of the observed lines are probably high-excitation Fe m lines. As the ex- 
perimental distinction between Fe 11 and the neighboring ionization stages is somewhat 
uncertain in these spectrograms, only the identified Fe 111 lines are included in Table 1. 
In the visible region of the prism spectra the measurements are rather uncertain, owing 
to low dispersion and overlapping of lines. A reobservation of this region with high dis- 
persion is desirable. A few identified Fe 111 lines in the red end of the spectrum are evi- 
dently contained in King’s measurements” of the spark in air; his wave lengths are given 
in Table 1. 

Computed standard wave lengths of Fe 11 were used in the reduction of the measure- 
ments down to 1350 A. Further down the Fe 11 lines have been tied together step by 
step on the combination principle to form a system of working standards. It is connected 
to the system of computed Fe 11 standards through some lines measured on the M.I.T. 
plates, partly in the second order. 


ANALYSIS 


The deepest electron configuration of Fe 111 is 3d°. The next higher is 3d° 4s, of which 
the main part lies well above the 3d° terms. The transitions to 3d° from the lowest odd 
configuration 3d° 4p form the group of short wave lengths in Table 1, extending from 
679 A to 1143 A. About 450 combinations of this type are included in Table 1, though 
many as parts of unresolved blends. This table contains also in the same region 9 un- 
identified faint lines, which probably belong to the same transition. The largest num- 
ber of observed Fe 111 lines is due to the transition 3d° 4s—3d° 4p, of which Table 1 
contains nearly 1000 identified combinations. Except for a few sporadic identifications, 
they are comprised between 1700 A and 4000 A, and the main part of the strong lines 
is concentrated in the region 1800-2200 A. 

No terms of higher electron configurations have been identified, except for such aris- 
ing from the basic term 3d°(®S) of Fe 1v. Among the various terms of the same con- 


7K. T. Compton and J. C. Boyce, Rev. Sci. Inst., 5, 218, 1934. 
®Cf. Ap. J., 90, 378, 1939. 
* Ann. Solar Phys. Obs., 5, Part I, 1938. 10 4p. J., 87, 399, 1938. 


534 B. EDLEN AND P. SWINGS 


figuration, those arising from °S are very predominant, especially for high and / quan- 
tum numbers. Thus, 4p7P—4d’D, 4p°P—4d°D and 4p’P—5s’S form outstanding mul- 
tiplets in the region 1400-1600 A. Within approximately the same limits a very large 
number of partly unresolved Fe 11 lines are observed, doubtless due to the same type 
of transition, which should give very numerous lines. These lines are clearly distin- 
guished from the sharp lines of 4s—4p by their nebulous appearance in the nitrogen 
spark. An attempt to identify terms of the 4d and 5s configurations other than those 
built on °S proved fruitless. As in the case of the transition 4p—4d, the septet and the 
quintet multiplets of the (°S) system of 4d—4f and 4f—5g mark the limits on the short- 
and long-wave-lengths sides, respectively, of dense-line groups of corresponding transi- 
tions. In the case of 4f—5g this group is reduced to a strong continuum from 4370 
to 4315 A. 

The prominent character of the (°S) system made it possible to trace three members 
of the (°S)ns series. In good agreement with a nearly hydrogen-like value for 5g7G°G, 
this locates the series limit at 247200 cm, or 30.50 volts above the ground level. 

The main result of the present analysis consists of the very complete location of 
the terms of the configurations 3d®, 3d°4s and 3d°4p. Of 34 theoretically possible 
levels of 3d®, only the two high 'D and 'S are not found. They are expected at 75,000 
and 100,000 cm~', respectively, and may not cause any observed lines. The configura- 
tion 3d° 4s gives theoretically 74 levels, of which the 10 forming the high terms '*(SPD) 
are still missing. The '*S terms should fall around 100,000 cm ~', and *S ought to 
give observable lines with w*P. The very high '*(PD) may be approximately lo- 
cated around 130,000 cm~. Of 3d° 4p practically all terms are found, except those cor- 
responding to the above-mentioned high '3(PD). Altogether, 189 levels are identified, 
a few, however, marked as questionable in the term table. 

In the main region for 4s—4p transitions practically no lines remain unidentified. It 
is remarkable that no terms of the configurations 3d‘ 4s? or 3d* 4s4p are found. 


THE TABLE OF LINES 


In Table 1, which contains some 1500 identified lines, are also included all unidentified 
lines observed with the grating spectrographs and experimentally classified as Fe 11, 
except the diffuse group of 4p—4d, 5s at 1400-1600 A. The first column gives the wave 
length, above 2023 A in air and below in vacuum. The 7 lines above 5833 A from King’s 
list"! are marked with a K. King’s intensities for these lines are given in brackets in the 
second column. 

The second column gives estimates of the line intensity. The scale is fairly homoge- 
nous only for the grating plates. The various remarks following or replacing the intensity 
figure have the following meaning: 


n = nebulous, 
b = broad, double, or more complex, 
unr = unresolved 
mi or mit = masked by Fe1 or Fett, 
b/1 or 6/11 = blended by Fet or Feu. 
blg = blended by grating ghost 


A vertical arrow indicates that the line is winged or shaded. In the third column a 
wave number followed by a ¢ is computed from the level values. 


1 Loc. cit. 
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THE TERM TABLE 


Tables 2 and 3 contain the even and odd terms, respectively. The first column gives 
the electron configuration. In cases where two terms of the same kind of the configura- 
tion 3d° appear as basic terms, the higher one is distinguished by a mark ’ (prime) at- 
tached to the term symbol. Thus the configuration of a'F is given as 3d°(?F)4s and that 
of b'F as 3d5(?F’)4s. The second column gives the term symbol according to the same 
system that was used by Curtis for the isoelectronic spectrum Mn 1. This system is 
particularly suited to the present analysis of Fe 11 in separating the group of 3d® terms 
from those of 3d° 4s and pointing out the special character of the (°S) system. When, 
however, the analysis revealed also the high *F, *P, and 'G of the 3d® configuration, it 
became necessary to make a distinction from the low terms of the same kind, and the 
prefix 3d’ instead of 3d was attached to the high terms. 

The level values in the third column were computed in the following way. Since the 
main body of the level system, consisting of terms of 3d°4s and 3d° 4p is well tied 
together by numerous combinations in a favorable wave-length region, it was first 
treated to form a central system, to which the 3d° levels and the (°S) system could after- 
ward be attached. For the calculation of this central system, use was made of all the ob- 
served combinations with wave numbers between 60,000 and 25,000 cm™, which were 
judged to be unaffected by blends, close lines, or extreme faintness. These selected com- 
binations amounted to about 400 and were all given equal weight. The levels were then 
obtained through successive approximations. Starting with a set of approximate odd- 
level values, each even level was computed from all its selected combinations, and the 
mean value was taken. Using these new values of the even levels, the odd levels were 
now computed in the same way, giving an improved set of odd-level values. The process 
was then repeated until no further change in the values took place. The (°S) system 
was separately treated in a similar way and tied to the central system through the mul- 
tiplet a°P—4p°P. The 3d° levels were individually tied up with the odd terms of the 
central system. 

Term perturbations are frequent, especially among the odd terms. Some of the most 
striking cases may be pointed out. The group z°F°S°D is mixed up in the same way as 
Curtis found for Mn it. The multiplet intensities are very anomalous, the z°S, for in- 
stance, combining with a5G. The most astonishing example is, perhaps, the absence of 
3d°D,—z*D, in the otherwise strong multiplet. Multiplets involving z*D, y°D, and y°P 
also show strange intensities, indicating strong mutual perturbations. The levels z*I;, ¢ 
and z’K;,¢ are indistinguishable, as well as z'D2 and x*F2. The latter case combined with 
some exchange between a®F and b®D causes one of the few quintet-singlet combinations, 
a°F,;—z'De. Two others are caused by the closeness of z'I, and y°Gs. Another exchange 
takes place between a*F2, and a'D,. The designation of term symbols as well as limits for 
the odd terms are ambiguous in several cases. 


THE ASTRONOMICAL APPLICATIONS 


A. Permitted lines.—Many lines that were previously unidentified in the early B stars 
(absorption) or in the shell stars of early type (absorption and emission) are due to Fe m1. 
More than 100 such identifications, including some strong stellar lines, have been men- 
tioned in our earlier notes” and in several subsequent papers.'? These may be supple- 
mented on the basis of the present paper. For example, the 3 emission lines with violet 


2 Ap. J., 88, 618, 1938; 90, 378, 1939. 


13 Struve and Roach, Ap. J., 90, 727, 1939 (P Cygni); Baldwin, Ap. J., 93, 421, 1941 (¢ Tauri); 
Struve and Elvey, Pub. A.S.P., 52, 140, 1940 (+7 Cassiopeiae); Swings and Struve, Ap. J., 91, 589, 1940 
(y Cas), and Pub. A.S.P., 52, 392, 1940 (region \ <3300 of P Cygni, which consists of one line of He 1, 
four of S7 11, and nineteen of Fe 111). 
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absorption, observed in P Cygni'‘ at AX 4004.62, 4022.12, and 4038.74, are the leading 
lines of the c7F —z'F° multiplet of Fe 11. Similarly, the following other lines are due to 
Fe 11: \ 3747.40 observed in P Cygni,!° y Cassiopeiae,!® and ¢ Tauri;!7 \X 3954.38, 
3969.43, and 4005.04, observed in absorption in B stars.!* 

No attempt will be made here to revise or complete’ the identifications of the numer- 
ous lists of stellar wave lengths in which Fe 111 plays a role. The Fe 11 lines may help in 
discussing the ionization conditions in stellar atmospheres of early type.'® In certain 
stars, like P Cygni or y Cassiopeiae (at the sharp-line stage of 1939), the Fe 11 lines con- 
stituted the most conspicuous features of the entire spectrum, except H and Het. 

Two types of strong permitted Fe ut lines appear in the astronomical region. In the 
first group the lower levels are even terms of the configuration 3d° 4s situated between 
65,000 and 100,000 cm~'; these terms are all metastable or quasi-metastable. In the sec- 
ond group the lower levels are the high terms 4d°7D, 4f°7F°, 5s°7S, 5p>7P°, which are 
not metastable. In an extended atmosphere, excited by diluted radiation, the first group 
becomes considerably enhanced relative to the second. This is observed in P Cygni, 
y Cassiopeiae, and ¢ Tauri. The enhancement gives an estimate of the dilution factor; 
in various early-type shells this is the easiest way to ascertain the presence of dilution. 
For example, \ 4165 and \ 4372 (second group) are much stronger than \ 4419 (first 
group) in ordinary absorption B stars, whereas the opposite is true in P Cygni or y Cas- 
siopeiae. 

In P Cygni the emission spectrum of Fe 111 is not of the recombination type; it is pre- 
sumably emitted by fluorescence excited by the underlying radiation. 

B. Forbidden lines.—Since our first announcement” of the assignment of the unidenti- 
fied lines AX 4658.1, 4701.5, 4733.6, 4755.0, and 4770 observed by Merrill in RY Scuti, 
to the *D—*F transition of {Fe 11], this multiplet has been extended and the *D—*P 
transition has also been observed. The >D—*H multiplet gives only very faint lines. As 
for *D—*D and ®*D—’S, whose wave lengths are in the region AA 3200-3400, they have 
not yet been observed; no trace of them appears on McDonald Observatory spectro- 
grams of the Orion nebula taken for this purpose. Some of the observations of [Fe 11] 
are summarized in Table 4. Besides the objects mentioned in this table, the [Fe 11] lines 
were also strong and characteristic features in various novae; for example, DO Aquilae?! 
(in 1925) and Nova RT Serpentis 1909.” All slow novae, after the n Carinae stage, pass 
through stages showing [Fe 11], the relative intensities of |Fe 1] and [Fe 11] giving an 
indication of the ionization conditions. Typical stellar comparison spectra are n Carinae 
(|\Fe 11] only), MWC 17 ((Fe 11] and [Fe 111] present simultaneously), DO Aquilae in 1931 
({(Fe 11] stronger than in MWC 17), and RY Scuti ({Fe 11] only). 

Merrill has recently found’ that the [Fe 111] lines reached considerable intensity in 
the variable star BF Cygni, but no detailed description of this spectrum has been pub- 
lished. 

140, Struve, Ap. J., 81, 73, 1935. 

18 Struve and Roach, Joc. cit. 

16 Baldwin, Ap. J., 87, 573, 1938. 

17 Baldwin, A p. J., 93, 421, 1941. 

18 Kiihlborn, Veréff. Univ. Stern. Berlin-Babelsberg, 12, Heft I, 1938; \ 3954.38 is also present in 
P Cygni. 

19 See, e.g., J. L. Greenstein, Ap. J., 91, 438, 1940 (v Sagittarii). 

2° Observatory, 62, 234, 1939. 

*1 Vorontsov-Velyaminov, Ap. J., 92, 283, 1940. 


22Tn 1931 Joy observed strong bright lines at \A\ 4658, 4701, and 4733 in RT Serpentis; these |Fe 111} 
lines had become very faint in 1940 and were replaced by [Fe v] and [Fe v1]. 


23 Pub. A.A.S., 10, 168, 1942. 
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The observation of [Fe 111] lines—for which the transition probabilities have not yet 
been computed—helped considerably in predicting which of all the predicted [Fe v] lines 
should be the strongest. AX Persei showed recently these strongest [Fe v] transitions.”4 

Most objects in which [Fe 111] has been observed are distant stars or binaries having a 
late-type companion. Of the two most characteristic forbidden lines—A 4658 (®D4,—F,), 
and A 5270 (®D3—*P2)—the former is intrinsically stronger and is observed as such when 
the star is not heavily reddened, as in BF Cygni.”° Interstellar reddening reduces \ 4658 
relative to \ 5270, and it may happen that \ 5270 becomes appreciably stronger than 
\ 4658. This is the case for the star MWC 349,” which is located in a dark region of the 
Milky Way and is reddened to a considerable extent; in this star \ 5270 and even A 5010 
are stronger than \ 4658. 


For placing at our disposal the facilities of the laboratories where various parts of this 
investigation were performed, our thanks are due the directors: Professor A. Lindh of 
the Physics Laboratory of the University of Uppsala, Professor M. Dehalu of the Astro- 
physical Institute of the University of Liége, Professor G. R. Harrison of the Spectros- 
copy Laboratory of the Massachusetts Institute of Technology, Cambridge, Massachu- 
setts. One of the authors (B. Edlén) wants to express his deep gratitude to Professor 
J. C. Boyce for his kind hospitality and encouraging help during the author’s stay at the 
Spectroscopy Laboratory of the Massachusetts Institute of Technology. The same au- 
thor gratefully acknowledges that his visit to the United States was made possible 
through a stipend from the Swedish-American Foundation. 

Finally, our cordial thanks are extended to Mr. J. Grandjean for the important part 
which he has taken in the measurements and reductions. 


24 Struve and Swings, in preparation; Ap. J., 91, 613, 1940. 
25 Private communication of Dr. P. W. Merrill. 
26 Swings and Struve, Ap. J., 95, 159, 1942. 
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TABLE 1. 
THE SPECTRUM OF Fe 111 
AairA Int. Yyaccm™! Combination | AairA | Int. Yyaccm™! | 
K 6032.30 7 (8n) 16572.8 5s5S2—5Sp5P3 3753.18 3 26636.53 | 
K 5999. 30 5 (4n) 16664 mi 26677.6 ¢ 
K 5978.90 5 n(2n) 16720.9 SsS2—5psP; || 3700.14 2 27018. 34 
K 5953.65 6 (3n) 16791.8 445Ds—5p5P; |! 3690.60 4 27088.18 
5929.5..... 16860. 2 5s'Ss—Sp7P2 3620.27 3 27614.40 
K 5920.0..... 7 b(4N) 16887.2 4d5D32—Sp'P2 | 3611.72 3 27679.77 
5901.0..... 3 16941.6 | 4d5Dao—S5p5P; || 3603.88 9 27739.99 
K5891.5..... 6 (10N) | 16968.9 5s7S3—5p’P3 | 3600.93 10 27762.71 
K 5833.65....] 10 (10N) 17137.2 || 3599.49 3 27773.82 
4 17937.7 || 3593.15 4 27822.82 
3 18224.5 Gi—y3Hs 3587.53 3 27866.41 
5460.8... 3 18307.3 3586.12 9 27877. 36 
4 18839 .2 4d?D3 —5p’P2 3525.17 3 28359.35 
5302.5.....| 6 18853.8 4d7D2—Sp'P2 | 3515.57 4 28436.79 
5299.9..... 5 18863 .0 3514.87 2 28442.45 
18926.6 4d7D4—5Sp?P3 3506.93 5 28566.84 
5276.2..... 18947.8 | 3504.40 2 28527.42 
18962.9 4d7D2—Sp7P3 
5243.3... 10 19066.7 | 3501.75 | 28549.01 
5 bli 19095.8 1 $500.29 7 | 28560.92 
200, 
5156.0..... 4 19389. 5 aDi—4psP3 
4927.56 2 20288 .4 | 3496.29....| 4 28593.59 
4570.34 4 21874.1 3488.92....} 3 28653 .99 
4569.82....| 4 21876.6 |} 3454.35....] 2 28940. 75 
4430.95....| 7 22562.2 a5P2—4p5P3 mi | 28957.9 
4419.59..../ 10 22620.2 asP3—4psP3 || | | 
4395.78... 22742.7 || 3421.97....] 3 29214.58 
4377.4. 20 bn 22864 || 
Strong continuous radiation from 4372 to 7 } 3419.49 3 | 29235.77 | 
93.4 4f7F 6 —5g7G 
4304.81 10n 23223.3 3406.18 2 29350.01 
4296.86 10n 23266.3 AfTF 4 —Sg'Gs | 3403.51 2 29373.03 
4286.13 10n 23324.5 || | 
4273.42 7n 23393.9 3306 74 8 29431 84 | 
4205.92 2 | 23769 .3 b3Gs—z25Gs5 3382.19 | 6 29558.18 | 
: 2 29634. 23 | 
4184.09 4 23893.4 || 3367 3 20686.77 | 
4166.86 9 23992.1 
4164.79 20 24004 5p’Pa—Sd7Ds_ | 3359.18 3 29760.65 
4140.51 6 24144.8 5p7P3—5d7D2 3358.74 4 29764.55 | 
| | 
4139.37 g 24151.5 | 3357.40 4 29776.43 
4137.93 10 24159.9 p? 3— OC 4 | 3354.79.... 2 29799.59 
4122.98 8 24247.5 || 334770 | 39862°70 
4122.06 8 24252.9 Sp'P2—Sd'D2 | 
4120.97 8 24259.3 || 3339.36...) 10 | 29937.28 | 
4081.19 7 24495.8 | 3333.27 3 | 29991..98 | 
4053.28 5 24664.4 |} 3331.62...) 5 | 30006.83 | 
4039.12 3 24750.9 3 | 3329.89 7 30022.42 | 
4035.54 4 24772.9 Sp’P2—6s7S3 3324.72 3 30069.1 | 
4025.07 3 24837 .3 4 | 
| 3315.80 3 30149.99 | 
4022.36 4 24854.0 c3F3—z3F; | 3307 .53 5 30225 | 
mi 24961.5 ¢ | 3306.94 4 30230.76 | 
4003.41 4 24971.7 (atH,—25G,) 1] 3305.22 | 10 30246.49 
3980.14 3 25117.7 3300.20 4 30292.50 | 
3979.42 5 25122.2 5p5Pi —5d5Dy | 
3294.50 4 30344.91 
3978.43 4 25128.5 Sp>P1 —Sd5De 3292.04 & bli 30367 .6 
3976.88 4 25138.25 c3Gs5—wiGs || 3288.81 15 30397.41 
mI 25185.4 ¢ 5p>P2—5d5De | 3283.75 2 30444.25 
3968.78 8 25189.6 SpsP2—SdsD, || 3383-78 : 
3954.38 12 25281 .3 SdeDacy 
5 14—WiG 
3828.44....| 2 26112.92 | | 
3793352...) 3 26353.29 | 
3786.94...| 4 26399.07 | | | | 


Combination 


biG, —y'Hs 
c'Gs—viF, 
b!G4—x!F; 
b3Gs—z5D, 


b3F3—23F, 
c?D2—x3P2 
alG4—23G;5 
b3Gs —z3F 4 


c3F2—z8G3 
3—23G3 
{b3G3—z3F; 
| c3F3—z38G, 


—x3P; 
b!Gs 
4—z3D3 
b!D2—z!P; 


a3 F2—25Ge 
CF3;—z3D2 
CD3—x3De 


a®Hs 
G5 —VviIGs 
—vilg 


Gs —viGg 
\c3Ga—viGg 
aHs—z3Hs 


—25Ge2 
Dy 


G3 —t?F2 
a5F2—z5Ge2 
aS F2—25G3 


alF3—z'F3 
a®F3 —25G3 
alF3—z3F, 


a5Fy—z5Gs5 
y®F3—4d5D2 
a5Fs5 —z5Gs 
—w'Di 


| 

| 

| | 

| 

| 
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TABLE 1—Continued 
Int. Yyaccm™! Combination | AairA Int. Yyaccm™! | Combination 
20 30601 .45 aS Fs—25Ge || 2008.651. 5 34370.17 b’F3—y*Ds 
2 30626. 39 2 2907.701...| 12 34831.39 
1 30637 .46 —weF2 2907 .497...| 10 34383 .80 
6 30643.10 8Gs—x!Ga 1 
| 2905.80....| 8 blir 34403.9 
| 2904.431. 12 34420 .10 b3F3—y*D2 
2 30708. 52 || 
30864 .5 || 2902.47.. 9blu 34443.3 
2 30867. 3 1—2F2 
6 31062.98 biGs—wiGa 2899.386...) 34479.99 {Pape 
8 31089 .45 —25Ge 2898 .77.. 3blu 34487 .4 
4 31173.01 b3D2—25Ge 2895.464...| 3 34526.69 |) 
6 31194 .60 2895 .676. 8 34531 ..32 b?F2—y*Di 
1 31222.5 
5 31252.62 2893.792...| 5 34546.63 c3D2—y!Fs3 
3 31341.49 alGa—y*Da 2892.318...| 3 34564 .23 b?D2—2F 2 
2890.000...| 3 34591 .96 2 
10 31456.97 b3F3—z3Gs 2875.711...| 2 34763 .83 
10 31477.07 b3F4—z8Gs 2873.795. 4 3478701 
10 31496.01 biF2—z*Gs 
3 31589.76 2868.136...| 5 34855 .64 Di 
2 31803.91 a3F3—25Ds 2865.54....| 3 34887 .2 aSF2—zF3 
2858 .664.. 7 blur 34971.14 
10 31874.18 b3Fs—z3D3 2854.190...| 4 35025 .95 a3F3—z3P2 
2 32033 .40 2851.130...| 4 35063 .53 bIF;—x°F2 
3blir 32041.7 biGs 
5 blur 32054.9 cFy—y3F 2850.834. 3 35067 = 
8 32128.42 aSFy—2Hs 
2850. 581 3 35070.29 
3 32136.26 b'Gs—z3Ga 2850. 288. 7 35073.90 4 
8 32144.51 || 2843.779. 4 35154.17 
3 32156.94 5 || 2842.869. 2 35165 .43 
6 32166. 25 b'Ga—z3Gs 
2 32258.62 2838.924. 2 35214.28 biF:—y*F3 
2838.38... 5 35221.0 2F5—4d5Da 
2 32281.43 2836. 107 35249. 26 b3F2—y*F2 
6 32415.1 2821665. 35429 .67 a3Is—z25Hs 
mi 32419.3 || 2818.624. 6 35467 .88 b!D2—x'Fs3 
5 32563.10 | 
5 32717.8 a®Fi —25Do 2816. 600. 3 35493 .38 (c?D2—v#D2) 
2813.241...| 10 bli 35535.74 biGs—y*F« 
6 32733.02 aFi—2D1 2813.17:. 3 35536.6 
5 32772.41 aFi—2D2 || 2803.441 6blu 35659 .97 b'Ga—y*Fa 
3 32821 .75 || 2792 .29.. 2 35802 .4 a3I7—z5H7 
3 32930.67 | 
3 33021.4 | 2789. 698 5 35835 .63 b?D2—z'F3 
2788. 258 6 35854.13 
6 33026. 59 2778. 868. 5 35975 .29 biG3—y?F2 
8 33060.9 2773.306. 8 36047 .43 b!D2—x'D2 
3 33081.0 || 2772.344. 3 36059 .93 
6 33116.75 
7 33155.33 aSFy—2Fs 2767.92.. 2 36117 .6 
|| 2745.935, 2 36406. 73 
20 3317850 5 | 2741.952 2 36459.61 a5F3—z*P2 
5 33229.44 adF3—25F 4 2728 473. 3 36639.71 —u°F2 
6 33237 .21 2720.381. 5 36748 .70 a!Hs—y*F 
20 bn 4d5D —46F 
33246.6 2706.17.. 2n 36941.6 4d7D3 —4f?F2 
2705.10.. 7n 36956.2 4d?D2—4f7F2 
4 33255.79 || 2704.43.. 3n 36965 .4 4d7D: —4f7F2 
5 33290.5 2701.13.. 8n 37010.6 4d7D3—4f"F 3 
12 33306.01 aSFy—2F 4 2700.02.. 8n 37025.8 4d7D2—4f"F 3 
5 33574.65 a3F3—z3F3 | 
6 33578 .59 aF2—2F 2698.41. 7n 37047 .9 4d7D4—4f"F 
| blir 37062.2 c| 4d7Ds—4f'Fs 
5 33616.15 aSF2—25F 2 2696.89... 7n 37068 .8 4d7D3—4f"F 
8 33737 ..13 a®F3—25F 2 2695.929. 3 37081.99 
6 33793.51 2 2695 .34.. On 37090.1 5 
4 33830.40 a5F3—25F 3 
3 33869 .61 —z5Do 2695.13.. 10n 37093.0 
4 33885 .04 2678. 810. 6 37318.95 biF3—z!Gs 
8 33906 .96 a5Fy—z5F3 | 2677 .417. 3 37338 
3 3392449 —2D2 | 2662.331. 4 37549.91 
4 33969.15 
7blu 34008.9 b3De—z5D2 2660.815. 4 37571 .32 
2659 .614 4 37588 .28 
2 34014 .50 at 2646.751. 6 37770 .94 
3 3406418 biD2—2Ds 2645.39. 9 blu 37790.4 
5 3409255 | 2641.408. 5 37847 .33 aSFy—y®F3 
8 34190 .90 4 
2 34283.78 | | 


\a5F3—z'Ds 


hair A 
3266.88... .| 
3264.22....| 
3263.04... 
3262.44... .| 
3256.54....| 
| 
3255.49....| 
3239.04... 
3238.74....| 
3218.34....| | 
3215.60....| 
3206.98....| 
3204.76... 
| 3201.90... 
3198.81... 
3189.74....| 
3178.03... 
3176.00... 
3174.09... 
3164.67... 
3143.36... 
3136.43... 
3120.84... 
| 3120.03....| 
3118.75....| 
3111609... 
3110.85... 
| 3110.052 
3108.85... 
3107 .950.. 
| 3099.05... 
3096.86... 
3084.09... 
3070.072... 
3055.55... 
3054.134.. 
3050.463 
3045.87. 
3035802... 
3027.46. 
3026.985... 
3023.85. 
3022.00... | 
3018.74. 
| 3015.230.. 
3013.125 
3008 . 506 
3007. 802 
3007.2..... 
3006.122.. 
| 3002.99... 
3001 589. 
2977.572. 
297.222. 
2973.896 
2963.230.. 
2958. 286. . 
2955 .060.. 
2951.639. . 
2950.295 
2948 388 
2046. 864 
2942989. 
| 2939.55... 
2939.066.. 
2934.779. 
2932.337 
2923 .902 
2915.980... 
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TABLE 1—Continued 


AairA Int. Yyaccm™! Combination AairA Int. Yyaccm™! Combination 
2633.819...) 4 37956 .38 a3F3—z3D2 2329.905...| 9 42907.02 —z3P; 
2630.527...] 2 38003 .88 2329.730...| 2 42910. 24 a3G3—z5Gy 
2625. 268 3 38080.01 aSFy—y5F 2327.668...| 4 42948. 26 
2617.92 2 38186.9 a3Fy—z3D3 2326.948...| 10 4296155 b’G3—y3Hy 
2617.149 8 3819813 alGa—z!Hs 2324.359...| &bliz 43009. 38 
2616. 888 2 3820194 b3Di —y5Fi 2323.786...] 4 43019.98 
2608 . 682 5 38322.10 c3F4—z!Hs 2321.71....| 10bl 1 43058.5 a'Hs—z!I¢ 
2608 .112 7 38330 48 a5Fs —y5Fs 2319.466...| 8 (1) 43100. 10 alGa—wiF, 
2603. 186 3 38403 2319.220...| 10 (2) 43104. 65 a3Di —z8Po | 
2602.35 2 38415.3 2318.102 5 43125.46 —25F2 
2595.622 8 38514.91 al; —z3He 2315.70....| 10bl 11 43170.2 | 
2594.67 4blir 38529.0 2315.30....| Sblar 43177.7 —y3F2 
2592.533 2 38560. 80 a5F2—23G5 2311.580...] 4 43247 .13 a3P2—25F2 | 
2590.043 3 38597 . 86 2310.806...| 3 43261.61 b’D2—y3F2 
2584.038 6 38687.55 CF3—x3F3 2309.578...| 4 4328460 alGy—wiF; 
2583.739 3 38692.04 c?F2—x3F2 2306.571...) 5 4334104 a’P2—25F3 
2582.37 8 blir 38712.5 | 2303.203...| 3 4340441 F3—w'F; 
2575.798 2 3881130 | 2303.012...| 7 43408. 01 
2574.838 7 38825.78 | 2302.808...| 43411. 86 bIF3—y!F; 
2558.172 2 39078. 70 2295.859...| 15 (3) 43543. 23 alF3—z!D2 
2556. 207 5 39108.74 aF3—z3D3 2293.056...| 10 4359646 —wiP2 | 
2552.937 5 39158.84 biF3—z!F3 | 2291.850...] 6 43619 40 c*D2—wP2 
2551.098 6 39187 .06 a'Hs—z!Hs | 2290.126...| 5 43652. 22 b!F3—v3F3 | 
2545.750 3 39269. 37 a5Fy—z3D2 | 2284.979...| 5n 43750.56 | a3Di—y5F 
2537 .934 2 39390. 30 aF3—z3De | 2278.432 6 43876.26 | 
| 
2537.537 4 3939646 | 2277.820 8 43888 04 b'Fa—z'Ga 
2531.890 5 39484. 33 | 2277.159 4 43900.7 a®Hs«—y?Hs 
2520.162 5 39668. 06 | 2276.870 8 $3906.35 a®D2—y5F 3 
2512.902 2 39782. 66 | 2274.00....] 43961.8 biF3—viF4 
2511.418 6 blir 39806. 16 | 2267.42....| 10 (1) 440893 
| 
2507.244 2 39872.42 a3D2—25F2 | 2265.54....] 4 44125.9 b3F2—y3G3 
2502.903 3 3994157 | 2262.888...| 3 44177.61 alF3—x3F3 
2501.526 4 39963.55 b3D3—z3Ds | 2261.592...| 12 (2) $4202.92 alF3—x3F2 
2496 .696 3 40040. 86 a'Hs—y*Hs | 2260.547...| 7 44223 .37 a3G3—25H3 
2487 .922 3 40182.07 (a3F3—y3D3) || 2259.406...| 2 44245 .69 a3F3—y3P2 
2487.191 4 4019387 | 2259.140...} 2 44250.90 a'Ga—x3Hs 
2485.741 3 40217.32 | 2257.406...] 8 44284. 88 
2484.820 2 40232.22 3 44357.46 bIF3 —v3D2 
2469.126 3 40487 .93 b3D2—y5D2 2252.463...| 4 44382.05 
2462.978 3 40588. 98 a5Fy—y5P3 2252.268...| 5 44385. 89 
2456.571 2 40694. 82 2245.776...| 4 44514. 20 b3F2—y5G2 
2447.374 7 bli 40847.74 2243.845...| 4 44552. 50 b3F2—x*D3 
2439 .963 3 40971. 80 2243.405...} 8 (1) 44561. 23 
2438.174 8 41001. 86 4s°S2—4p7P2 2241.54....| 12(3) blar| 44598.3 a'D2—z!D2 
2431.325 5 41117.36 2238.155...| 10 (2) 44665 .75 | 
m 41160.1 | 2235.908...| 10 (1) 44710.64 Gs 
2421.514 41283 .93 atFy—y3Fy 
2421.376 2 41286. 28 b8D2—y5P2 2235.699...| 6 $4714.82 
2420.405 3 41302. 84 a’F2—y*F2 2233.654...| 6 44755.75 b3F3—y5Ge 
2419.742 2 41314.17 b?D3—y5P2 4 44765.40 b'Ga—y3Ga 
2232.690...| 10 (1) 44775 .06 
2418. 568 7 41334.22 
2406 .409 3 41543.05 biG«—viF;—s 2232.548...| 8 44757 .87 (a'F3—y3H,) | 
2403.551 6 41592.44 2232.430...| 10 44780. 28 atGs—zHe 
2389.533 8 41836 .42 atHs—ziGe 4 44795. 54 3—x'Ga 
2376.725 5 42061 .85 atHs—z*Ke 229.267...) 10 4484381 b3Fi—y5Gs 
2228.881...] 4 44851.58 
2373.904 5 42111. 84 
2363.51 7 blir 42297.0 | “7 44872.37 —25P2 
2362.401 3 42316. 86 cFy—w'Ds 2221.830...| 10 (1) 4499391 
mil 42354.81 2 45003. 89 a'Hs—x*Hy 
2353.820...| 4 42471.12 2220.611...| 3 45018.60 | 
| 2217.485 5 45082 .07 
2352.616...| 3 4249285 
2346.961...) 3blar | 42595.22 | 2214.616...] 4 45140.45 
2339.913...1 42723.52 1F3;—y!D2 falDe—x3F2 
wren nee to A 2023 intensities in parentheses refer to the | 2210.073 6 45233.23 | (b3F4—w'Ds 
grating spectrograms j 
| 2209.739...| Sblur 45240.07 
2338.961...| 10 (3) 42740.91 IDs 
2336.768...| 10 42781.02 biGa—y3Hs 2207.847...| 2 45278.84 | zip, 
2331.539...| 3 42876.95 


| 
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TABLE 1—Continued 
Nair A Int. Yyaccm™! Combination AairA Int. Yyaccm™! Combination 
2202.458...| 8 45389. 60 2144,282...| 8 (5) 46620 .92 
2196.240...| 45518.10 {a 
2195 866...| 5 4552586 | 2143.827...) 7 (2) 46630.81 \asDi—zDs 
2195.532...| 6 45532.78 b'G«—y5Gs 2143.76....| 3 46632 .3 a®Do—zDi 
2195.081...| § 45542.13 biGa—y®Ga 2143.470...| 8 (5) 46638.57 | 
2143.045...| 7 (2) 46647 .82 
2193.294...) 4557923 
2192.875...| 4 45587 atGa—2F 2142.533... 46658 .98 atHe—z'Ie 
2191.215...| 8 4562248 aiGs—2F 5 2140.427...| 4 (1n) 46704 .88 b'Gs—wiF 
2190.075...| 3 45646.22 2139.461...| 2 46725 .96 b'Fs—x5Da 
2189.154...| 2 45665 atHs—z'Ga 2137.365...| 8 (5) 46771.79 
2137.009...| § 46779.58 a®Di—z5Ds 
2188.732...| 4 4567422 
2187.667...| S blir 45696.47 2136.360...| 5 (1) 46793.78 
2186.876 6nblir | 45712.99 2135.523...| 4 46812.12 atHe—yGs 
2186. 207 2 45726.97 a8D2—y5Ds 2134.861...| 9 (5) 46826 .63 a'le—zils 
2185 .654 5 $5738.54 2133.358...| 2 46859 .61 atHs—y3Ga 
2132.089...| 1 46887 .50 
Ja'Hs —x*He 
2185 .264 5 45746.70 2130.829...| 3 4691523 4 
2185 080 3 45750.55 aGs—2D3 ||: 2129.683...| 5 46940.47 a'Gs—y'Fs 
2184.114 4 45770.78 2 46950. 27 
2183980 6 45773.59 atGs—2F | 2127.634...| 2 46985 66 a'Hs—ysls 
2182. 889 4 4579648 2125.170...| 4 47040.14 
2182040 4 45814.29 biF;—wiH, || 
2181210 2 4583171 b'Gs—y5Ge || atHs —y5Ge 
2180.410...| 12 (4) 45848.53 atP; —28P2 | *F;—y'F; 
x5 
2179071 3 45876.69 2Di-y*Po || 75 > sF,—y! 
2178677 5 45884 .99 
2175.972 45942 .03 —y*De | 2123.590...| 8(1 47075.13 
2174.658...1 15 (7) 45969.78 || 9497 021. 5 (0) 47109.92 
} ‘9 
2173.829 7 (1) 4598731 atDs—y5D, (0) 47137.79 
2171.293 2 46041 .02 b'F2—wiD | 7 
2169.709 5 46074 
2168.106 3 46108 .68 b3F2—w'F2 | 2118.415...| 5 (2) 47190.11 a®Do—25F; 
588... 
2166.952...| 12 (4) 46133.25 7 (5) 
2166 604 5 4614065 2114-339...) 3 47281 .08 
2165 .327 4 46167 86 alGa—wiGs || 
2165.071 4 46173.32 atG3—z8Se | 2113.891...| 6 (4b) 47291.10 
2163.475 2 46207 .37 biGs—x5F 
2162 283 5 46232 85 || 2112.496...] 4 47322.31 alHs—yile 
2161 .478 3 46250 .07 | 2112.282...) 2 4732711 
2161 .270 10 (4) 46254.52 | 2111.795... 4 (1) 47338.C4 2 
2160 655 6 46267 68 F:—wiG, || 2108.676...| 5 47408 .04 
2108.217...| 2 47418 .35 a!D2—x8P2 
2158 690 3 46309. 79 
2158.472...| 12 (4) 46314 .46 aiGe—yiGe | 2107.324...) 10 (10) 47438.44 a8G3—25F 2 
2158 006 3 46324.46 b3Fy—wF3 | 2106. 360 ee 3 (1) 47460.17 bIFs—tFe 
2157.710...| 12 (4) 4633083 (2) 47490.37 
2157.287...| 3 46339 .91 atG4—25F3 21063.799...| 12 (12) 47517.92 
| 2103.647...| 5 (3) 47521. 36 atG3—25F 3 
2157.109...| 2 46343.73 a3Gs —25F 
2156.750...| 2 46351.45 2100.961...| 8 (4) 47582.11 
2156.183...| 5 4636363 2099.718...) 47610.27 
2155870...) S blir 46370 .35 ||, 2099531...) 2 47614.51 
2154.420...) 2 46401.56 | 2099-332...) 6 (4) 47619 .02 
| 2099.231...| 5 (3) 47621 .32 4 
2153.320 | 3 46425 .26 
2152.706...| 6(1) 4643851 —yiGs 2098816...) 3 47630 .73 
2151.776...| 15 (8) 4645858 2097 692...) 12 (12) 47656 .24 
2149.558.... 2 46506 50 b3D2—y3P2 2097 .480...| 15 (15) 47661 .06 a'Gs—z3He 
2148.254...| 5 46534 .72 b§D3—y3P2 2096.430...| 6(4) 47684 .92 aS D3—z°Ds 
2095688... 4(1) 47701 ..82 
7.904. ..| 32 
pin 2095.593...| 2 47703 .98 
2146.062...| 8 (4b 46582. 26 5Dag —25D 2095.143 3 (1) 4771423 
5148 616 4659194 | ‘||: 2093.04 4 (1) 47751.57 a8D2—y8Ds 
2144.743...| 7 (3) 46610.90 alle—zilz || 2092.945 6 (5) 4776432 


| 
| 

| 

| 

| 

| 

| 

| 

| 

| 
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AgirA Int. | Yyaccm™! | Combination AairA Int. Yyaccm™! Combination 
2091.488 2 47797.58 a5F; || 2038.092...} (3) 49049 .66 a’P; 
2091.312...| 7 (7) 47801 .60 9637 102) 49062 .03 1 
2090.240...| 6 (6) 47826.12 | 2037.292...| 4 (6) 49068 .92 —x3H; 1 
2090. 139 12 (13) atGy—23Hs | 2037 .145 2 (3) 49072 .43 a3Pi—y5Dy 
47828.6 2036 .845 2 (2) 49079.71 a® Di —25P; 
2090.053...| 7 (6) 47830.40 
| 2036.006...} 2 (2) 4909992 
2089.089...| 6 (3) 47852.48 2035.939...| 2 (3) 49101.54 
2088.625...| 5 (2) 47863.10 a3Gs—z3Hs || 2035.103...] (2b) 49121.70 c3F2—usF2 
2087 .907...| 7 (6) 47879.56 atDi—y3Di || 2034.695 4 (5) 49131.55 —x8G5 
2087 .132...| 8 (9) 47897. 33 1 (1) 49135 .36 alle—y3Hs 
2086.128...| 4(1) 47920. 38 a’Fy—x3F3 | 
|| 2034.296 3 (4) 49141.18 b3F 3 —wiG, 
2085 .839 5 (3) 4792701 || 2030.767...| 2 (2) 1 
2084.968...| 5 (4) 47947.05 atDs—y3D2 || 2029.522...| (3) 49256.76 b3F2—wiGs | 1 
2084.515...| 3 (2) 47957 .47 a3Ga—23H, || 2026.038...| 4 (7) $9341.44 
2084 .349...} 10 (12) 47961 .29 a3G3—z3H, 2025.557...] 3(5) 49353.15 1 
2083.530 6 (5) 47980. 13 || 
2025.292...] .. (1) 49359. 63 atHs —x3Gs 1 
2082.788...} 1 47997 .22 b!F3—x'F3 || 2023.289...] 1 (4) 49408 48 atHs —x3G, 
2082.377...} 3(1) 48006 .69 c3F3—viD2 | From here to \ 1382 wave lengths and intensities are ob- 
2079 307 | 3 48077 .57 Fy—v3Ds; tained from M.L.T. grating spectrograms only. Wave 
2078989...) 14 (18) 48084 .92 4s5So—4p5P3 || lengths in vacuum 
2077.755...| (2) 48113.47 a3F3—x3Fy || | 
2022.685...} 1 49439.24 
2077.089...| 1 48128 .89 alDe—x3Ds 2019.225...| 3 49523.95 —x8G3 
2076.916...| 1 48132.90 2017.946...| 4 4955534 b3Gs —wiGs 
2076.316...| 3 (1) 48146. 81 b3Gs —x3Gs5 || 2017.363 3 4956966 atHs 
2074.240...| 3 4819499 b3Gs—x3G4 1} 2018.720...| 3 49610 .06 b3Di —x3F» 
2071 .889 2 48249.67 | | 
2015.453...] 1 49616 .63 | a3Py —y5P; 
2070 .976 2 (0) 48270.94 biGa—x3Gs 2013.330...| 4 49668 .96 b3Dz—x3F3 
2070 .539 8 (9) 48281.12 alle—z'Hs 2012.539...] 3 49688 48 a3F3—z!G,4 | 
2069 .808 2 (1) 48298 .17 alF3—z!F3 || 2012.310...] 1 4969413 b3D2—x3F» 
2068. 243 12 (17) 48334.72 2012.192...| 4 49697 .05 b3D3—x3F3 
2067 . 302 6 (7) 48356.72 
2011.031...] 3 49725.74 b'Ga—y'ls 
2065 . 268 3 (2) 48404 33 b3Gs—x3Gs || 2009.118...| 4 4977308 —25Do 
2062 .983 3 (2) 48457 .95 a®Fi —x3F2 || 2008.494...| 6 4978855 a5 Pi —25D; 
2062 .083 3 (3) 48479 .09 alHs—viF 4 2006.914...| 3 49827.75 aSP; —25De 
2061.751 9 (12) 48486 .89 || 2006.360...| 4 4984150 biGs—w'Gs 
2061 .552 10 (15) 48491.57 
2006.095...) 1 49848 09 —y5P2 
2059 677 7 (9) 48535.70 | 2005.731...| 4 49857 .13 
2058 560 8 (11) 4856205 allg—z!K7 || 2005.613...| 1 49860.07 a5 Do 
2058. 201 3 (3) 48570.52 2004.143...| 8 49896. 64 | a5P2—z5Dy 
2057.921...| 4 (4) 48577.13 49896.9 ¢ biGa—wiGs 
2057 .058...| 6 (7) 48597 .50 —y3F2 2003.233..., 2 49919 31 | b3Gs—y'Ge 
| 
2056.145...) 7 (9) 48619.07 | a3P2—z3D3 || 2003.124. 3 | 49922.02 | 
2055.855...| 6(6) 48625.93 | atFy—x3Fy 2002 .473...| 5 | 4993825 | 
2054. 480 4 (3) 48658 .46 | || 2002.009...| 1 | 49949. 8 | a'De —wsF; 
2053.521...| 3(2) 48681.18 | 2001 .909 4 49952.32 a®P2—25Ds3 
2052. 269 | 3 (2) 48710 .89 | —wF, 2001.814...| 3 | 4995469 | 
| j 
2051. 847 2 48720.90 | a5F2—x3F3 2000.688...| 4 49982 81 b3G3—wiGs 
2050.739 7 (7) 48747.22 | || 2000.228...) 9 49994 30 | —zil¢ 
2049.384...| 7(7) 48779 .44 | at || 1999893...) 3 50002. 68 | 
| allge—y*He fatle—z3le 
2047.126...| 2 (1) 48833.25 | || (199.588...) 9 50010. 30 
2046.784 2 (1b) 48841.40 | a5F3—x3F3 1999100...) 1 50022.5 atP2—y5P3 
2046 .043 | 1 (1) 48859.04 | 12 | 50089.66 | 
2045 .830 5 (5) 48864.18 | a3Hs—x3H, 1995563... 12 | $0111.17 a8G3—25Gs3 
2044 .970 4 (4b) 48884.72 | |} 1995.206...| 7 | 5011863 
2044.541 | 1 (1) 48894 ..97 | alF3;—w3F; 1994.366...| 1 | 50141.2 
2044. 302 4 (4) 48900 69 a?P2—z3De2 1994.073...| 13 | $0148.62 
2044 .034 | 3 (3) 48907 .10 | atPo—23D1 1993.262...| 7 50169.02 
2043.478...| 3(2) 48920.40 | c3F3—u%F3 || 1992.858...| 6 50179.19 a3F2—y'Gs 
2042.236...| 2(2) 48950.14 |} 1992.427...| 1 50190 04 
2040 .760 2 (3) 4898555 | a’Po—y5Di :1992.196...| 9 50195 86 a3Ig—z31; 
2040.538...| 4 (5) 48990,89 | bFs—wiGs :1992.017...| 9 50200. 37 a3]; —z317 
50200.8 ¢ 
2040.407...| 3(3) 48994 03 | —23Di 
2039.507...| 6 (8) 49015.64 | a'Hs—y'I¢ 1901.613...| 14 50210.56 aGs—25Gs 
2038.908...| 2 (3) 49030. 04 1989.975.../ 7 50251.89 a®Ge—zGs 
2038.742...| 2 (2) 49034 .03 | b?D2—z!De 1987810...) 3 50306 .62 —25S2 
2038.621...; 1(1) 49036.93 | 1987.503...| 15 5031439 abGe —2°Ge 
1987.006...| 1 50326.97 biF2—v3F2 | 
| 
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TABLE 1—Continued 
Int. Yyaccm™! Combination Avac A Int. Yyaccm™! Combination 
3 50375.17 1941.633 ..| 3 51503 .04 
9 50395 .91 atIs—zil, 1940.769...| 4 51525.97 alG«—x'F3 
7 50402 .54 1940.631...| 2 51529.6 
2 50411.46 
0 50425 .5 1940.018...| 51545 .91 
1939.107...| 1 51570.12 a5Fi—x3Di 
8 50433 .60 a5P3—25S2 
6 50452 .15 aSP2—2F 2 51574.5 ¢ 
2 50495 .05 1938 .901...| 10 4 51575.61 atFy—y'Gs 
1 50530 .52 1938.775...| 4 51578 .96 aSF2—y5Go 
2 5054012 a*He—wiGs 51579.8 ¢ 
1937.996...| 4 51599 69 c?G4—v3Hs 
4 50545 .46 aSP2—25F 3 1937.345...| 14 51617.03 
8 50604 .06 a®P3—z5F3 1937.077...| 3 51624.17 a5G,—z5H, 
0 50669 .39 biGs—y'Fs3 
2 5069354 CFs;—viGs :1936.806...| 51631.4 biGs—y'le 
2 50703 .64 5 51737 .92 a5F2—y5G3 
51738.4 ¢ 
2 50796 | 1931.507...| 14 51773 .05 
4 50829 74 1Gy—w'Hs 
1931.309...| 1 51778 .35 
2blu 50859. 5 a’De—y®Fi —s3F2 
8 50882 58 | 1930.387...) 15 51803.08 
8 50896 . 39 1930.184...; 2b 51808 .5 alHs—t?F, 
50909 .76 —y5Fi 1929.941...| 2 51815 .06 a3D2—y*P2 
1929 .632...| 1 5182335 
8 50912 .12 atlg—ziKe 3F3—utF 3 
\ 
|} 1928.991...} 1 51840.57 
1 50930 .47 1928.837...| 4 51844 .71 
1 50937 .01 | 1928.642...| 4 5184995 
| 4 §0943 53 a5F3—y5G3 
| § 5094978 || 1928-265...) Sb 51860.1 (ore 
| 1 50975 :1928.178...| 4 51862.43 alF3—y!Da 
50988 41 c3G4—r Fe 
£3 51012.13 atl;7—z3Ks 1926.898...| 3 51896 $8 
| 8 51038.01 | —y5F 2 | 1926.304...| 18 51912. 89 4s7P; —4p’P2 
| 1926.013...| 10 blir 51920.7 a5P2—z'Ps 
51045 .77 b3F2—v3Di | 
4 51053 biG3—v3F2 
| 11 51057 32 1925.855...| 3 51924.99 alF3—y!G, 
6 5107414 alGy—y'Hs 1925.271...| 4 51940.74 
2 51088 .83 2 | 1924.532...| 6 51960 .68 atD3—y*P2 
| 1924.119...] 4 51971.84 bIF3—w'Gg 
3 51095 04 1923.877...] 7 51978 .37 a5P3—z25P3 
0 51126.23 
8 51151 .55 atHs—yile | 1923.003...| 7 52002. 00 a5F3—y5Ga 
4 51156 .94 atFy—yGs | 1922.789...| 15 52007.79 
| 10b 51171.2 a5Do3—y5F3 | 1922.132...} 1 52025 .56 atFy—x5Fs 
| 1921.990...| 1 52029 .41 atHy—vF3 
4 51177.91 | 1921.132...| 2 52052. 64 
1 51181 .76 
10 51190 49 | 1920.752...| 2 52062.94 a'Hs—y'Hs 
Oc atGa—zGa 1920.260 2 52076 .28 c3D2—s*F3 
| 43 | 51194 84 1920. 186 4 52078. 29 
1919572 4 52094 .94 a3F2—wiDi 
4 51197 .98 | 1918 .966 3 52111.40 
51216.0 | 1918480 74 52124.59 
|, 1918.284 7 52129 .92 a5P; —z25P2 
917 960 6 52138.73 | 
42 51255.58 atGs—z'Gs | 1917.665 2 52146.75 
| 10 51273.27 atHe—y3l; || 1917.453 9 §2152.52 alle—zile 
3 51290 83 1917.351 §2155.29 aSFy—y'Gs 
2 51296 .20 —y*Po |} 1917.26 4 52157.8 
3 51327 .32 b'Ga—v!Ga? 1917 .087 2 | §2162.47 atF2—wiF 2 
3 51367 .16 || 1916.507 5 52178.26 aSFs—y5Gs 
{| 
0 51378 .98 || :1915.750...} 2 52198. 88 a®P2—z5P2 
2 5139475 at Fy—y3Ga ||} 1915.083...| 15 52217 .06 
12 51404 .84 1914.056...| 19 52245 .08 4s7S3—4p’Ps 
1913.622 4 52256 .92 a5P3—z5P2 
14 | 51454.07 | 1913. 386 1 52263.37 Fs 
alG«—x'G4 


AvacA 
1985. 105 
1984. 288 
1984 .027 
1983 .676 
1983.123 
1982. 805 
| 1982 .076 
1980. 392 
1979. 002 
| 1978 .626 
1978.417 
1976. 126 
| 1973.578 
1972 .638 
1972.245 
1968625 
1967 352 
1966 .740 
1966201 
| 1966 .074 
1965 309 
1964 776 
1964. 260 
1964. 169 
1964.019 
1963.461 
1963209 
| 1962 .958 
1962.717 
1961 .724 
1961456 
1961 .230 
1961 010 
1960318 
1959324 
1959 .026 
1958 .732 
1958. 583 
1957 938 
1957375 
| 
1957 137 
1955943 
| 1954975 
1954769 
1954.223 
1953968 
1953 821 
1953 .488 
| 1953322 
1953202 
1952 648 
1952.514 
1952362 
1951 .318 
1951 .007 
1950334 
1949. 666 
1949 462 
1948 280 
1946 .769 
| 1946 321 
1945 .724 
1945 342 
1943 715 
1943481 
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TABLE 1—Continued 


ne 


wun 


Yyaccm™! 


52276 .10 | 
52309.4 


52319 .37 
52345 .03 
§2351.31 


52360 .24 
52361.99 
52418 .02 
$2422. 
52423. 


50 
52444. 


| 
| 
52453 .32 | 
52470.91 
52487 .5 
(= 92 
52510. 6c 
§2513.92 


52521. 


—25D2 
ciG4—t8Gs 
c3Gs5 —t8Gs 


Combination AvacA 
a5P, —25Pi 
jatHs— 1887 .471... 
\ alle—y5Ge 1887.197... 
a!H;—x'Hs 1887.09.... 
aSP2—z5Pi 1886 .757... 
cDe—t8Di 1886 607... 
b!G4—u'F3? 1885 947... 
Di —t?Di | §885.12S... 
atIe—y*He | 1884.596... 
|| + 1884.253... 
a’Fe—w'D2 | 1883.816... 
{bsDi—y'Ge 
\aSFs5 Ie 1883 394... 
aHs—x'G. || +1883.185... 
| 1882.979... 
| 1882.357... 
aSFi —x5F 2 
| 1882,047.. e 
a®D3—z3Ds 
| 1881.578.. 
b!D2—w' D2? | 1881.178... 
D 1880 704... 
c3Di 
1880-620... 
ab Fy—w'Ds 
a'F3—y'Fs 1877 .989... 
|} 1873.534... 
b3D2—x'Ds $672 
ad Fy —y3Gs | 
aS Fi —x8Fi | 1872.214... 
{bsDi —x®Po | 1871.44....} 
(bsD3—x®Ds | 
a5 Fs —y5Ge 1871 .319.. 
| 1871.152... 
b3G3—u5F3 | 1869.91.... 
|| 1866.900... 
| 1866 .305... 
| 1865 .606.. 
|| 1865-445... 
atIe—y*Hs 1865.202... 
b?Di—x8Di | 
c3G3—t8Gs3 | 1864 53... 
|} 1863.317... 
|| 1862.446.. 
abF3—x5Fs | 1861.665...) 
4s7S3—4p’P4 
a5F2—x5F2 || 
a5F3—x5F 3 1859813... 
1858.542... 
alF3—v3F3 
1855.510...| 
atls—y3H, 1854.975.. 
aSFy—x5F 4 1854.826... 
—u*F2 
384... 
(9652-882... 
atHs—y'le 1852.677 
adFy—x5F3 || 1852.366... 
aGs 5 
a5 Fy—xF4 1851.261... 
b3D3 —y5Ga 1850 650 
1850 .200 
| 
1849 960... 
a3F3—x®D2 1849 648...) 
—x5Fi | 
a5F3 —x5F2 || 1849 407... 
{aSFi —wiFe || 1849.172 
883... 
|| 1848492... 
s || 1848.428... 
a!De—y'D2 


Int. Yyaccm™! | Combination 
8 52980.95 28D, 
8 52988 64 
1 52991.6 
12 53001 .00 a5Gs—25F, 
5 53005. 21 a5De—23D; 
5 53023 .76 
9 53046. 88 —x5F5 
8 53061 .77 
2b §3071.4 
3 53083 .74 a’D2—y®D, 
1 53095 63 
53101 53 | a'F3—v3F, 
4 53107 .34 
5 53124 .89 b3G,—w3H; 
—y®Dy 
10 53133 64 
3 53146 87 
5 53158 18 b3Gs3 —wiH, 
4 53171 b3Ds 
e 
3 | $3173.95 
2 | §3232.55 | a5P3—z3P2 
| 
12 5324845 | 
2 53375.07 
4 53404 .11 —25S2 
2 cl b3F4—viG; 
6} 53412.70 | —w3He 
0 53434.8 | a®F2—wiDe 
2 53438 24 | a’F2—w'F 
9 §3443.01 | a®G2—z*Fi 
4) 534785 | 
10 53480 85 | a5Gse—25F 2 
2 | 53564.73 | 
| | 
5 | 5357466 | 
9 | 53581.81 | aGs—2F 3 
2 | $3601.88 | biFs—viGa 
| fal!De—y'Fs 
2 | $3606.51] —x5Fs 
7 53613.50 | bIF;—w'Fs 
1 | §3632.8 | 
4 53667 .73 | aD: —y*Do 
2 | 5369283 | b3F2—v3Gs 
3 | §3715.36 | 
3 | 53764.74 | a®Di—y®Pi 
5 | 53768.85 | —usGs 
5 | 53805.62 | a*Do—y*Pi 
7 (33839 29 | 
| \§3859.7 ¢ b3Fy—tFs 
3 | 5389354 | alGy—usGs 
5 | §3909.08 | —y®P2 
9b 53913.4 | 
53914.1 
3 53926 .26 | —x*Do 
2 53972.02 | 
6 $3975.95 | 
1 53985.0 | —w*Hs 
6 54017 .23 | F,—u3Gs 
1 | 54035.1 | 
5 | $4048 21 aSFy—x*Da 
| 
5 54055 .22 atG,—2z'Ds 
1 | 54064. 34 | aSF2—x®Ds 
| 
7 | §4071.39 | aSFs—x'Da 
1 | §4078.26 | b3F2—tsF2 
1 54086.71 | b3F3—t?Fs3 
1 54098 15 | b3Fs—t8Fs 
0 541000 | biGs—viGs 


=— 


544 | 
= 
| Int. | — 
1911.703...| 2b 
1911.338...| 7 | 
1910 401...| 6 
1910.172...| 1 
1909.846...| 2 | | 
1909.782...| 2 | 
1907.741...| 4 | ) 
10 | | 
1906814... 6 | 
1906.457...| 6 | 
1905.818...| 2 | | 
1905.214...| 1 | | 
1904.402...| 4 
1904.257..., 2 
1903.983...| 1 7 
1903.706...| 1 52529. 12 | 
1903 .257...| 3 $2541.51 | 
1903.18....| 1 52543 .6 
1902.902...| 5 §2551.31 
1902.402...| 6 52565.13 
1902.076..., 5 | $2574.13 
1901.540...| 3 | 
1901.379...| 5 | 52593 .41 
1901.096...| 9 | §2601.24 | | 
1900.575... | | 52615 .66 
1899931... 52633.49 
1899.318...| 5b | 52650.5 | 
| 
1898.870...| 6 | §2662.89 
1897.379...| 3 | 52704 .28 | 
1897.028...| 4 | §2714.03 | 
1896 803...) 9 | 52720.29 
1896.73....| 4) | §2722.3 
1896.333...| 4nblg | 52733.3 
1895.912...| 1 | 52745.06 | 
1895.63....| | §2752.9_ | | 
1895 .456...| 20 | 52757.75 | 
| \§2759.1 ¢ 
1894.983...| 4 “5277092 | 
1894.52....| 3blg | 52783.8 | 
1894.252...| 5 52791 .29 | 
| 
1893 .981 | 1 | §2798 84 
1893.113... | $2823.04 
1892890... | 52829 27 
1892 598... 52837 .4 
1892. 488 | 52840.49 
1892 339... 52844.65 
1892.247...| | 52847.22 
1892.140...| 52850.21 
1892 073... $2852.08 
1891.909...| 52856.66 
| | 
1891516 b | 52867 .6 
1891 .339.. $2872 s9 
1891186... | 52876.8 
1891.070..| $2880.12 
52885.07 | | 
| 
| 
1890 .669...| 52891 .33 
1889.735...| | $2917.47 
1889.451... | §2925.43 | | | 
1888 260... 52958 80 | 
1887 .734...| 52973 .57 | 


SPECTRUM OF Fe ut 545 
TABLE 1—Continued 
AvacA | Int. Yyacm™! Combination AvacA Int. Yyacm™! Combination 
1848.130...| 2 54108 .74 1628.304...| 3 61413.59 alle—x!Hi 
1847.637...| 2 54123 .19 1624 206. 2 6156854 aiGs—y*Hs 
1847.348...| 1 5413165 c3D2—viP2 1617.171. 1 61836 .4 aiGa—y*Hs 
1846.943...| 3 54143. 52 F2—wDi 1614.611. 1 61934.4 atGa—ysHa 
45.749...| 1b 54178.5 1611 .763. 70) | 62043.9 4p5P; —4d5D2 
18 \a8Ga—y3D2 1611.723. | 62045.4 4p5P: —4d5Di0 
1607.723...| 9n 62199.8 4p5P2—4d5Daz 
1845521. | 7 54185.24 1606.014...| 3n 622660 4p'Pi— 
ph 1602 .000 Sn 62422.0 p’P2—5s5S2 
1844.942...| 3 54202.25 | 1601 .211. 10n 62452.8 4p5P3—4d5D, 
1844547. 6 5421385 aH; —wHs 
1595.597...| 6 62672.5 4p5P3—5s5S 
1844263. | 5 54222 .20 | 
1550. 862 8n 64480.3 4p’P,4—4d7Da 
302. ; ge 1550.196 12n 64508 .0 4p’P,4—4d’Ds 
1843 .409.. 4 54247 32 1539.480. 5n 64957 .0 4p’P3—4d7D2 
1842.927...| 5 5426151 
1539.12 8 64971.9 4p’P;—4d’D 
1531864. 7n 65279.9 4p’P2—4d7Di 
| | | 1531.644...| 8n 652893 | 
1838.698...| 1 | 54386.3 b?D2—wF3 
1838621... 1 | 543886 1531 .293 6n 65304. 4p’P2—4d’Ds 
1838 .309...| 7 | §43907.82 atHs—wiHs 
1493.640 on 66950.5 4p?P3—5s7S3 
1486.265...| 7n 67282.8 | 
oH 1484. 546 1 67360.7 1Gs—x3G 
1830 .623 3 54626. 21 — 
fatGs—z? 
1829.172.... 2 $4669.54 | 1484.241 0 67374.5 
| 1481.169 2 67514.2 
1828 857 | blir 54679 .0 b'Gs—y'Hs 1471 638 
1826.267...| 0 54756.5 —y3P 1471.051 0 67978.6 3d’ 
1826.156...| 1 54759 .83 || 1468986. 2 68074 .2 3d’ 3F4—z?F 
1822 183 71646.1 | 
: 3 71673.6 3d’ 
| 4304.024. 1 71734.8 | 3d’3F2—z9Gs 
|| 1382.857 1 72314.1 a’ Ge—y5Ge 
1819.718...) 1 | 54953.56 | 
1819 480 2 | 54960.76 atHe—viG; hates 1017 intensities in parentheses refer to 
1812.974...| 2  55157.99 | M.LT. pla 
y 1143.67....| 3(3bl 87437.8 33D: —28F 
1808.203.... 0 55303.5 1142.955...| 5 (5) 87492.5 3d°D3 4 
180! 06 ; 55501.10 1141.272. 3 (3) 87621.5 | 3d’1Gs—x!Hs 
1797.769...| 0 55624.5 OF, —wiG, | 1131.914. 3 (3) 88345 .9 3d5D2—4p5P3 
| * 1131.194 7 (5) 88402.2 —4p5P2 
1793.785...| 1 55748 04 || 1130.404. 5 (3) 88463 .9 3d5Do —4p5P1 
1791345 0 $5823.98 
1775983 6 56306 .85 8 88650.9 | 
7 1126.72.. 6 (0) 88753.2 3d5Da—4p5P; 
: || 1122.526...| 9 (2) 890848 3d5D4—4p'Ps 
177. 098 1 56398 46 a5P2—y5Di 1099.05 90987 3d’ 
1770.554 6 5647950 1097 65. (1) 911037 3a’ 
1770.247...| 3 56489. 29 aHs—wiGs | 7.65....| m 2 
1096.61. bl (3) 91190.1 | 
57202.45 aG2—y5F; 1089671. 4 91770 8 34°F. 
1745.638...| 4 57285 .65 wiGe 
| 1089.061. 3 91822.2 | 
1739.201...| 0 57497.7 b'Gs—wG, 228 5 (3) 
1075.024. 2 
717.414...) 2 58227 .08 
1710.374...| 3 58466.74 | 
1709.892...| 4 58483.23 atHe—wGs | 
1695.036...| 2 58995 79 4s’Ss—4p'Ps || 
1656.831...| 2 60356.2 atl; | 
| 


| 
| | 


988.148... 
986.637... 


An 


ANN 


ww 


98201 
98204 
98256 
98303 
9877 


100530. 


100577. 
100696. 
100772 
100823 
100884 . 


100928 . 
100986. 
101064. 
101199. 
101354. 


t 


c 
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| 
| 
| 
| 
| 
| 
| 
| 
| 
| 


TABLE 1—Continued 


Combination 


3d3G3—23F 3 


3d!F3—z!F3 
3 
3d’ '1Gy—w' Fs 


3d3G3—z5Ha 
2d! 3Fy—v3G5 
3d’ 3F3—viGa 
—23F 4 
3d3G; —z8He 


3d’ 3F2—v3Gs 
3d2?D3—y*D2 

3d’ 3Fy—t3F 4 
3d3D2—y*Ds3 


3d3Di —y*D2 
3d3D2—y*D2 
3d3Di —y*Di 
3d3D2—y*Di 
3d’ 3F3—t?F3 


3d’ 3F2—t3F 2 
3d3F2—23F 2 
3d3F 2—23F 3 
3d3F 3 2 
3d3F 3—z3F 3 


3d3F 3—z9F 4 
3d’ 3F2—u%Gs 
3d3G3 
3d3F 4 —z3F 3 
3d3G3 —z°Ga 


3d’ 3F3—u5Ga 


3d'F3—y'!D2 


3 4 
3d3G4—23Ga 
3d’ 3Fy—u3Gs 


3d3G5 —23Gs 
3d3Di —y*Po 
3d3D2—y®P1 
3d3’P1 —u?D2 
3d3D3—y*P2 


343 
3d3H; —23Hs 
—z*Hs 
3d3Po—z3Pi 


3d3P; 2 


3d3P; 
3d3P; —2'Po 
3d3F 2—28G3 
3d3F 


3d3F 3 
3d3P2—z'P2 
3d3F4—z?Ga 
3d3F 
3d8Ga 2 


3d3Ga—y3F 3 
3d3F2—73D2 
3d!1G4—z!Hs 
(3d3F4—z?Ds 
Fs 


3d3F3—z*D2 
3d3F2—z*Di 
3d*F3—y®D2 
—z'Hs 


908.885... 


| 
| 


4 
8 


Int. 


10b 


mw 


101367. 
101438 


101638. 


101676. 
101898. 


101928. 
101997 
102071 
102141 
102271. 


102721 
102888 
103046. 
103052 
103097 


103154. 
103204 
103391 
103550. 
103747 


103820 


103879 
103938 
103960 


| 103981 


104117 
104215. 
104239 
104267 
104563 


104649. 
104696 


104889 
105183 
| 105189 


105226 
105383 


105449 


105702 
106116 


106985 
107397 
107516 
107623 


107703 


107758 
108317 
108838 
108940 
108970 


109235. 
109418. 
109490 
109513 
109553. 


109567. 
109625 
109737 
109744. 
109774 


109806. 
109813. 
109977. 
109989 


110024. 


anor 


oun 


Ow 


Combination 


3d3H,y 
{ 
\3d3H5 
{3d'F3—t3F3 
3d3He6 —23Gs 


3d3D3 Fy 
3d3F3—y5P2 
3d'F3—x!Gq 
3d'F3—x!F3 


3d’ 'Ga—v'F3 


3d'F3—x!Do 
3d'Da—z!'Pi 
3d3F2—y8D2 


3d8F3—y*Ds 
3d3F3—y*D2 
3d3F4—y'Ds 
D2—x3P 2 
3d3Po—y3Di 


3d3F2—y3F 2 
3d1S9 —z!Pi 
3d3F3—y3F3 
3d! De 
3d3F4—y* Fa 


3d3D3 — x? D3 
3d3P; —y*D2 
3d3Da—y5Ga 
3d3P) Di 
3d3D2—x*D2 


3d'De—y'Fs 
343 D3 
De—v3F 3 
3d3P 


3d'I6—y5Ge 
3d3P2—y'Ds 
3d3P1 —23S1 
$d!F3—w'Ga 


3d3P2—2'51 

3d3Po —y*Pi 
—yiHs 
3d3Ga— y*Hs 
3d3Gs —y*He 


3d!F3—w'Fs 
3d’ 3P2—t?Ds 
3d’ 
3d'Ga—y!Ga 
3d3Da—y'Gs 


3d'Do—x'Fs 
3d3G4—z'Ga 
3d'I6—yils 
3d3P2—y#P2 
3d3Hs —23 


3d'Ga—y'Fa 
3d’ 3P2—viP2 
3d3D2—y'Fs 
3d3F 3 —z'D2 


(3d3Hs 
\3d!Ga—vi Fs 
3d'1D2—x'De 
3d3D2—viFs 
3d3H6 
3d3Di —v3F 2 


3d3F 4 


546 
| 
| Int. | vyaccm™! | Avach | = | Yyaccm! | 
1072.061...| 1 93104.6 0 
4 (1) 95264.7 ill 985.824... | | | 
93303 .2 | 7 | 
1071.746...| (4) 95305 .7 | 983.877...| — 
1070.556...| 3 (0 93409. | 
934331 |} 983.510... 2 
| | || 981.373...| 10 | | 
1069.019...| 5 (3) 93543 | | 
1068.299...| 3(1) 93606 | 981.084... | | 
1068.190...| 5 (4) 93616 | 980.416... 
(33792 || 979.704... 
1066 .181...| 10/3) 93792 || 979.032... | 
1066.143...| }°P\(4) 93796 977.790. 
1064 .611... | 93931 || 973.505....| | | 
1063.872... 5) | 93996 || 971.929....| 
1063 .309... 1) | 94046 970.435...) fl 
1063 .188...| | 94056 970.381...) | 
1062.272... | | 94137 || 969.954... 3d3F2—y3Di 
1} | 
1061.827...| 9417 || 969.423... 
1061 .708....| 3) | 9418 || 968.955... | 
1061.245...| m2) 9422 || 967.197... 
1061.127...| | 9423 || 965.717... 
1060.723...| | 9427 || 963.880...| Mbl | | 
1038.355...| | 9630 963.197. -| 2b | | 
1037 .462...| 9638 962.655...| 5 
1036.659...| | 9646 || 962.108... .| 1 | 
1035.768...| | 9654 961.901...) 7 
961.709...| 2 | 
1034.654...| 9665¢ | | 
1034 .054... | 9670 | 960 .454 1 } 
1033 .298...| | 9677 | 
1033.24....| | 9678 || 959.329...| 1 | 
1033.079... | 9679 959.070...| 14 | 
| | || 956.355...] 1 
| 
1032.342...| 9686 
} } 955: 572... | 
1032.123...| | | 9688 || 955.141... 
1030.924...| 9700 |) 953.383... 
1030.844...| 9700 | 950.722...) 
1029.551...| | 9712 | 950.663... 
| \| | | 
1026.790...| | 9739 | 950.334... | 
1024.108.. .| 9764 948.918 ..| | | 
1020.022...| 946.056... 
1019.789...| 9805 942 .363...| | | | 
| | | | | 
| | ( 934.703...| 
1018.286..., 8(1) | 931.124...| 
1017.745...| 8 (2) | 930.086... | 
1017.254...| 9 (1) 929.163... 
1012.411...| 3 | 928 .474...| | 
1010.005...| 4 9906 
| | 928 004 | 
1007.113...| 3 99293 923.215...| | | 
1006.341...| 2 | 99369 | i} 918.800... 
1005.106..., 2 99492 | 917.932... | | 
999 .376...| 5 | 100062 || 917.684... | | 
997.794...) 1 100221 \| 
| | | 915.455... | 
997.599...| 100240 913.919... | | 
997 081. | | 100292 913.324... 
995 .223...| 913.132... - 
995.150... | 100487 912.794... 
994.724...| 
|| 912.683... 
994.257... | | 912.197... 
993.080... | || 911.265... | 
992.337... | 911.205... 
991 829...) 910.961... | 
991.232...) | 
|| 910.693... | 5 | 
990.800... | 910.639...) 0 | 
990.235... || 909.279... 2 
| | 909.178...| 5 | 
| | 
| | | | | 
| 
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TABLE 1—Continued 
React Int. Yyaccm™! Combination AvacA Int Yyaccm™! | Combination 
908. 800 1 110035.2 | 3P2—x3 
908.131 5 1101163 3d'Ga—viFg 868.450... 4b 115147.7 
907.891 4 110145.4 3d8D3—viF, 3G 
907.041 1 110248 .6 867.639...| 115255.3 | 
905 .964 110379.7 || 866.905...] 1 115352.9 | 
865.896. 4 115487.3 3d5Di —25D 
904.320 3 110580.3 || 
902 . 869 3 110758 .0 
901.034...) 5 110983.6 | 3d%He—zK; 864.425...| 4) 115683.8 | 
— y®Ge 
900.432 2 111057.8 | 6 1156905 
111176.5 ¢ 3d3Gs —y3G5 || 864.034. 115736.2 3d5D2—z5D3 
(111180.7 c 3d8Gs—y5Ge 863.730. 1 115776.9 3d3P; —w*Di 
899.417 1\111183.1 863.302. 4 115834.3 3d! D2—y'! Pi? 
(111189.2 | 
899.052...| 1 111228 .3 863.232...) 4 115843.7 3d°Pi —wiF 2 
898.805... 1 111258.8 3d3G4—z!F3 | 863.004. 1 115874.3 3d3P2—x*D» 
897.747...| 2 111390.0 | 862.735...| 5 
862.468. 3 115946.3 | 
897.580 1 111410.7 3d3H5—z'Hs 862.326...) 2 115965 .4 3d°Di —28S2 
896. 380 1 | 111559.8 3d’ 1G4—w'Hs 
896.072 1 111598.2 3d°D2—uF 862.191 2 115983.6 3d5Ds—25D2 
—wiF 6031. —25F 4 
892.417 6 | 112055.2 | 78...) 116041.5 | {3d5D3—25D3 
| (3d5Di —25F 
891.442...| 8 112177.8 32Hi—y3H, 801.284...) 4 116105.7 3d8Pi 
0.755...| 9 1122643 || 
890.008 2 112358.5 | 3dHi—yH, || 502-087...) 2 116132.3 | 
888.777 2 112514.2 3d3H¢—y3Hs 860.889 .| 2 116159.0 3d5D2—z5S2 
860.565...) 116202.7 | 3d’8F3—s3F; 
887.372...| 3 | 112692.3 860.315...) 5 116236.5 3d5Do—z5F 2 
886.138...) 1 112849.2 859.838...| 6 116301 
884.600.) 5 1130454 3d9G3 —x3G3 
884.263 4 113088.5 | 859.721 8 
883.688. 6 | 859.626...| 6 116329.7 | {3d*D2—z5Fs 
859.086...| 3 116402.8 | 
| | 3d3F3—x3G, 
883.090...| 3 113238.7 | 858.602...| 6) | 116468.4 | 
882.295 1 | 113340 8 3d3Po —x3P; 858.565. 4) 116473.4 3d5D4—25D3 
882.147 4 | 113359 .8 3d3F2—xIDy 
881.477 3 113446.0 857 690 5 116592 .2 3d3F 4—x3G5 
881.088 7 113496.0 3d9Gs —x3Gs 116632 .8 
856.480 1 116757.0 D2 
880 949 6 113513.9 3d3F —x3D; 856.325. 5 116778.1 D3 
880.447 6 | 113578.7 3 —x3D 856.244 1 116789.1 3d’*Fs—t?Gs 
880. 008 5 | 113635.3 3d3F 
879. 505 4 113700. 3 3d'G4—y!H 836.099 a 116817.1 | 3d’ 
(3d3F —y5Ge 855.935 2 116831.3 
878.287 4b 113858.0 | 2 3d°D2—u*Di 
| 3d3P; —x3P; 855.441 “| 116898.8 
855.336...| 1 116913.1 
876.679 3 114066.8 3d3Hi—y3G 
876.564 3 114081.8 854.532...] 2 117023.1 
876.483 3 | 114092 .3 33Fy—y3G, | 854 367 6 bl 117045.7 
876.021 5 | 114152.5 3d'1G4—x'F3 | 854 205. 1 117067 .9 3 
875.423 5 | 114230.5 | 854.073 117086.0 3d5D3—z5D, 
; 853.456 1 117170.7 3d3G3 3 
875.090 2 114274.0 
874.560 1 | 114343.2 3d3F 2—z!F3 853.045 1 117227.1 3d3H; —x3H, 
874 129 2 114399 6 3d3P; —x3Po 852.644 2 117282.2 3d3H4—x3Hs 
873.988 1 114418.0 3—x5F 2 851.992...) 6 117372.0 3 
873.462...) 8 | 114486.9 3d'Is—x'Hs s 
| 851.332 7 117463.0 —x3Hs 
873.130 2 | 114530.5 3d3P; —x3D, 851.150 7 1174881 
873.080 3 114537.0 3d3G3 849.569 117706.7 3d5D2—z5P3 
872.027...| 4 | 114675. 3 3d3F2—wiF 849-324...) SJ 117713.0 | 
871.968...| 4 1146831 848.977...) 3 117788.8 3d5Di —28P 2 
871.552...| 2 | 114737.8 848.729...) 4 117823.2 
870.621...| 5 114860.5 | 848.601. 4 117841.0 3d°Do—z5P1 
870.274...| 2 | 114906. 3 3d8Gs —wiGs 848.07 117915 
870.235 114911.5 3d3F3 —wiF 4 847.984...| 5 117926.8 3d3F3—wiGg 
70. 14937 .1 | \3d?Hs—y5Ga 847.700 6 3d3Hs —x*He6 
36 5 | 115096.5 | | 
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TABLE 1—Continued 


AvacA Int. Yyaccm™! Combination | AvacA Int. vyaccm™! Combination 
847.578...| 7 117983.2 815-32. 1 bl 122621 |  3d5D:—ysp, 
(3d3FT,—wiGs 15.363...| 3 122644.8 | 
847.425...) 8b 118004.5 | 814.565...| 5 122764.9 
118127.0c¢  3d'Ga—wiGa 814.242...] 6 122813.6 | 3d5D —ysp, 
846.534.... 6 118128.7 814.148. 1 122827.8 | 
846.089 2 118190.9 3d3Di | 
—w (243F, 
846.035...| 3 118198 .4 3d3D2 813.862...| § 122871.0 | 
| = 3 
845.925. 7 118213.8 813.382... 10 122943.4 | 3d5D4—ysD,y 
845.686. 1 118247.2 3 813.288...| 4 122957.7 
845.408..., 9 118286. 1 812.931 5 123011.7 3d5D2—y5P3 
343Gs—w'Hs || 811.284...| 8) 123261.4 3d5D3 —y5P 
844.954 2 811.246...| 123267 .2 3d°Hs —wiHe 
844.838 4 118365 .9 
810.940 7 123313.7 3d5D3 —y5P3 
844.284...| 10 118443.6 809.675 3 123506. 3 3d3F 4—x'Gq 
842.686...| 5 118668 2 3d3Ds—w3P2 808.840 8 123633.8 
842.09. 5 bl 118752 808.079...) 5 123750.3 3d5D4—y5P5 
842.020...| 6 118762.0 3d3Gs —w'Hs 807.855...| 8 1237846 3d3Hs 
841.688 2 118808 .9 3d3D2—wiP2 
807.547 9 1238318 
841.088 5 118893.6 801 32. 1 124794 
97.16... 2 125445 3d5D4—y3F 
840.741...) 2 118942.7 | 797.055 2 125461.9 | 3d? Fs—usG, 
840.629...| 3 118958.5 —z8P 2 795.550...| 2 125699 2 3d? 
840.518 4 118974.3 
840.381 5 118993.6 794.19... 2 125914 
794.01. 1 125943 3d3F 
840.141 4 119027 .6 —y'ls 792.559 3 126173.5 3d3Fy—usDs 
839.981 3 119050. 3 788.469 2 126828.1 
839.195 2 119161.8 3BHs—wiGs 785.76. 1 127265 3d3D2—s3F3 
839.092 2 119176.4 |! 783 969. 3 127702.6 | 
838.997 4 119189.9 3dIF;—w'D2? 782.035 3 127871.5 343D3—t?Ds 
838.936 5 119198. 6 776.097 2 128849 9 
838.869 2 1192081 3d3Hs—y'ls 757.279...| 2 132051.7 
838.498 2 119260.9 | 
838.048...) 8 | || 754.478...| 2 132542.0 3d8G3—s*F2 
751.648 2 133041.0 |  3d9G4—s'F3 
837.803 3 119359.8 751.427 2 133080. 1 
837.439 7 1194117 3d3Hs—wiGs 746.247 3 134003.9 —s3F 
836.521...) 7 119542.7 | 2 1352093. | 
835.917 2 119629.1 739.264...| 5 135269.7 —x5F 3 
|| 738.742 1 1353653 
835.627 2 119670.6 | 3d°Do—y5F, 737.708 5 135555.0 3d5D3 —8F 
119764.7 c) 3d’ Di—y5Fi 
834.944 6 119768.5 | 736.47 0 135783 
(119773.4 cl 1 135991.9 3d9Dy—x5F 
m 119795.1 3d3Hs—y'ls 734.296 4 | 136184.9 
834.067 4 1198944 733.13... 1 136401 
833.532 2 119971.4 || 732.425 2 136532.8 | 
120087.3 c| —y5F2 | 732.004 3 136611.3 | 
832.328...| 5 120144.9 731.90 1 136631 —x5Di 
831.464...) 5 120269.8 3 731.846...| 2 136640.8 | 
830.500...| 1 120409 .4 3d°Gs —x'Ga 731.612...) 2 136684.5 | 
829.375...| 4 120572.7 3d3Da—y5Fs 731.443 | 1 1367161 | 3d3F 3 
827.777 _| 6 120805. 5 731.130...| 1 136774.6 | 3 
824.800...| 3 121241.5 730.96....} 136806 | 
823.257...| 6 121468.8 | 136822.2 c) 
822.314...| 3 121608.0 729.996...| 5 136987.1 | 3d8Ds—x5Ds 3 
821.723...| 3 121695. 5 3d5D1 —28D 2 729.349 | 3 137108 .6 | 3d5D3 —x8D2 
820.915 3 121815.3 728 810...) 6 137210.0 | 3 
| 121890.4 | 727.681...| 137422.9 | 3 
|| 722-419...) 4 138423.8 | 3d! Is—w'Hs 
820.271...| 3 121910.9 | || 707.444...] 1 141353.9 |  3d%Gs—r'Fs 3 
819.898...| 3 121966.4 3d5Di—ysD2 | 
‘D, | 705.892...| 2bl 1416647 
819 742 1 121989 .6 3d5Di —y®Di | 704.923 1 141859.5 | 3 
819.066... 4 122090 .3 703 506 1 | 142145.2 | 
818.981...| 1 122103.0 || (700.575 1 | 142739.9 | 
818.598..| 4 122160.1 | 988.53....| 0 | 
818. 383...| 3 122192.2 
22346. 3d5D, | 686.63....] 1 145639 3d3H; 
817.348.. 3 | 122346.9 | 684.858.) 1 146015.7 | 
817.166...| 3 | 122374.2 | 684.28....| 1 146139 — 
817.038...| 7 | 1223933 | 3d8Da—ysDs 2 bl | 
(3dsD1 —y5D 
816.163...| 6 122524 .5 679.129 3 147247.4 | 
815.612...| 3 122607 .3 | 
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TABLE 2 
EVEN TERMS OF THE Fe 111 SPECTRUM 


| Tl 
Configuration | Symbol Level Value Separation ! Configuration | Symbol Level Value Separation 
30D, | — 0.8 | 495761 | 
5D; 4435.4 sp, 49147 
5D, 738.1 3d"G, | 57220.9 
— 193.5 
931.6 3d5(4G)4s....| 63424. 37 
— 94.9 40.73 
‘Dy 1026.5 5G; 63465.59 
— 
| _.| 3d5P, 19404.0 5Gy 63485 .98 
—1283.6 || 
| 206876 °Gs 63493 . 20 
$90.1 
ad°.......| 20080.3 || 66463. 84 
— 249.7 | — 58.31 
3H; 20300.0 | | Ps 66522. 15 
| 3H, 20481.1 P, 66590 . 88 
3a°F 21461 .4 | 3d5(4D)4s. ... 69694 .93 141 10 
| 216901 | | 69836.03 
| 0.93 
— 157.3 ‘ 
D, 69836 .96 
| 21856.4 » 
5 
3d°........| 24558.0. | | Di 69787. 39 
| — 382. 
1G, 24040.1 | 69746. 60 
— 20.5 | sane 
3d5(4G)4s....| 70693 .23 
| 3G 0727.95 
3d5(8S)4s....| + 3.74 
| 3 4 
3d'Tg 30355.4 | Gs 70724.21 
5(4P 3 
3d 3d°D3 30857 .0 | 3d ( 73726.84 121.46 
| + 141.6 || 
9-6 | 73035.16) 
3d5(4D)4s....| 76955.99 
3d 3d'G, 30885 .6 145.64 
3D. 77101 .63 
3d!Sp 34811.6 4 27.13 
77074.50 
3d'D, 35802.9 | 
3d5(1)4s....| ail; 79839. 32 
3d5(0S)4s....| 45°S, 40999 07 | 40 
| 3] 9843.94 
| 79859. 62 
3d"Fy 50275.3 | 
19.1 | 3d5(2D)4s....| $2382.07 
*Fs — 28.07 
+ 110.3 3D, 82410. 14 
3F, 50184.1 — 83.94 
3D, 8249408 
50411.5 
+ 835.4 | 
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TABLE 2—Continued 
Configuration | Symbol Level Value Separation Configuration Symbol | Level Value | Separation 
3d5(*F)4s....| aSFs 83137.43 | 109570.04 
— 23.25 || | | 
— 76.38 = 
83237 .06 114339.15 | 
— 121.02 | | 
8335808 |} 114351.12 | 
— 288.10 | | 
3d5(21)4s... .| alle 8342881 | | -147353.9 | 
| | 
a°Fy 84158. 75 | 147326.0 | 
— 512.32 | 
| 4671.07 | 147305.0 
+ 301.95 + 
84369.12 | 7D, 147290.2 | 
| | + 
a! Ds 86846.31 7D, 147281.0 | 
3d5(?F)4s....| 87901.07 | | 3d8(6S)5s....| 5s?Sy 149283 .6 
3d5(??H)4s....| a®He 88922. 27 | 3d9(6S)4d....) 4d5Dg 151536.9 
| + 228.40 | | 
3H; 88693 .87 | 151533.3 
| + 30.80 
SH, | | | 151533.8 
3d5?2G)4s.... 89907.05 | | 8D, | 151536.1 
| | + 124.26 | 
| + 86.07 | | 
3G; | 89696.72 | | 3d5(S)5s....| 151755.9 
| | | 
3d5(F)4s....| 90471.73 | | 3d5(6S)5d....| 5d7D; 190424.9 | 
| | } | 
21.41 | | 
90483.14 | 7D, 190412.7 
| 60.26 
| 90422.88 | | 1904040 
| | + 
3d5?H)4s....| | 92523.11 | | 190397.2 
| 
| 93387 .95 | 7D, 190391.7 
370 | 
°F; | 93391. 65 | 190916.9 
— 20.48 | | 
93412.13 | 3d9(S)5d.... 1936100 
| + 
3d5(?G)4s....| =| 93511.84 5D; 193609. 5 
| | | 
| | + 
5D, 193599 0 
193594.5 
105928. 36 | | | 
+ 22.93 | 3d9(®S)5g.... | {5g7G 207640 
105905 .43 207642+ | 


105894. 55 
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TABLE 3 
ODD TERMS OF THE Fe 111 SPECTRUM 


|| 
Configuration | Symbol Level Value Separation || Configuration | Symbol Level Value Separation 
3d5(6S)4p....| 4p™P, 82845.79 | 3d5('G)4p...| 118354.21 
+ 512.67 | — 202.24 
7P, $2333.12 | 118556.45 
+ 332.19 | — 129.00 
P, 82000. 93 2H, 118685 .45 
3d5(6S)4p....| 4p5Ps 89083 .99 | 3d5(4P)4p....| z5P3 118442 .12 
— 249.80 | — 278.68 
sp, 89333. 79 | sp, 118720.80 
— 156.85 | — 146.27 
89490. 64 | 118867 .07 
3d5(4G)4p...| 25Ge 113738 .82 3d5(4P)4p....| z®P2 119696. 84 
+ 62.61 | : — 284.62 
5G; 113676. 21 | Pi 119981 . 46 
| + 41.67 _ | > 
5Gy 113634. 54 | | *Po 12017915 
| + 29.97]) 
| 5G; 113604.57 | 3d5(4D) 4p...) 121468 .02 
| 5G, 113583 .40 | Fs 12124087 
| | + 232.89 
115641.43 "Fs 121007 .98 
| | | + 167.98 | A + 182.61 
°He 115473.45 | 120825. 37 
| + 184.34 + 129.07 
78.99 
| SH, 115110.12 121948 .82 
| | + 162,37 + 
| oH; 114947.75 121940.49 
| + 21.55 
| | 
3d5('G)4p...) 116315.83 | Gs 121918. 94 
| — 150.78 
| 116466.61 | 3d°(P)4p....| 122345.81 
“Dy 122627 54 
| 5Fs 117067.76 | 214 69 
| | + 93.51 122842.23 
| SF, 116974. 25 | 
| | + 37.48 
| oF, 116936 3d5(*D)4p...| 122943. 35 
3d5(4P) 4p... ‘| 2D, 117521.11 | 
| +1046.47 122920.57 
116474. 64 | — 534.55 
| + 36.05 Do 123455. 12 
| 5D, 11641859 
| + 39.32) 3a5@D)4p...| 123749. 59 
| + 15.31 123696. 38 
5Do 116363 .96 | | + 144.23 
123552.15 
3d5(4G)4p...| 23Fy 118349. 44 | 
+ 103.72 3d5(*D)4p...| 124853. 24 
118245.72 — 49.88 
+ 82.96 3D, 124903. 12 
118162. 76 — 50.9% 


| | 
| 

| 
| 

| 
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TABLE 3—Continued 


| | 
Configuration | Symbol | Level Value | Separation Configuration | Symbol Level Value | Separation 
124954.08 | || 3@D)4p...| 13497542 | 
3d5(4D) 4p...) | 125442.78 | | 8D, 135278.2 | 
| | 194.40 | | + 61.9 
| | 125637.18 | 135216.3 | 
2S, 126389.77 | | 135704.9 | 
5(4 | ysp, | 28916.7 | | 136793.0 | 
| | + 311.86 | 328.9 
| 128604.85 | | 136464.1 
| 128370.73 || 3d°CF)4p..../ y*Gs 13573451 | 
| 
| 3G 134548.20| 
| — 401.47 || 
47 || 3d5(4F)4p....| y5Ge 135738 .67 | 
| 3T. | | | j 
| I; 130255. 47 | +4 423.05 
| 1} | 
3d5(T)4p....| | 13085145 | | *Gs | 
| | — 182.82 | ae 135238.94 | | 
°K; 131034.27 | 
| °K; | | + 142.90 
| + 278.23 || r | 
| IK 130756 .04 || | 5G; 135096. 04 
| | ve 134937.08 | 
| 3d5(¢F)4p....| x5F; 136184. 37 
| 135989. 82 | 
3d5(I)4p. 131990.78 ‘ — 18.12 
| | | | 136007.94 | 
3d5(71)4p....| y3He | 132261.86 | | | — 109.20 
| | — 302.05 | | 136117. 14 
| 3H, | 132563.91 | | ~ 117.90 
— 94.46 | | 136235.04 
| || 3d5@D)4p...) 2!F; 136199. 33 
3d5@D)4p...) 132784. 56 | | 
| + 705.45 | WE, | 136611.98 
| | 132079.11 — 194.27 
— 25.03 || | 136796. 25 
| 3F, | 132104.14 1 | | + 264.6 
| | 136531.65 
| | — 284.0 || 3d°@F)4p....) 137208 .93 
| 3p, 134548.6 | | ~ 
| | 6D; | 137422. 20 
| 135087.3. | — 538.7 | | — 121.60 
| | ‘D. 137543.80 
137560.3 
| 


| 
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TABLE 3—Continued 
Configuration | Symbol Level Value Separation | Configuration | Symbol Level Value Separation 
3d5(4F)4p...) ®Do 137572.4 3d5(??G)4p.. .| 143882 .94 
— 202.23 
3d°?H)4p...| x°Gs 138053.79 | 144085.17 
— 48.53 — 30.67 
3G, 138102. 32 3G; 144115.84 
— 84.81 || 
3G; 138187.13 | 144331.41 
— 238.32 
3d5(?G)4p...| 138263 .67 144569.73 
+ 500.77 + 68.79 
3H; 137762 .90 3F, 144500 .94 
+ 235.78 || 
3H, 137527.12 3d°?G)4p...| y'Hs 144586 .03 
3d5(??D)4p...| z'Pi 138691 .01 | x'Hs 144842 .44 
3d5(*F)4p...| wiGs | 139462.56 144967.70 
— 161.81 
3G, 139624. 37 | 3d5(??G)4p...| x!F3 145037 .81 
— 55.30 
3G; 139679 .67 3h?F)4p...} x'D2 145617 .59 
3d5?F)4p 139763 .68 | 3d5?F’)4p. 147405 .34 
+ 244.78 
3d5(??G)4p.. .| 139826. 37 3G, 147160.56 
+ 270.4 
3d5(?H)4p...| 140195. 53 3G; 146890. 2 
+ 350.15 
31, 139845 .38 147635.15 
+ 336.74 + 21.30 
3], 139508 . 64 3D, 147613.85 
+ 58.20 
3d5(?F)4p y'F; 140452. 30 s—D, 147555.65 
3d5(?G)4p...| 141002.19 3d5(?7F’) 4p... .| w' Gg 149012.56 
+ 309.63 
3F; 140692. 56 3d5(2S)4p... .| 149524.83 
— 57:62 + 610.3 
140750.18 148914.5 
+ 260.5 
v8 Ds; 14146573 148654 
+ 67.49 | 
| 141398. 24 3d5?F’)4p.. .| 150654. 1 
— 70.41 
3D, 141468. 65 3d5(?2S)4p....| 151636.5 ? 
3d5(?H)4p.. .| y'Is 141538.75 || 3d5(??2D’)4p...| 158561 .9 
| + 580.7 
uF Fy 142046. 2 3F; 157981.2 
— 265.9 | + 297.7 
| 142312.10 157683.5 
| — 222.17 | 
| 3F, 142534.27 | 3d5(?2D’)4p...| 158728.5 
| + 312.5 
3d5(2H)4p.. .| w8He 143320.05 3D. 158416.0 
| + 412.37 | + 159.5 
| 3H; 142907 .68 | 8D, 158256.5 
+ 52.89 | 
3H, 142854 .79 | 3d5?D’)4p...| v'F; 158°492.2 
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| 
Configuration | Symbol Level Value Separation | Configuration Symbol Level Value | Separation 
160037.1 | | °G, | 167084.2 
|| 3d5(6S)5p....| 5pPs 168328.7 | 
| | — 91.2 
| | 56.9 
3d5(??D’)4p. ..| w' De 162084.0 | 5p, 168476.8 | 
166186?! | w'Hs 168779.3 | 
+ 247 | | | 
3H; 165938 .8 v'Gg 169276.8 
+ 220.5 || | | 
“Hy 165718.3 | | uF; | 170309.8 2 
| | | 
3d5(?G’)4p...} 166221.4 | | 3d5(6S)4f....| 4f7Fe | 184446.9 | 
| 276 || | | 
5F | 166497 | 184416. 1 
504 + 42.2 
| 167001 F, 184373.9 | 
| | | + 58.1 
3d9(S)5p....| 166420.8 184315.8 | 
| | + 168.3 + 69.3 
| 166252.5 184246. 5 
| + 108.3 
| 166144.2 | 7F, 
| | (+ 91 
| 167206.5 | 3d5(6S)4f....| 465Fs—; 184780 + 
| | + 122.3 
| | ( 
t 
TABLE 4 | 
| \ 
[Fe 11] LINES IN STELLAR OR NEBULAR SPECTRA t 
t 
| | 
RY Scuti* | RY Scu1it | MWC 349] MWC 17§ R Agr§ | Orton NEB 
TRANSI-| A PRE- | 
| TION | DICTED | | | | | n 
| | Int. Obs | Int. | | Int.| AObs | Int. AObs | Int. | AObs | Int. 0 
‘D—F....| 4-4 | 4658.05] 58.1) 4 | 58.2) 5| 58. | 1] 57.36 2 | 58. | 2 | 58.3) 1.5 
| 4-3 | 4607.03].....|.... 064 0/.....| h 
3-4 | 4754.69] 55.0) | 56.3) 1/].....] 155.4] 1 | 55. | 54.110.9 
3-3 | 4701.54] 01.5) 2 | 01.5) 3] O1. | 01.8] 1-2 | 1 | 01.908 
| 2-3 | 4769.43] 70. | 1 | 69.3) 169.0} |.....]....] 67.8] 0.8 
| 2-2 | 4733.91] 33.6] 1+/ 33.8) 1 | | 32.1] 1 bli. 37.308 d 
| 1-2 | 77.6 0| | | 
| as 
| 40.2) 5 170. | 34-7053 2 71.4 1.0bl w 
| | | | | m 
* Merrill, Ap. J., 67, 179, 1928. In 
t Swings and Struve, Ap. J., 91, 581, 1940. D 
t Merrill, Humason, and Burwell, 4p. J., 76, 156, 1932 (star MW 203); Swings and Struve, Ap. J., 95, 159, 1942. It 


§ Swings and Struve, Ap. J., 93, 349, 1941. 
|| Wyse, Ap. J., 95, 356, 1942. 
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ON THE CLUSTERING OF NEBULAE. I 
F. ZWICKY 


ABSTRACT 


Three methods to analyze the nature of the statistical distribution of nebulae are discussed. Method 
A, which makes use of the subdivision of space into cells of arbitrary size, is carried out by Katz and 
Mulders for the nebulae of the Shapley-A mes Catalogue in a paper following this. Method B is concerned 
with the frequency in dependence of their population of suitably defined swarms or clusters of nebulae. 
This method is applied in the sections III(a) and III(), where it is shown that bright nebulae and nebu- 
lae of the globular and elliptic types in the Virgo cluster show a greater tendency toward clustering than 
fainter nebulae and nebulae of the spiral types, respectively. Method C involves an analysis of the 
morphology of individual swarms and clusters of nebulae. It is particularly interesting to investigate the 
physical structure of spherically symmetrical clusters such as the clusters in Coma, Hydra, Perseus, etc. 
It is shown that the radial distribution-curve of the Coma cluster as determined with the 18-inch Schmidt 
telescope can, within the expected statistical fluctuations, be represented by Emden’s distribution-curve 
for a bounded gravitational isothermal gas sphere. An application of the previously (see n. 6) derived 
relation between the central density of the cluster, its velocity dispersion, and its radius leads to the con- 


clusion that the average mass of the nebulae involved in our counts is of the order of 6 = 2 X 10" Mo. 


I. ANALYSIS OF THE CLUSTERING OF NEBULAE 


Newton’s law of the gravitational interactions of celestial bodies was originally de- 
rived from observations of the motions of the moon and of the planets. Subsequently it 
was applied to the relative motions of the components in double stars, which it success- 
fully describes. Cosmological theories generally assume that Newton’s law as a good 
first approximation may be used to describe the gravitational interactions between 
celestial bodies whose mutual separations are far greater than the distances between the 
components of a double star. Qualitatively, it would seem obvious that the agglomera- 
tion of stars in nebulae and the formation of clusters of nebulae are due to forces identical 
with the gravitational forces operating between the various components of the solar sys- 
tem. However, little or nothing has been done to prove the strict validity of this asser- 
tion when the distances between the interacting objects become so great that they can 
be measured only in thousands or even millions of light-years. 

In view of the considerable discrepancy between the claims of practically all cos- 
mologies concerning the universality of Newton’s law of interaction and the meagerness 
of the direct data available, it seems desirable to analyze as many as possible of the 
observations available, in order to lessen or even to close the gap now existing between 
hypothesis and actual knowledge. 

The ordinary methods of proving the validity of Newton’s law are based either on 
the direct measurements of forces or on the observations of orbits, velocities, and ac- 
celerations of the bodies involved. Also, such effects as the gravitational red shift and the 
deflection of light-rays might in principle be used. None of these methods would seem to 
be applicable to the problem of deriving the law of force between celestial objects, such 
as the nebulae, which are separated by vast distances. We therefore must inquire 
whether any additional and practically effective methods are available in this case. 
There are obviously two types of observations which we can make on nebulae and which 
might be useful for the problem in question. In the first place, we may observe the 
instantaneous spatial distribution of nebulae. In the second place, with the help of the 
Doppler effect, we may determine the distribution of the nebulae in radial velocities. 
It was shown previously! that from this velocity distribution the law of force may be 


1F, Zwicky, Ap. J., 86, 217, 1937, and Helvetica physica acta, 6, 110, 1933. 
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derived with the help of the virial theorem, provided that the masses of the individual 
interacting objects are known. Unfortunately, at the present time there still exists a 
serious uncertainty regarding the masses of nebulae, and the virial theorem cannot be 
effectively applied because both the masses and the law of interaction enter as un- 
knowns. In this investigation we shall therefore discuss the possibility of making use of 
observations of the spatial distribution of nebulae. Three modes of attack suggest them- 
selves, which we proceed to describe. 

Method A.—The spatial distribution of the nebulae is analyzed by the subdivision of 
space into cells of arbitrary size. It is often convenient to make the cells all of the same 
volume V and to investigate the distribution function of the nebulae in dependence of V. 
If a total number of NV nebulae is known to occupy cells, the distribution function gives 
the average number 2(v) of cells in which v nebulae are found. It is 


56) =n (1) 


and 


=N. (2) 


For a random distribution of noninteracting nebulae the function z(v) is easily calcu- 
lated. If the observed distribution function zo(v) is definitely different from z(v), we 
may conclude that the interactions between the nebulae cannot be neglected.’ 

In the following paper by Katz and Mulders in this issue the method here described 
is applied to the distribution of the nebulae brighter than about m,= 13, and it is shown 
that the observed function z0(v) substantially differs from the theoretical z(v). To 
demonstrate, however, that the interactions between the nebulae can be described by 
Newton’s law is more difficult and cannot at the present time be accomplished on the 
basis of method A. This method may, nevertheless, prove useful to obtain data on the 
average size V. of clusters of nebulae. If the volumes V of the cells of our artificial sub- 
division of space are so chosen that either V&V, or V>V,, the observed function z(v) 
will practically always approach the theoretical function 2(v), regardless of what the 
distribution of the nebulae looks like. For the choice V & V,, the difference between 
z(v) and zo(v) will be the most conspicuous. On the other hand, if for a choice V=V, 
the functions 2(v) and zo(v) show a maximum difference, we may conclude that V, is 
closely related to the average volume of the clusters involved in the counts. 

Method B.—This method is concerned with the distribution function ¢(v) of swarms 
and clusters which contain v nebulae. Taking the ith nebula in an assembly of NV 
nebulae, we may ask how many nebulae v—1 are located within a given distance d of 
the ith nebula, thus constituting a swarm of v nebulae. This method will be discussed in 
another place in more detail. A partial application will be given in section III, where we 
shall investigate the segregation of nebulae of different brightness in the Virgo cluster. 

Method C.—This method considers the structure of individual swarms of nebulae. If 
a swarm has reached a statistically stationary state, it will possess approximate spherical 
symmetry, and the radial distribution of nebulae will be determined by the law of inter- 
action between them. If this law is Newton’s law of gravitation, the radial distribution- 
curve will be identical with Emden’s curve for a bounded isothermal gravitational “gas 
sphere.’’ From counts of nebulae with the 18-inch Schmidt telescope one may deduce 


2 Another alternative would be that deviations from z(v) are due to real deviations from the stationary 
state such as might, for instance, occur in an expanding universe. Which alternative is the correct one 
must be decided through a co-ordination of all the statistical analyses. 
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that the clusters in Coma,! Hydra,’ Pegasus,* Cancer, Perseus, Fornax, etc., possess 
spherical symmetry and that their radial distribution-curves can all be reduced to 
Emden’s standard curve for the isothermal gas sphere—a fact which proves the uni- 
versality of Newton’s law, extending its validity to the interaction of objects whose 
mutual distances must be measured in millions of light-years. As an illustration of this 
method we shall discuss in section IT, a few features of the Coma cluster of nebulae. 


II. SOME PHYSICAL CHARACTERISTICS OF THE COMA CLUSTER OF NEBULAE 


Some time ago the nebulae brighter than the apparent photographic magnitude 
m,= 16.6 were counted in the Coma cluster, and the results were communicated in this 
journal.! If from the data there given we subtract the nebulae which belong to the general 
background (7.4 nebulae per sq. deg.), we obtain for the average number of nebulae N, 
per square degree and brighter than m,= 16.6 the list given in Table 1. 

In the third column are listed the dimensionless radial increments of the standard 
Emden curve‘ as defined through the equation (3) given below. The fourth column gives 
the values of the density D (multiplied by 1000) of the projected standard infinite iso- 
thermal gas sphere.*® The best agreement with the observations is reached if a bounded 
gas sphere is considered, the projected densities of which are approximately® given by 
1000 D—37. The apparent radius of this sphere is 170’ of arc, which, at the distance of 
13.8 million parsecs of the Coma cluster, corresponds to R=2X 10"4 cm=2X 108 light- 
years. The Coma cluster as considered here, therefore, possesses a diameter of about 
4,000,000 light-years. Counts of the fainter nebulae will no doubt lead to a further in- 
crease in this diameter. In Figure 1 the drawn-out curve represents the density 1000 D— 
37 of the projected bounded Emden sphere multiplied by a factor 1000, while the crosses 
indicate the observational values. The remarkable agreement between the observations 
and the theoretical curve encourages us to draw from the results obtained some quantita- 
tive conclusions concerning the masses of the nebulae involved. If, according to Emden, 
we write*® 

r=an, p(r) = popi(ni), (3) 


where po is the average central density of the cluster and a is an appropriate length, the 
Emden differential equation for the isothermal gas sphere becomes dimensionless. As 
was shown previously,‘ the reduction factor a, which is a structural index or structural 


length of the cluster is given by 
—_1/2 


(w*) 
po) (4) 
where (w*)'/? is the dispersion of the peculiar velocities in the cluster and ['=6.68X 10-8 
a.u. is the universal gravitational constant. According to Table 1, the reduction factor a 
for the Coma cluster is a length corresponding to 2’ of arc at the distance of 13.8 108 
parsecs. Therefore 
a= 2.48X 10" cm. (5) 


The central surface density oo for the projected Emden sphere is 


+0 


oo=2f p(r)dr=2p0 f pi(n)dn. (6) 


3 F. Zwicky, Proc. Nat. Acad. Sci., 27, 264 and 366, 1941. 
‘F. Zwicky, Th. von Karman Anniversary Volume, May, 1941. 
5R. Emden, Gaskugeln, Leipzig: Teubner, 1907. 6E. Hubble, Ap. J., 71, 231, 1930. 
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TABLE 1 


| || | 
r | Nr 1000D 1000D — 37) r Nr ri 1000D | 1000D —37 
| | 
2777 1.25 | 2729 2092 || 70...... 62 
Dorie | 643 5 832 795 || 80...... 15 40 70 33 
285 | 10 318 281 || 90...... 13 
193 | 12.5 245 208 || 95...... 13 
15 195 158 || 100...... 23 50 56.5 19.5 
120 | 20 140 103 || 120...... 
77, | 22.5 125 8 
Seo 95 | 25 111 74 || 140...... 1 70 41.5 4.5 
75 | 27.5 100 63 || 150...... 6 
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The integral can be evaluated numerically with the help of Emden’s Table 14 for p.5 
One obtains 
90 


3 03a" (6a) 


At the distance of the Coma cluster 1’ of arc corresponds to 1.2410” cm. From the 
observations plotted in Figure 1 we have oo > 3000 nebulae per square degree or a9 = 5/6 
nebulae per square minute of arc. Therefore, 


po = (1.24 X 108)? X 2.48 X 10”, (7) 


= 1.4 X 10° po, 


where J is the average mass of a nebula included in our observational counts. 
According to information kindly furnished me by Dr. Hubble and Mr. Humason, 

the dispersion in the radial velocities w, in the Coma cluster is of the order of (w?)!/?= 

1200 km/sec, and, correspondingly, the dispersion in the peculiar velocities is given by 


(w?) /2 = (3w?) 2100 km/sec. (8) 


Substituting the observational values of a and (w*)!/? in equation (4), we obtain for the 
central density in the Coma cluster 


po = 2.8 X gm (9) 
and consequently 


= 3.92 X 10% gm=2 X MO, (10) 


where d6q= 2X 10** gm is the mass of the sun. These values for po and the average 
mass J of the nebulae brighter than about the absolute magnitude — 14.5 in the Coma 
cluster agree in order of magnitude with the values previously derived from the virial 


TABLE 2 
(Km/Sec) | (Gm/Cm’) | (Km/Sec) | (Gm/Cm%) 
250. .......| 2.8X 10° | 1.0 10-73 7.0X 
1.6X 10-74 1.110" | 1.4X10-%3 1.010" 
1000........| || 4.0X10~*8 2.810" 


theorem.' The values (9) and (10) are exorbitantly large as compared with all other types 
of estimates previously made. The method here applied, however, would seem to be as 
trustworthy as any other method offered thus far for the practical determination of the 
masses of nebulae, particularly so because the Coma cluster is not by any means an 
isolated case. Other clusters, such as those in Hydra, Perseus, Pegasus, and Fornax, can 
be reduced to the same standard distribution-curve as the Coma cluster. The discrepan- 
cies met within the different determinations of the masses of nebulae, therefore, present 
a real problem. 

Since observations of the velocity dispersion are naturally difficult because of the 
possible selection of foreground and background nebulae which do not belong to the 
Coma cluster, we list in Table 2 the calculated values for pp and J for a range in veloci- 
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ties outside of which the real velocity dispersion can hardly fall. The lowest possible 
value for (w*)'/? is 250 km/sec, since this is the velocity dispersion for the field nebulae. 

The fact that the observed radial distribution in spherically symmetrical clusters of 
nebulae agrees so well with the Emden distribution, in spite of the presence of nebulae of 
different mass, raises some interesting problems. Two explanations which immediately 
suggest themselves are, first, that, because of segregation effects the total mass of the 
cluster is largely accounted for by the brighter nebulae and, second, that, as we go to 
smaller individual masses, the velocity dispersion (w*)'/? rather than the average kinetic 
energy tends to be a constant (Smoluchowski distribution in velocities). 


III. SEGREGATION OF NEBULAE IN THE VIRGO CLUSTER 


If the globular clusters of nebulae are statistically stationary objects, according to 
Boltzmann’s principle a partial segregation of nebulae of different mass should be ex- 
pected. Qualitatively, the lighter nebulae in dependence of the distance from the center 
of the cluster should follow a flatter distribution-curve than the heavier nebulae. Un- 
fortunately, with the 18-inch Schmidt telescope we can reach only the brighter nebulae 
in the globular clusters in Coma, Hydra, Perseus, etc., and a speedy test for the segrega- 


TABLE 3 


NUMBERS OF BRIGHT AND FAINT NEBULAE IN STRIPS OF 1° WIDTH 
PARALLEL TO THE AXIS OF THE VIRGO CLUSTER 


. | | | | 
1 2 3 4 5 6 | 10 | 

feast...... 18 10 6 10 5 4 1 | 1 0 0 | O 
12.3) 7] 7) 6} 2) oF 1 | o| 


tion of nebulae of different mass will be possible only when the 48-inch Schmidt telescope 
is available. However, we may get some preliminary data through an investigation of 
the Virgo cluster which, although spatially not of spherical symmetry, is characterized 
by a constant velocity dispersion throughout.’ In the following we shall confine ourselves 
to a discussion of the distribution of nebulae given in the Shapley-A mes Catalogue. The 
brightness of all nebulae brighter than the photographic magnitude m,= 15 is now being 
measured from films taken with the 18-inch Schmidt telescope. These data when complete 
will be used to extend the analysis presented here. 

a) Distribution of Shapley-Ames nebulae normal to the axis of symmetry in the Virgo 
cluster.—A straight line connecting the points a 130™, 6 —18°, and a 12'10™, 64 26°, 
epoch 1950, is a symmetry axis for the projected spatial distribution of the Shapley- 
Ames nebulae in the Virgo cluster. We divide these nebulae into two approximately 
equal groups comprising the objects of photographic magnitude m, < 12.3 and m,> 12.3, 
respectively. Although it is not at present possible to correlate the absolute brightness of 
a stellar system with its mass, we may, nevertheless, expect that on the average a 
nebula of a given type is the more massive, the brighter it is. In fact, if, as we shall find 
to be the case, a segregation of nebulae takes place in the sense of an increasing tendency 
toward clustering for increasing brightness, not only shall we conclude that the realm of 
the nebulae is in a stationary state, but we shall also have produced indirect evidence 
that the mass and the luminosity of nebulae increase simultaneously. 


7S. Smith, Ap. J., 83, 499, 1936. 
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In a first test for segregation effects we have counted the population of Shapley-Ames 
nebulae in strips of 1° width parallel to the axis of symmetry. The results obtained east 
and west of this axis are given in Table 3. Altogether, there are 97 nebulae in the brighter 
class and 106 nebulae in the fainter class. Reducing these numbers to 100 in each class 
and adding the numbers in symmetrical strips of equal d east and west of the axis, we ob- 
tain the dependence on d listed in Table 4. 

In Figure 2, a, 6, a graphical representation of these results is given. As we had ex- 
pected, the distribution function of the nebulae in the range 13.3 = m,>12.3 is con- 
siderably flatter than that for the nebulae m, < 12.3. Unfortunately, in the case of an 


TABLE 4 
NEBULAR DISTRIBUTION IN THE VIRGO CLUSTER IN DEPENDENCE 


| | | | 
(In Degrees) | | | | | 7 8 9 10 il 

(37.1) | 41|205/205| 0 | 0 | 
| 25.5 | 13.9 1 16.2 | 7.55 8.5 0 1.89 | 1.89 | 0.94 | 0.94 

$0 

10 4 
10 4 
din degrees 
a b 
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irregular cluster like the Virgo cluster there is no practical way of deriving the spatial 
distribution from the projected distribution actually observed, but it is to be anticipated 
that the spatial distribution will exhibit still more pronounced segregation effects than 
the projected distribution. Once sufficient observations on the segregation in the pro- 
jected images of stationary globular clusters are available, it should be possible to carry 
out the reduction to the true spatial distributions and to determine the relative masses 
of various types of nebulae. 

b) On the degree of compactness of the Virgo cluster with respect to nebulae of different 
brightness.—The degree of compactness of a spherically symmetrical cluster is measured 
through the determination of its radial distribution-curve. The degree of compactness 
or of the swarm formation in an irregular cluster may be measured through an analysis 
patterned schematically after the procedure applied to spherically symmetrical clusters. 
This procedure consists in counting successively the total number 1, of nebulae in rings 
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between the radiir = (g — 1)r,andr = gn, respectively, and deriving the average num- 
ber N, per unit area in these rings by writing NV, = n,/(2g — 1)zr7. Schematically 
speaking, equal areas of the size rr containing essentially decreasing numbers of nebulae 
are bunched together in groups of one, three, five, etc., and averages are taken inside of 
these groups. In the case of an irregular cluster we therefore may proceed as follows. 
If the cluster contains a total of V nebulae and occupies a projected area A, we choose 
an elementary area equal to or somewhat smaller than 4/N. We then place a circle ora 
square of this area on the projected image of the cluster in a location such that it contains 
the highest possible number of nebulae, say m, and we associate the density V,= with 
TABLE 5 
My Z12.3 


Nr =Average 


oop Numbers of Nebulae per Elementary Area of 6 Square Degrees | Number per 6 
Square Degrees 

| | | 
TABLE 6 
My>12.3 
Nr =Average 
cages Numbers of Nebulae per Elementary Area of 6 Square Degrees Number per 6 
Square Degrees 
3 3 3 3 3 3 3 3 
1 1 1 1 1 | 1 1 1 1 1 
oes 1 1 1 1 0 0 | 0.3 


a fictitious radius r = 1. Then, avoiding overlapping with the first square, we place the 
next three squares on the three next densest spots so that they contain my, m3’, 13" 
nebulae, respectively, and we associate the density Ne= (nj + ng’ + ny’’)/3 with the fic- 
titious radius r = 2, and so on. Since the Virgo cluster covers about 800 square degrees 
and contains about 100 nebulae each in the two classes m, S 12.3and 13.3 2 m, > 12.3, 
an elementary square of 6 square degrees was chosen, and the sequences listed in the 
Tables 5 and 6 were found. 

The ratios y between the numbers NV, for the fainter and the brighter nebulae are 
listed in Table 7. These data clearly demonstrate the considerably greater tendency 
toward clustering for the brighter nebulae. The results obtained here are of importance 
for the determination of the luminosity function of nebulae. Because of the segregation 
of nebulae of different brightness, selective effects will tend to falsify the luminosity func- 
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tion unless regions of space are thoroughly canvassed which are large compared with 
one cluster of nebulae. 

The statistical considerations presented in the sections III (a) and III (6) were re- 
peated for a subdivision of the Shapley-Ames nebulae into two classes: m, S 12 and 
m, > 12. As should be expected, the segregation effects become more pronounced than 
for the subdivision into the classes m, S< 12.3 and m, > 12.3. 

A preliminary test was also made to apply the analysis given in the preceding to the 
faint nebulae listed in the NGC and IC catalogues but not contained in the Shapley- 
Ames Catalogue. Qualitatively, it is at once obvious that these fainter nebulae are more 
dispersed than the Shapley-Ames nebulae considered in this paper. The catalogues men- 
tioned, however, do not satisfy the necessary requirements of uniformity with respect to 
the selection of the faintest nebulae. It is therefore advisable not to carry out the 


TABLE 7 


RATIOS 7 OF THE NUMBERS OF FAINTER NEBULAE TO BRIGHTER 
NEBULAE IN DEPENDENCE OF THE FICTITIOUS RADIUS r 


“f | 2 | 3 | 4 | 5 | 6 | 7 


0.75 | 1.00 | 1.10 | 1.05 | 1.12 | 1.37 | a 


TABLE 8 


DISTRIBUTION OF SPIRALS AND OF ELLIPTICAL NEBULAE IN THE VIRGO CLUSTER 
IN DEPENDENCE OF THE DISTANCE d FROM THE AXIS OF SYMMETRY 


| 
(Ia Beavers) 1 2 3 4 | 5 6 7 8 9 10 11 
.feast........| 20 | 13 | 10 | 12 | 9 4 1 1 0} 0} Oo 
19 | 5 | 13: | 10 | 5 | 3 | of 21] 14 0 
| 
Elliptical feast... ... 8 4 at 40 1 0 0 0 0 0 
nebulae| west... . . 11 0 3 | 0 1 0 0 0 0 


analysis of the distribution of the fainter nebulae (13 < m, < 15.5) until uniformity of 
selection has been secured through the photometric work now in progress at this Insti- 
tute. 

c) On the degree of compactness of the Virgo cluster with respect to nebulae of different 
structural types.—In the compact clusters of nebulae, according to Hubble,* nebulae of 
the globular and elliptical types predominate, whereas in the general field the spirals 
are relatively more numerous. It is therefore of interest to apply to the distributions 
of nebulae of the spiral and the elliptical types the tests described in sections III(a) 
and III(@). 

Among the 205 nebulae in the Shapley-A mes-Catalogue which belong to the Virgo 
cluster, 137 are spirals and 39 are elliptical nebulae, according to information kindly 
supplied me by Dr. Hubble. In addition there are a few irregular nebulae, while the 
types of the remaining nebulae have not been identified. It must be kept in mind that in 
the following statistical discussion we deal with two groups of nebulae containing rather 
unequal numbers. In addition to segregation effects, our results will include the dis- 
persions due to random effects in the distributions of the two types of nebulae. Fortu- 


8 E. Hubble, The Realm of the Nebulae, p.79, Yale University Press, 1936. 
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nately, these dispersions are such that they tend to obliterate rather than enhance the 
segregation effects actually found, and we therefore may consider the results arrived at as 
qualitatively trustworthy. Counting the numbers of spirals and of elliptical nebulae in 
strips 1° wide east and west of the symmetry axis of the Virgo cluster, we obtain the re- 
sults listed in Table 8. 

Reducing elliptical and spiral nebulae to 100 each and adding the numbers in the two 
halves of the cluster, we obtain the distributions shown in Figure 3, a, 6. Although the 
number of the elliptical nebulae is so small that large fluctuations might falsify the cor- 
responding distribution, it may, nevertheless, be stated with all reserve that, as far as 
our test goes, the results are in accord with Hubble’s remarks’ on the segregation of 


nebular types in clusters. 


ay elliptical @) sprrals 


neouloe 


304 


° 2 * * 8 ‘0 
degrees 


Fic. 3 


The test for compactness described in section III(+) was also applied to the two dis- 
tributions of elliptical and spiral nebulae, respectively. Again it is found that elliptical 
nebulae exhibit a much more pronounced tendency toward clustering than the spiral 
nebulae of the same average brightness. A possible interpretation of this fact is that the 
elliptical nebulae are, on the average, more massive than the spirals of the same bright- 
ness, aS was suggested in a previous communication.' Before drawing any quantitative 
conclusions it will be necessary to analyze the segregation of nebulae of different struc- 
tural types in spherically symmetrical clusters of nebulae. 

It should be mentioned that, in order to be on the safe side, we have grouped nebulae 
of Hubble’s type So with the spirals. Should it be found that type S» must be considered 
as being more closely related to the elliptical nebulae than to the spirals, the relatively 
larger tendency toward clustering becomes still more pronounced. 
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ON THE CLUSTERING OF NEBULAE.’ II 
L. Katz and GERARD F. W. MuLDERS 


ABSTRACT 


Counts of nebulae brighter than magnitude 12.7 (from the Shapley-Ames Catalogue) show the proba- 
bility that the observed distribution is a random one to be 1:420,000,000. 


The distribution over the sky of extragalactic nebulae brighter than the thirteenth 
magnitude is conspicuously irregular. As investigations are pushed to fainter limits, the 
irregularities may tend to smooth out; but this tendency, if it exists, has not been formu- 
lated in a quantitative manner. This paper presents a simple statistical procedure by 
which the irregularities of distribution may be described by the numerical probability 
that the observed distribution can be interpreted as a random distribution of noninter- 
acting objects. As an example, this probability will be calculated for nebulae brighter 
than magnitude 12.7. 

I. SOURCE OF DATA 


The material was obtained from the Shapley-A mes Catalogue,? which lists all external 
galaxies brighter than the thirteenth magnitude. It was decided to choose 12.9 as the 


TABLE 1 


NUMBER OF NEBULAE IN STRIPS OF GALACTIC 
LONGITUDE 10° IN WIDTH 


l | “i | l “i l vi 

20 2 || 140.. 16 ui 40 
40 | 24 23 
50 | 14 |} 170 19 9 
70 190... 17 45 
80 10 200... 43 32 
90 17 330 9 
100 220. 13 7 
110.......... | 29 | 21 3 


10°-19°, 207-29", ete. 
faintest magnitude. On account of the heavy obscuration near the plane of the Galaxy, 
the belt bounded by + 30° galactic latitude was omitted. For the remaining region of the 
sky the magnitudes given in the Catalogue were corrected for absorption, according to 


the formula’ 
Am = 0.25 (cosec 6-1). 


1 This investigation was suggested to the authors by Dr. Fritz Zwicky in a seminar on the morphology 
of nebulae, conducted by him at the California Institute of Technology. 


2 “A Survey of External Galaxies Brighter than the Thirteenth Magnitude,” Harvard Ann., 88, No. 2, 
1932. 
8 Edwin Hubble, The Realm of the Nebulae, p. 65. New Haven: Yale University Press, 1932. 
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This correction amounts to 


0.2 mag. for 30°< b < 39°, 
0.1 mag. for 39° S 6 < 57°, 
0.0 mag. for 57°95 690°. 


If the faintest magnitude is 12.9 for the first zone, it should be 12.8 for the second and 
12.7 for the third, to make the material homogeneous. 

When the nebulae are counted in this way, the Shapley-A mes Catalogue yields 724 
objects to and including magnitude 12.7 corrected to the galactic pole. Table 1 shows the 
distribution of these nebulae in galactic longitude. Table 2 gives the numbers of nebulae 
to various limiting magnitudes in the northern and southern galactic hemispheres. To 


TABLE 2 


NUMBER OF NEBULAE IN THE NORTHERN AND SOUTHERN GALACTIC 
HEMISPHERES TO VARIOUS LIMITING MAGNITUDES 


Northern galactic hemisphere. . eS 11 | 26 108 | 485 

Southern galactic hemisphere. . | 8 | 24 | 37 239 
19 50 145 724 


magnitude 10.5, approximately equal numbers occur in the two hemispheres, but fainter 
nebulae predominate in the northern hemisphere. 


II. STATISTICAL CONSIDERATIONS 


It will be found convenient to divide the space containing the nebulae into » cells 
of equal size. In this system two groups, V, and V{, consisting of s and of n—s adjacent 
cells, respectively, can be chosen in m different ways. The distribution of V nebulae 
among these pairs of cell-groups is now considered. The ith pair has, say, v; nebulae 
in V,and N—»; in Vj. The dispersion for the ” spaces V, is defined by 


n 


where v = (s/n)N, the average number of nebulae per space V,,. If the distribution were 
random and n large, the dispersion could be computed by the Gaussian distribution 


function, which gives 


V ps1 — Pps) N ’ 
where p,=s/n. 
The ratio o,/o,=k may be taken asa measure of the deviation of the actual distribution 
from a purely random one. In other words, we can calculate the probability of a dis- 
persion ¢,=ko,. A few values of this probability‘ are given in Table 3 for various values 


of k. 


*R. Pearl, Medical Biometry and Statistics, 2d ed., p. 439, Table B. Philadelphia: W. B. Sanders Co., 
1930. 
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III, RESULTS OF THE ANALYSIS 


In this investigation the nebulae are projected upon the celestial sphere, thus reducing 
the problem to a two-dimensional one. The m cells become thirty-six areas, chosen as 
strips of galactic longitude 10° in width. Table 1 shows the number of nebulae in each 
cell. The cells might be further subdivided into northern and southern sections, making 
n equal to 72. 


TABLE 3 
PROBABILITY OF A DISPERSION k TIMES THE STANDARD DISPERSION 


k | Probability 


| 
k Probability 
TABLE 4 


DISPERSION OF THE DISTRIBUTION OF NEBULAE FOR VARIOUS VALUES OF s 


s | | o | | Probability s k Probability 
| | 13.6 4.4 | 1:516 5.9 | 1:290,000,000 
| 1:6,900 26 70.1 | 12.0 5.8 | 1:150,000,000 
1:150,000 64.9 | 4.2 5.5 | 1:28,000,000 
| 50.4 | 10.0 | 5.0 1:1,750,000 30 50.4 | 10.0 5.0 | 1:1,750,000 
| 66.0) 1: 28,000,000 38.1 8.5 4.5 | 1:150,000 
10... 70.1) 12.0) 5.8 | 1:150,000,000 | 34....... 23.8 | 6.2] 3.8| 1:6,900 
14.. .| 77.2 13.2.1 5.9 1:290; 000,000: || 35...... 13.6 4.4 3.1 | 3:5%6 
18... 80.2 13.4 | 5.97 | 1:420,000,000 
TABLE 5 
PROBABILITY OF RANDOM DISTRIBUTION FOR VARIOUS LIMITING MAGNITUDES 
Limiting , || Limiting 
Cs | Gs | k Probability Cs k Probability 
10.0..... 18} 2.2] 0.8 25.1 | 6.0) 4.2 | 1:38,000 
5.8; 3.2} 1.8 1:13 80.2 | 13.4 | 5.97 | 1:420,000,000 
13.2 | 4.2 1:516 | 


As outlined in the previous section, the strips are now grouped together to form 
larger areas containing s strips each. The smallest value s can have is 1, the largest 35. 
For every value of s a series of thirty-six portions of the celestial sphere is obtained, and 
the distribution of the nebulae among these is analyzed. In Table 4 the values of oj, 
o,, Rand the probability of such a distribution are given for each value of s. 

It is interesting that for s=18, k is 5.1 (prob. 1:1,758,000) for the northern galactic 
hemisphere and 3.6 (prob. 1: 3,140) for the southern. 

The region of space under consideration is effectively limited by the maximum magni- 
tude included in the analysis, the boundary being pushed out farther as fainter and 


| 

| 
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fainter nebulae are included. For this reason calculations were carried through for 
various limiting magnitudes. The results are shown in Table 5. Here s was taken equal 
to 18, since, according to Table 4, this gives the maximum value of k. 


IV. CONCLUSION 


Tables 2 and 5 show that nebulae brighter than magnitude 10.5 are distributed in a 
fairly random fashion over the whole sky. This indicates that the nearer nebulae have 
little tendency to form clusters, although they may be members of a fairly homogeneous 
local cluster with our own Galaxy near its center. On the other hand, as fainter and 
fainter magnitudes are included, the value of k increases, showing that random distribu- 
tion of these nebulae is extremely improbable. The physical interpretation is well known: 
the region of space under consideration has been extended to include clusters. The maxi- 
mum dispersion occurs when the number of ‘‘cluster’’ nebulae is greatest relative to the 
number of ‘‘field’’ nebulae. 'f the analysis were extended to magnitudes fainter than 
12.7, one would expect the value of k to pass through a maximum and to decrease as 
more field nebulae are counted. Of course, if the analysis were extended far enough, 
k might pass through secondary maxima as other clusters are included but should 
eventually approach unity for a very large region of space containing many clusters. 

One more conclusion can be drawn from Table 4: when clustering does occur, one 
would expect k to become especially large when V, is equal to the area of a cluster. The 
results of the analysis for various values of s show this to be true. 

The enormous deviation from a Gaussian distribution indicates either that the nebulae 
are not in a stationary state or, more probably, that they are controlled by organized 


forces. 
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NOTES 


THE CENTRAL DENSITY OF THE STARS! 


In a recent note entitled ‘‘The Central Density of the Stars’? W. J. Luyten criticized 
my investigation on ‘‘ The Structure of Main-Sequence Stars.”* His note opened with a 
sweeping statement that “. ... the observational material, if properly discussed, gives 
no evidence whatsoever to support Kopal’s assertion.”’ The writer regrets that Luyten 
did not hesitate to advance this claim, which all his subsequent objections—even if sound 
—fail to justify. Moreover, none of Luyten’s objections can be maintained in the light 
of the following facts: 


1. The quantity k, given in column 3 of Table II in Harvard Circular, No. 443, is de- 


fined by 
_ 22( 1) — Eve (Es) 
3 Wo + ’ 


where &; is the first zero of the Emden equation, W2(é) an associated Emden function of 
second order, and y its derivative with respect to & For the polytropic index n = 3.5 
we have! Wo(:) = 20.1390, ¥o(£:) = 4.0706, and & = 9.5358. Inserting these values in 
the formula, we obtain k = 0.0073, as is correctly given in Harvard Circular, No. 443. 

2. The uncertainty of apsidal motion in V 380 Cygni depends almost entirely upon 
the uncertainty of photometric observations on the ascending and descending branches 
of the displaced secondary minimum. Luyten® had based his estimate on Kron’s® value 
of the probable error of his single normal as +0.006 mag. My rediscussion’ has shown 
that about one-half of the residuals interpreted by Kron as accidental errors were due to 
the neglect of photometric ellipticity (which in systems exhibiting eccentric orbits varies 
inversely proportionally to the cube of the radius-vector). Allowance for the ellipticity 
reduces the probable error of a single normal to + 0.003 mag., and the uncertainty of the 
apsidal advance to about 25 per cent—which justly ranks V 380 Cygni among stars 
considered to be of first-class quality. 

As to MR Cygni, my investigation was completed several months before Miss Swope’s 
results’ became known. A final decision on the apsidal motion in this system should be 
postponed until the Victoria results (claiming a large eccentricity, not confirmed by 
Swope), known thus far only in abstract,’ are published in full. 

3. My derivation of the absolute dimensions of V 380 Cygni’ involves no assumptions. 
There is no distinct gap in the Russell diagram between supergiants and main-sequence 
stars for stars of spectral type as early as B2 and hence no a priori reason why V 380 


2k 


1 Reply to a note by W. J. Luyten. 

2 Ap. J., 95, 327, 1942. 

3 Harvard Circ., No. 443, 1940. 

*M.N., 93, 539 (cf. 574), 1933; cf. also British Association Tables, Vol. 2. 

5 B.A.N., 8, 271, 1938. 

6 Ap. J., 82, 225, 1935. ® Harvard Bull., No. 914, 1940. 

7 Harvard Circ., No. 441, 1940. ® Pearce, J.R.A.S. Canada, 29, 411, 1935. 
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Cygni should not be built up according to the same family of models as the “ normal”’ 
main-sequence stars of the same spectral class. 

4. The writer must protest against Luyten’s unspecified allegations of ‘‘numerous 
errors” in Harvard Circular, No. 443. To my present knowledge there is none. Three mis- 
prints have been detected since its publication—all in Table III!°—but they all concern 
auxiliary quantities, and their character is so evident that they are not likely to create 
any misunderstanding. 

5. According to Bethe and his associates" the logarithm of the central density of the 
sun, expressed in terms of its mean density, is 1.90. This figure may not yet represent 
the last word; but, when plotted in the diagram on page 8 of Harvard Circular, No. 443, 
the sun does not fit exactly upon the straight line expressing the statistical relation be- 
tween the logarithms of mass and central density of main-sequence stars, but neither 
does it deviate from it more than an average second-class star. 

A linear relation between the logarithms of mass and central density has been derived 
on the basis of material including stars with masses ranging from (approximately) 1 to 50 
solar masses. Whether or not it continues to be linear for stars with masses considerably 
less than that of the sun remains conjectural; a distinct deviation of the sun may, in- 
deed, indicate that this is not the case. If Luyten, in order to arrive at a central density 
as high as 17,000, extrapolates the linear relation to masses as small as 0.1©, he does it 
at his own risk; and his assertion that I ‘‘ failed to realize” these facts belongs in the same 
category of unsubstantiated claims as all his previous allegations. 

Luyten’s note contains also some obvious distortions. Thus, in its first paragraph he 
writes (concerning the relation between mass and central density): ‘‘This relation is 
made the basis of claims concerning the structure of main-sequence stars and the 
origin of binary stars’’—while, in reality, the relation was based on observed facts (which 
Luyten now attacks), and it was not until after it had been derived that certain conclu- 
sions concerning the structure of main-sequence stars were drawn. Luyten also writes 
that ‘‘ Kopal adds the data for the seven massive stars of Trumpler . . . . but does not 
mention the main-sequence stars for which Chandrasekhar has similarly derived central 
densities and which do not agree with Kopal’s curve.”” The truth is, however, that Chan- 
drasekhar could not have derived the central densities of main-sequence stars (again 
unspecified by Luyten) ‘‘similarly”’ as for the Trumpler stars but must have done it ina 
quite different way—by assuming either their model or their chemical composition. 
Whether or not such stars agree with my relation is then irrelevant.” 


ZDENEK KopPaL 
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10 B Sco (col. 13): for 0.96 read 0.096; MR Cyg (col. 12): for 0.18 read 0.28; HV 7498 (col. 11): for 0.56 
read 0.36. 


Ap. J., 94, 37, 1941. 


: a3 _ following information pertinent to Dr. Kopal’s discussion has been furnished by Dr. S. Chan- 
rasekhar: 

“In view of the discussion between Drs. Luyten and Kopal, I wish to point out that, unfortunately, 
my integrations for m =3.5 were not carried out with the precision needed to determine k2( =[42—1)/2, 
in my notation) to the accuracy needed in practice. However, the integrations for n =1, 1.5, 2, 3, and 4 
have the necessary accuracy and, interpolating between them, I find for A: the value 1.011 form =3.5 
instead of the published value 1.015 (M.N., 93, 567, 1933). The corresponding value for kz: would be 
0.0055 + 0.0002.” 

Dr. Kopal has read this note and has stated that this ‘‘would change somewhat a few of my calcu- 
lated central densities, but would require no appreciable modifications of any of the results of my sta- 
tistical investigation.” 

Since ali relevant points have now been brought out in Dr. Luyten’s and Dr. Kopal’s notes, the dis- 
cussion is closed herewith.—Eb1Tor.]} 
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REVIEWS 


Earth, Moon, and Planets. By Frep L. WurerLe. (‘‘Harvard Books on Astronomy.”’) Phila- 
delphia: Blakiston Co., 1941. Pp. 293. $2.50. 


The “‘Harvard Books on Astronomy,” edited by Dr. Shapley and Dr. Bok, have set such a 
high standard of quality that it is hardly surprising to find after a few moments of reading that 
Whipple’s new book is by far the most thorough and most readable account of the planets writ- 
ten in recent years. As the title shows, the subject matter does not cover the entire solar system: 
the problems of comets and meteors have already been described by Dr. Watson, and the physics 
of the sun will soon (it is hoped) appear from the pen of Dr. Menzel. By thus restricting the 
subject matter, Dr. Whipple was able to deal adequately with what is unquestionably the most 
fascinating, yet often neglected, branch of astronomy. 

Perhaps the most distinctive feature of the book consists of the large number of judiciously 
chosen illustrations, more than half of which are actual photographs from Lowell, Mount Wilson, 
Lick, and other observatories. Many of these photographs have not previously been published, 
and they alone constitute a veritable treasure-store of information. Astronomy, in common 
with the other exact sciences, has permitted a certain amount of artificiality to influence its 
progress. Those properties of the physical universe which are easily described in terms of num- 
bers are adequately dealt with, while those which are not susceptible to this type of description 
are sometimes lost sight of. In stellar spectroscopy, for example, the displacement of spectral 
lines became the subject of many elaborate studies some thirty years before the microphotom- 
eter opened the way for a numerical description of the shapes of the lines. Yet the early 
spectroscopists must have been struck by the fact that the shapes of the lines are intrinsically 
a much more conspicuous attribute of a stellar spectrogram than are the relatively small Doppler 
displacements. Planetary research has undoubtedly suffered in a similar manner. Perhaps it 
may be appropriate in this connection to suggest that an atlas of planetary photographs, prefer- 
ably consisting of photographic reproductions rather than of halftones, would constitute the 
best way to eliminate this artificiality. The great success of Professor Ross’s Atlas of the Milky 
Way shows that there is a real need and appreciation of the direct photographic presentation of 
features which cannot be adequately expressed in tabular form. 

Dr. Whipple has approached his task with thorough knowledge and clear understanding. 
He himself has contributed to various phases of research on the solar system; and the careful 
reader will find not only that his book is a critical summary of published work but that it con- 
tains, here and there, a number of new ideas and suggestions. Aside from questions of taste in 
the selection of material, the reviewer finds very little that he can criticize. On page 162 he 
would have stressed the great contribution by Wildt to the problem of identifying the absorp- 
tion features of the giant planets. On page 177 he would have given prominence to the results 
of photometric research of the rings of Saturn and would have recommended that the radial 
velocities of the ring be again investigated with the highest possible dispersion. (In fact, stimu- 
lated by Dr. Chandrasekhar, the reviewer intended to undertake such a study with the large 
Coudé spectrograph of the McDonald Observatory.) Since the book is written for amateurs 
rather than for professional astronomers and explains many of the simple terms used in astron- 
omy, the reviewer is not sure that the reference to a curve in Figure 26 at the bottom of page 31 
will be understood. There is no curve in that figure. 

It is of interest to compare Whipple’s book with that of Gamow, The Biography of the Earth, 
since both cover, at least in part, the same ground. Whipple’s book lacks the glamour and the 
intuition which make Gamow’s book particularly pleasant reading. But it contains more sub- 
stantial and accurate information. Taken together, they provide a balanced diet of fact and 
fancy. 

O. STRUVE 
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